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Chuong 1. Ham s6 va gidi han

@ Ham <6
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1. Cac khai niém vé ham so

Dinh nghia 1.1.

Cho X,Y C R. Mot quy tac f tit tap X sang tap Y v6i mdi z € X bat ki cho tuong ting
v6i mot va chi mot y € Y dude goi 14 mot ham s6. Ki hiéu:

fX—Y
z—y = f(z)

@ =z goi la d6i s6 hay bién s6 doc lap,

Q y goi 1a ham s6 hay bién s6 phu thuoc.

@ Tap X duogc goi 1a tap xac dinh ctia ham s6 va ky hiéu 1a Dy,

Q@ Tap f(X)={y=f(z) e Y|z € Df} CY C R dugc goi la tap gia tri cia ham s6 va
kg hieu 1a E.

@ Tap Gy = {M(z,y)|ly = f(z),z € Dy} dugc goi 1a do thi clia ham s6 y = f(z). N6
thuong 1a mot dudng cong trong mat phang. 1
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Chua y 1.1.
Khi cho mot ham s, ngudi ta thuong khong cho ludn tap xac dinh, khi d6 tap xac dinh
ctia ham s6 f(z) duge hiéu la:

D¢ = {z € Rly = f(z) c6 nghia }

va goi 1a tap xdc dinh ty nhién ctia ham s6 f(z).

Vidu 1.1.

ho ham s6 y = R S
e Cho ham so y = f(z) B
Dy ={z e Rlz? — 3z + 2 # 0} = R\{1,2}.

e Cho ham s6 y = f(z) = Va2 — 5z + 6. Tap xéac dinh ctia ham s6 1a
D;={z €Rlz? - 52+ 6> 0} = (—00,2] U[3, +00).

Tap xac dinh ctia ham s6 13
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Céac dang diéu ctia ham s6

Dinh nghia 1.2.

@ Ham s6 f(x) duge goi 1a ham sb tang (dong bién) trén khodng (a, b) néu
Vi, z2 € (a,b) va 1 < zo thi f(z1) < f(x2).

@ Ham s6 f(x) dugdc goi 1a ham s6 gidm (nghich bién) trén khoang (a,b) néu
V1, x2 € (a,b) va 21 < z9 thi f(z1) > f(z2).

@ Ham s6 tang (gidm) duge goi 1a ham s6 don dieu.

Dinh nghia 1.3.

@ Ham s6 y = f(x) duge goi 1a ham s6 chén trén tap X néu véi Vo € X ta luon
co6—z € X va f(—z) = f(x).

@ Ham s6 y = f(x) dugc goi 1a ham s6 1é trén tap X néu véi Vo € X ta luon c6—x € X

va f(—x) = —f(x).
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Dinh nghia 1.4.

@ Ham s6 y = f(x) dugc goi 1a bi chan dudi trén tap X néu ton tai sé thyc m sao cho
f(z) >m, Vo € X.

@ Ham s6 y = f(x) dugc goi 1a bi chdn trén trén tap X néu ton tai sd thuc M sao cho
f(z) < M, ¥z € X.

@ Ham sb vita bi chin trén, vita bi chan duéi dude goi 1a bi chan.

Vidu 1.2.

Ham s6 y = sinx va y = cosx vita bi chin trén béi 1, vita bi chan dudi béi —1, nén ching
la cac ham bi chin trén R.

Ham s6 y = e bi chan duéi béi 0 va khong bi chan trén.

| A
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Ham s6 hop.

Dinh nghia 1.5.
Cho hai ham sé:

f: X—U . 9:U—Y
va .
z—r u = f(z) ur—y = g(u)
h: X —Y i
Khi d6 xéc dinh mot ham s6 theo quy luat h(z) = g[f(z)] va dugc goi

x+— y = h(x)
1a ham s6 hop ctia hai ham s6 y = g(u) va u = f(x).

e Cho ham s6 y = sin® z, ta hiéu ham s6 nay 1a hop ciia hai ham s6 y = u® va u = sin .
o Cho ham s6 f(x) = 2% v g(x) = 2%. Khi d6 ta c6 :

2
flg(@)] = (9(x))* = (27)° = 47; g[f(x)] = 2/@® = 22",
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Ham sb6 ngudc

Dinh nghia 1.6.

Cho ham s6 y = f(z) xac dinh trén X va nhan gia tri trén Y. Néu véi moi yo € Y déu ton
tai duy nhat zp = g(yo) € X thi g dudc goi 13 ham s6 nguge ctia ham s6 f va ky hi¢u la
g=f"

Ham s6 don diéu (ngit) trén X thi sé c6 ham s6 nguge trén tap do.

Theo théi quen stt dung ky hi¢u ham s6, chiing ta thuong viét y = f~1(z) thay viz = f~1(y).
Khi d6, chiing ta da ddi vai tro clia o va y, nén do thi clia hai ham s6 ngudc nhau y = f(x)
va y = f~1(x) dbi xting v6i nhau qua dudng thang y = x.

e Tanéi y = ¢z la ham s6 ngugc ciia ham s6 y = 2> trén R.
e y = e” la ham s6 ngudc clia ham s6 y = Inz tren RT = {x € R|z > 0}.
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Ham y = arcsinx

. T
f=sin: [—— —} — [-1,1] )
la ham tdng nén né c¢6 ham so6 ngugc:
Ty =sinx
7 w]
272
T — y = arcsinx

f! =arcsin: [-1,1] — [ ) )
(y = arcsinz < siny = x).

Yy
T y = arcsinz
y 20 |
T y =sinz |
™ L= l -1 0 |
_Z ‘ > X
2 0] ! ! 1
‘ : T |
| 7T |
I g2 L] T %3’)’
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Ham y = arccoszx

f=cos: [0,71] — [-1,1]
Ty =CosT
1 = arccos : [-1,1] — [0, 7]

13 ham gidm nén né c6 ham sé ngudgc:

(y = arccosz < cosy = x).
T > Y = arccos

Y
Y = arccos ®
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Ham y = arctan x

™
Fotn: ((57) |
2°2 la ham tang nén n6 c6 ham s6 ngugc:
Tr+— Yy =tanx

1 T T
= arctan : R —» (——,—)
f arctan 575

T — y = arctanx

(y = arctanz < tany = z).

y =tanx
Y Yy
S
P~ y = arctanx
2
s
2 0 N © >x
T
2 _T O
> W




Ham y = arccot x

f=cot: (0,m7) — R
T +— Yy =cotx
f~! = arccot : R — (0, )

13 ham gidm nén né c6 ham sd ngugc:

(y = arccotx < coty = x).
T —— Yy = arccotx

Yy = arccotx

o1

y = cotx O — o
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Céac ham so cap

Ta goi cdc nhém ham sau 13 ham so cap co ban:
@ Ham lay thita y = 2%(« € R),
@ Ham miay =a", (0 <a #1),
@ Ham logarit y = log, x, (0 < a # 1),
@ Ham lugng giac y =sinz, y = cosx, y =tanz, y = cotx
@ Ham lugng giac nguge y = arcsinx, y = arccosx, y = arctanx, y = arccotzr.

Cac ham sb so cap co ban ciing v6i cac phép toan s6 hoc lay téng, hicu, tich, thuong va
phép lay ham s6 hop tao thanh mot 16p cac ham s6 goi 14 cadc ham so cap.

Ham s6 sau la ham so cap: y = sin(z? + €2) + In(3 + ).
b ) . 7 néu z > 0
Ham s6 sau khong phai 1a ham so cap: y = |z| = ) -
—x neuz<O0

™ = —
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Chuong 1. Ham s6 va gidi han

© Céc dinh nghia vé gidi han ham s6
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2. Cac dinh nghia vé giéi han ham s6

Dinh nghia 2.1.
Cho ham s6 y = f(z) xac dinh trong lan can ciia diém zg (c6 thé khong xac dinh tai zg).
Ta n6i ham s6 ¢6 gi6i han 1a A khi z dan t6i zg, ky hieu 1a li)m f(z) = A, néu

T—T0

Ve > 0,36 > 0 sao cho |f(x) — A < e v6i Va : 0 < |z — o] < 0.

Chiing minh rang lim (22 — 1) = 1.
z—1

Lay € > 0 bé tly ¥, ta can tim s6 6 > 0 sao cho néu 0 < |z — 1| < 4 thi |2z — 1) — 1| < e.
Phan tich |2z — 1) — 1] = 2|z — 1| < e néu |z — 1] < % Vay ta c6 thé chon § = g Khi do

2z —1)—1] <e -
-

néu 0 < |z — 1] < § thi
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Dinh nghia 2.2.

Cho ham s6 y = f(z) xac dinh trong lan can ciia diém zg.

lim f(z) = A <= V{za}oly 2= 20 thi {f(2)}72; T A.
T—T0

Néu {z,}>2, DO 2o VA {yn}2, —/— o,
nhung {f(2a) 152, "7 A con {f(yn)}o2; 0 B (B # 4)
thi két luan rang A lim f(z).
r—x0
Vi vay, dinh nghia theo ngén ngit day thudng duge ding dé chiing té mot gidi han ndo do
khong ton tai.
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Vi du vé giéi han khong ton tai

S 1
Chting minh rang 3 lim sin —.
z—0 x

. 1
Ta lay hai day zp, = — vay, = ——
2nm 2nm + 5
théa mén lim z, = lim y, =0,
n—roo 1 n—oo
nhung lim sin — = lim sin(2n7) =0,
n—oo T n—oo
1
con lim sin — = lim sin(2n7 + E) =1
n—00 UYn n—00 2

1
Vay 3 lim sin —.
x—0 xT
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Dinh nghia vé gi6i han mot phia

Dinh nghia 2.3.

e Gidi han trai ctia ham s6 f(z) khi  — zo,
fim f(x) = lim f(z) = fag) = f(zo—0) = A

:D—)ZL‘O

<= Ve >0, 30 > 0saochoVz:xzy— 0 <z <z thi [f(z) — A| <e

e Gidi han phai ctia ham s6 f(z) khi z — z,
im f@)= lm_f(z) = f(z) = (0 +0) = A
+ x—xo0-+0

JI—)IL‘O

<= Ve >0, 30 >0saochoVz:zg <z <zo+9thi|f(z)— A4l <e.

Tt Dinh nghia 1.1 v Dinh nghia 1.3, ta thay

d lim f(z) =A<

T—rT0

{Elf(xo —0) =4
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Céac dinh nghia ve gi6i han ham so c6 yéu to vo cung

Dinh nghia 2.4.
o lim f(z) =00 <= VM > 0,35 > 0 sao cho |f(z)| > M néu 0 < |z — zo| < 0.

T—>T0

o lim f(x) = A<= Ve > 0,3IN > 0 sao cho |f(z) — A| < € néu |z| > N.
T—00
o lim f(z) =o00<= VM >0,3N > 0 sao cho |f(z)| > M néu |z| > N.

T—00

Vidu 1.3

1 1
o lim — = 0o <= VM >0, E|5——>0thoaman\—]>MV010<]$—0]<5
z—0 T M

1 1
o lim — =0<«=Ve>0, 3N——>Oth0aman]——0]<evdl

“2
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Chuong 1. Ham s6 va gidi han

@ Cac tinh chat clia gidi han ham s6
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3. Cac tinh chat clia gi6i han ham sb

Dinh 1y 3.1.

Gia st li)m f(z) = A, li)m g(x) = B, (A, B htu han). Khi d6:
T—T0 T—T0
o lim [f(x) + g(z)] = A+ B;
o lim [f(z) - g(@)] = A B;
o lim [f(z).9(z)] = A.B;
T—TQ
flz) A
(*] m]i)nxlom—g, neuB?éO,
o lim [f(2)]9®) = AB néu0< A #1.
T—T(
Chi ¥ néu cac diéu kién ctia Dinh ly khong théa mén, ta cé cac gi6i han dang vo dinh
o 0 0. .0 O
o0 4 00; 00 — 00; 0.00; —; =5 1°°;0°°; 07; 00" ,<
oo 0 p A IS
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Cac tinh chat ctia giéi han ham s6

Néu f(x) 1a ham so cap va xac dinh tai zp thi lim f(z) = f(x0)

T—T0

Ta goi cAc nhom ham sau 14 ham so cap co ban:

@ Ham luy thita y = 2%(« € R),

Q@ Ham ma y =a”, (0 <a # 1),

@ Ham logarit y = log, x, (0 < a # 1),

@ Ham lugng giac y =sinz, y =cosx, y =tanz, y = cotx

@ Ham lugng gidc ngudc y = arcsinx, y = arccosx, y = arctanx, y = arccotx.
Ta goi f(x) 1a ham so cdp néu n6 duge tao thanh tir cac ham so cip co ban cung véi cac
phép lay tong, hieu, tich, thuong, hop.
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Cac tinh chat ctia giéi han ham s6

Gia stt f(z) < g(x) < h(z) v6i moi  ndm trong lan can cla xo va
lim f(z) = lim h(z) = A. Khi d6 ton tai lim g(z) va lim g(z) = A
T—x0 T—T0

Tt tiéu chuan kep, ta ching minh duge mot sb gidi han co ban sau:

o lim sinz

x—0 13;‘ 1

. —coszx
° il_)r% 22 )

. 1\* 1

Q@ lim (1+—-) =lim(1+2)r=e

T—00 x z—0

In(1

Q lim —n( +2) =
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er —cosx
Tim ¢i6i han L = lim ———.
& ' z—=0+/1 42z — 1
T _
I — lim e cos T
z—0 422 +1—1
e’ —1 . 1 —cosx

= lim

—— + lim ——
2=02r +1—-1 2-0,2r+1-1

et —1 0 V2r+1+1 . l—cosz . z(v2x+1+1)
= lim . lim + lim . lim
r—0 x r—0 2 r—0 .’1}2 x—0 2
2 1
= 1l-4+-0=
2 + 2
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1—
Tinh giéi han: I = lim cos T

20 /1 + 422 — 1

. 1—-cosx x? 1. x2
I = lim 5 = ;lim —u—
o0 @ VIt d? 1 290 VIt da? 1
Ll 2?(V1+ 422 + 1)
200 (V1+ 22 — 1)(V1+ 422 + 1)
_ L PPV 4 )
220 /14422 -1
_ 1, (VI 4 (VI % 4 )
2 2—0 1+422 -1
— lim (V1+ 422 + 1) (V1 + 422 +1) _ 1'

z—0 8 2 %i’)’
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Chuong 1. Ham s6 va gidi han

@ Vo cung bé, vo ciing l6n
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4. Vo cung bé, vo cung I6n

Dinh nghia 4.1.
Ham s6 f(x) dugc goi 1a vo cung bé (VCB) khi z dan t6i zp néu lim f(z) = 0.

T—T0
Viduld4

Q@ f(z) =sinz, g(xr) =1 —cosx la cac VCB khi x — 0;

1
@ f(r) =— 14 VCB khi z — oc.

x

1
Q@ f(x) = - khong phai la VCB khi x — 1.
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Tinh chat ctia vo cting bé

@ Néu f(z) va g(x) 1a hai VCB trong cting mot qua trinh thi tong, hiéu, tich ctia ching
ciing 13 VCB trong qué trinh &y.

@ Néu f(z) 1a VOB khi x — x¢ va g(z) 1a ham bi chin trong lan can ciia zg thi tich
f(z).g(x) la VCB khi z — x.

Vi duy. Tim lim S
r—r00 €T .
Khi # — 0o, — 1a VCB, con sinz 13 ham bi chin, néen ——— 1a VCB khi # — oo. Do d6
) T x
lim 22—,
r—o00 I
1

Tuwong ty lim (:c sin —) = 0.

x—0 T
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So sanh cac vo cung bé

Cho f(z) va g(x) la hai VCB khi & — x¢, xét giéi han I = lim f@)
v g(x)

@ Néu 7 = 0 thi ta n6i f(z) 1a VCB ¢6 bac cao hon g(x) khi z — x¢, ky hieu la
f(x) = o(g(x)), x — zo.

@ Néu I = oo thi ta néi f(x) 1a VOB ¢6 bac thap hon g(x) khi x — x0, hodc g(z) ¢6 bac
cao hon f(z), ky hiéu la g(z) = o(f(z)), = — xp.

@ Néu I =k # 0 thi ta néi f(z) va g(z) 1a hai VCB cung bac khi z — x¢, ky hi¢u la
f(z) = O(g(x)), = = xo.
Dic bigt, néu I =1 thi ta néi f(z) va g(z) 1a hai VCB tuong duong khi z — zg, ky
hiéu la f(z) ~ g(z), = — zp.

f(x)

Q@ Néu ? li_>m 0@ thi ta néi f(x) va g(x) la hai VCB khong so sanh dugc khi x — zg.
a—xo g(x

Nguyén Thi Huyén (Toan Giai tich ) Chuong 1. Ham sb va gidi han Nam 2025 30 /47



Cac vo cung bé tuong duong khi x — 0

@ sinx ~x
@ arcsinx ~ x
e tanx ~ x
@ arctanx ~ x
22
° 1—cosx~7
eIn(l+z)~z
° loga(l—l—x)wﬁ 0<a#1)
e —1~z
e a”—1~zlna, (0<a#1)
o (1+z)*—1~ax,aeR
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So sanh cac vo cung bé sau:

Q@ f(r)=1-—cos2x va g(z) =z khi x — 0.
. .92 .
Xeét lim L CO92T gy ZIL ) ST 9ing = 1.0 = 0.
z—0 T z—0 x z—0 X z—0

Vay f(z) = o(g(x)), khi z — 0.
Q f(z)=1In(l+sinz) va g(x) = 2z khi z — 0.

X6t Iim In (14 sinx) _ 1 lim In(1 '—1—smx). i SR _ 1

z—0 2z 2 2—0 sin x =0 2

Vay f(z) = O(g(x)), khi z — 0.

1
@ f(xz)=x.cos— va g(z) =z khixz — 0.
x

1 N
Xét lim f@) = lim cos —. Gi6i han nay khong ton tai nén f(z) va g(z) la hai VCB
=0 g(z) 220

khong so sanh duge khi z — 0. % %
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Quy tac thay thé cic VOB tuong duong va ngat b VCB bac cao

@ Cho f(x),g(x), f(x),g(x) 1a cdc VBC khi z — xg va f(x) ~ f(z), g(x) ~ g(z) khi
x — xo. Khi d6

lim f(@) = lim (z)

v=wo g(x)  @mwo glx)

@ Cho f(z) va g(z) 1a hai VCB khi z — ¢ va f(x) = o
f(z) + g(x) ~ g(z) khi © — zo.

g(x)), khi x — z¢. Khi do6

Khong duge thay tuong duong timg sé hang trong tong (hiéu) hai VCB . Ttc 1a tit
/() Nf(x) khong suy ra duge f(x) £ g(z) ~ f(z) £ g(z)
g(x) ~g(x)

CF
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Tim gidi han:
. 1 —cosdz
I =lim ————.
2—0 In(1 + zsin x)

0 . .
Gidi han c6 dang 0’ ap dung quy tac thay the cac VCB tuong duong:

2
@ Khiz —0, 1—-cosbx ~ (5;) .
o Khiz — 0, In(l + x.sinz) ~ z.sinz ~ 22
[ 1 — cosbx . 252 25
o [=lm—— =lim—— = —.
a—0In(l+xsinz) 220 222 2
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— 4/cos x.\/cos 2x

Vi du: Tim giéi han [ = lim 5

z—0 sin“ x
Huéng dan:
[ lim \/M i Veosz (1 — v/cos2z)
a—0  sin’x xao sin? x
7 — lim 1—cosx + lim m(l—cos%)
230 sin® (14 y/cosz) ) sin? 2 (1 4 v/cos 2z)
Khixz — 0,1 —cosz ~ %2, 1 —cos2x ~ @ =222, sin®x ~ z2.

[y 2 J/coszx (230 ) i 1 L 2¢/cosx
= lim im im
a0 222 (1 4 /cos x) m%O 22 (14 Veos2z) 2-02(1+/cosz) 2201+ eos 2z
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Vo6 cung 16n

@ f(x) dugc goi la vo cung 16n (VCL) khi z — x¢, néu lim f(x) = oo.

T—T0

© Dé so sanh hai VCL f(x) va g(x) khi x — 2, ta cling xét gi6i han I = lim f(i
x

T—T0 g

~— |

o Néu I = oo thi ta néi f(z) 1d VCL c6 bac cao hon g(z) khi  — o,

o Néu / = 0 thi ta néi f(z) la VCL ¢6 bac thap hon g(z) khi 2 — g, hodc g(z) c6 bac cao
hon f(x)

o Néu I =k #0 thitanéi f(x) va g(z) 1a hai VCL cting bac khi x — zo.
Dic bigt, néu I =1 thi ta néi f(x) va g(z) 1a hai VCL tuong duong khi z — x¢, ky higu
la f(z) ~ g(x), = — xo.

o Néu 7 li_)m % thi ta no6i f(x) va g(x) 1a hai VCL khong so sanh duge khi z — zo.

T—xT(

@ Quy tac thay thé VCL tuong duong va ngat bé VCL bac thap hon.

i
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Bai tap: Tim gi6i han ctia ham s6

yVcosx — cosx . V14222 —cosz

1. lim 6. lim
x—0 sm €T 5 z—0 1‘2
2 il_>ml<1 _\3/5> - hm\/g—\/ll-l-cos:c
. 1 ©2=0 1132
3. hm
=0 T m :13 +1 . 9
2% —x
4. lim XYY~ 5 il_% T —2
' T—+oo /1 + 1
1 3 2
5. lim x? (1 — CoS —) 9. lim e —1+a"
T—00 X z—0 rtanx

Nam 2025
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Véi gi6i han dang 1°° ta c6 cong thic sau:

lim € x)—1
lim f(z)9®) (1) = 6w_,w09( ) (2)=1]

Tr—ITQ

2
3 2 1 2z°+x
Tim gi6i han: lim ( Tt ) .

3z2+5

T—00

Gidi han c6 dang 1°°, 4p dung cong thiic :
2
322 + 1\ ezin;(2x2+x)(7gi§ié—l>
3z2 +5

—4(22% + 2[00 . =822 (0 8
e i (—) = lim o
z—o00 312 +5 z—oo 322 \0

oo

Chuong 1. Ham sb va gidi han
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Bai tap. Tim céac gi6i han sau (dang 1°°)

im (221 Q lim (1 + sin7z)®t™
° in (5, ) lny
222 + 1\« ) o2
i 5 = Q@ lim (1 — 2z~)ot T
° mll)nc}o<2x2_5> x—>0( )
T+ 2\3 ‘
tin (55) lim §
o Jm r+1 o Jim, cos\/x
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Chuong 1. Ham s6 va gidi han

© Ham s6 lien tuc

Nguyén Thi Huyén ¥iai tich ) Chuong 1. Ham sé v Nam 2025



5. Ham so lién tuc

Dinh nghia 5.1.

@ Cho ham s6 y = f(x) x4c dinh trong lan can ctia xo. Ham s6 dugde goi 1a lien tuc tai
70, néu lim f(z) = f(zo)
T—T0

@ Cho ham s6 y = f(x) x4c dinh trong lan can trai ctia zo. Ham s6 dugc goi la lién tuc
trai tai xg, néu lim f(z) = f(xo)
z—x0—0

@ Cho ham s6 y = f(z) xac dinh trong lan can phai ctia xo. Ham s6 dugce goi la lien tuc
phai tai zg, néu lim f(z) = f(xo)
r—xo+0

= f(x) lién tuc trai tai xg
= f(x) lién tuc phai tai

= f(zo—0) = f(xo +0) = f(x0) P
w X

y = f(x) lién tuc tai xg < {y
)
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Ham s6 lién tuc

Dinh nghia 5.2.

@ Ham s6 y = f(z) dugc goi la lién tuc trong khoang (a, b) néu né lién tuc tai moi diém
zo € (a,b).

lien tuc trong (a,b),
@ Ham s6 y = f(x) dugc goi 1a lién tuc trén doan [a, b] néu no [ lien tuc phai tai a,

lién tuc trai tai b.

Cac ham so cap thi lién tuc trén tap xac dinh ctia né.

Nguyén Thi Huyén (Toan Gi bic Chuong 1. Ham i6i han



) 22 +a néu z <0
Xét tinh lien tuc ctia ham s0 f(2) = ¢ In(1 + 3z) .
—— = néux>0
T
o V6i moi x € (—00,0) = f(x) = 2% + a la ham so cap va xac dinh nén ham s6 lien
tuc trong (—o0,0).

In(1 . .
e V6i moi z € (0,4+00) = f(x) = @ la ham so cap va xac dinh nén ham so
lien tuc trong (0, +00).
e Taixz =0, tacod f(0) =a
f(0-0)= lim (22 +a) =
e In(1+43 3
£04+0) = Tim MU+32) _:1:23
z—0+ T z—0t T
Néu a = 3 thi f(0) = f(0—0) = f(0+ 0), ham s6 lien tuc tai z = 0. N
Néu a # 3 thi f(0) = f(0—0) # f(0+ 0), ham s6 gian doan tai x = 0. %3)
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1 P
P r.sin— néux F#0
Xét tinh lién tuc ciia ham s6 f(x) = x 7

a néu r =0
1 P
e Véi moi x € (—o0,0) U (0, +00) = f(z) = . sin; la ham so cap va xac dinh nén
ham s6 lien tuc trong (—oo,0) U (0, +00).
. . L L 1y
e Tai z =0, ta c6 f(0) = a; il_)nl%)f(x) = ilir(l) (z.sin ;) =0
(vi z 1 VCB khi z — 0, sin - la ham bi chin nén tich cua ching 1a VCB khi z — 0)
Néu a =0 thi f(0) = lin}) f(x), ham s6 lien tuc tai z = 0.
T—

Néu a # 0 thi f(0) # lin(l) f(z), ham s6 gidn doan tai z = 0.
r—r
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Diem gian doan

Dinh nghia 5.3.

Cho ham s6 y = f(z) xac dinh trong lan can ctia xg, néu ham s6 khong lién tuc tai o thi
ta no6i ring ham s gian doan tai zg va zg 13 diém gian doan ciia ham sb.

Nhu vay zo la diém gian doan ctia ham s6 néu mot trong cac diéu kién sau xay ra:
@ Ham s6 khong xac dinh tai zg, Af(x0);
Q@ #f(z0—0);
@ 3f(z0+0);
@ Hai trong ba gia tri f(zo), f(zo — 0), f(zo + 0) khéc nhau.
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~ . - 2 .z 2 N £
Phan loai diem gian doan cua ham so

Dinh nghia 5.4.

Cho z 1a mot diém gian doan ciia ham s6 y = f(z). Khi do:

df(xg —0) htu han
Af(xo+0) hitu han

h = f(xo+0) — f(zo — 0) dugc goi 14 bude nhdy clia ham s6 tai z. Dac bigt néu
h = 0 thi 29 dugc goi 14 diém gian doan bd duge (khit duge) ciia ham sb.

@ 1 dugc goi la diém gian doan loai 1 néu { Gia tri

Q z( dugc goi la diém gian doan loai 2 néu né khong phai loai 1.

v

Vi du: Xét ham s6 f(x) = ex. Day 13 ham so cap va x4c dinh tai moi z # 0 nén ham s
lién tuc tai moi x # 0.

Tai x =0, ta cé f(0—0) =0; f(0+0)=+oonén z =0 la diém gidn doan loai 2 ctia ham
s0.
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w_
2 —3x+2

Tim va phan loai diém gian doan ciia f(z) =
Ham s6 xac dinh tai moi x # 1 va o # 2.

o V:L‘G(—oo,l):>f(x):2i

14 ham so cap va xac dinh nén lién tuc va khong c6
x

diém gidn doan trong (—oo, 1).

Q Ve (1,2)U(2,+00) = f(x) = mi

5 13 ham so cap va xac dinh nén lién tuc va
khong c6 diém gian doan trong (1,2) U (2, +00).
@ Tai z = 1, ham s6 khong xac dinh nén 2 = 1 13 diém gidn doan.
1 1
1-0)= lim — =1; f(1 = li
f( 0) x—leiOQ—{L' ’ f( +0) x—ylr—ll-o.’l,‘—2
Vayx=11a diém gian doan loai 1 ctia ham so.

=—1.
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w_
2 —3x+2

Tim va phan loai diém gian doan ciia f(z) =
Ham s6 xac dinh tai moi x # 1 va o # 2.

(4] V:L‘G(—oo,l):>f(x):2i

14 ham so cap va xac dinh nén lién tuc va khong c6
diém gidn doan trong (—oo, 1)37

© ¥z e (1,2)U (2 +00) — f(z) = mi
khong c6 diém gian doan trong (1,2) U (2, +00).

5 13 ham so cap va xac dinh nén lién tuc va

@ Tai z = 1, ham s6 khong xac dinh nén 2 = 1 13 diém gidn doan.
1 1
1-0)= 1L —=1; f(1 = i =—1.
f( 0) a:—ylrio 2 — X ’ f( + 0) x—ylr—ll-o X — 2
Vayx=11a diém gian doan loai 1 ctia ham so.

© Tai x = 2 ham s6 khong xéc dinh nén = = 2 1a diém gian doan.

lim f(z) = lim
T—2

= 0.
r—2 r — 2 %\7’.\
Vay = = 2 1a diém gian doan loai 2 ctia ham so.
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Chuong 2. PAO HAM VA VI PHAN

ThS. Nguyén Thi Huyén
BM Toan Giai tich - Truong PHGTVT
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Muc luc

@ Dao ham va vi phan cap 1

© Dao ham va vi phan cap cao

@ Cac dinh Iy vé ham kha vi
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Chuong 2. Dao ham va vi phan

@ Dao ham va vi phan cap 1
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1. Dao ham va vi phan cap 1

Dinh nghia 1.1.

Cho ham s6 y = f(z) x4c dinh trong lan can ctia diém z¢ (ké ca tai zg). Cho zq s6 gia
Ax # 0 (bé), dat Af(xg) = f(xo + Ax) — f(x) vA goi 1a s6 gia clia ham s6 tai zg. Néu

ton tai lim 7o)

Az—0 Az

va hitu han thi gi6i han d6 duge goi 14 dao ham ciia ham s6 tai z¢ va

. df (x d
ks bieu 1 f/(a0) = y'(a0) = L) = Wy
Pinh nghia dao ham:
/ f(zo + Az) — f(zo) _ . f(z) = f(=0)
f(wo) = Alglcgo Az N wligélo x—1xz9

\ =
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Tinh dao ham bang dinh nghia

f@)=z(x—1)(x —2)(x —3)--- (x — 2024)(z — 2025).

Tinh £(0)?

Theo dinh nghia,

71(0) = tim F@=FO) _py al@=1) - (= 2024)(@ — 2025) = 0

z—0 z—0 z—0 x—0

f(0) = lim(z — 1)(z — 2)(z — 3) - - - (z — 2024) (x — 2025)

z—0

£(0) = (=1)(=2)(=3) - - - (—2024)(—2025) = —(2025)!
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Bang dao ham ctia cac ham co ban

(%) = a.x™!
(ear;)/ — ear:

1
Inz) = -
(nay =1

(sinz) = cosx

1
tanz) =
(tanz) cos? x
1
(arcsinz) = ——
V1-—2?
1
(arctanz)’ = 522

Nguyén Thi Huyén (Toan Giai tich )

(CY =0 v6i C la hing s
(a®) =a®.lna v6i0<a#1

1
(logexr) = —— voi0<a#1

rlna
(cosz) = —sinz
—1
(cotz) = —
sin® x
-1
(arccosx) = ——
V1—a?
-1
tr) = ——
(arccotx) a2

Chuong 2. Dao ham va vi phan
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Dao ham trai va dao ham phai

Dinh nghia 1.2.

@ Dao ham trai tai xq

f(zo + Az) — f(x0)

fl(zo) = lim RN (€ I ACT)

Az—0-0 Ax z—x0—0 T — X

@ Dao ham phai tai zg

fi(zo) = lim flxo+ Az) — f(z0) _ i (@) = f(wo)

Az—0-+0 Ax z—=z0+0 T — Tg

3 (20)
Vay  3f'(z0) <= { 3} (20)

fL (o) = fii (x0)
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Céac quy tac tinh dao ham

Dinh ly 1.1.

Gia st f(x) va g(z) c6 dao ham tai z. Khi d6 téng, hiéu, tich, thuong ciia chiing ciing cé
dao ham tai x va:
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Céac quy tac tinh dao ham

Dinh ly 1.2.

Cho ham s6 v = u(z) c6 dao ham tai  va ham s6 f = f(u) ¢6 dao ham tai u(x). Khi d6
ham hgp f = flu(x)] c6 dao ham tai = va

f'(@) = f'[u(@)] v/ (x).

Dinh ly 1.3.

Cho ham s6 y = y(z) ¢6 dao ham tai  v& ¢c6 ham s6 nguge =z = z(y). Néu y/(x) # 0, thi
ham s6 ngugc x = z(y) ciing c¢6 dao ham tai y va

—
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Cho f(x) = |23|, hay tinh f'(x) =?

—z% néuxz <0,

Ta c6 f(x) =
U {$3 néu x>0
o V6ix <0, taco f(x) = —23 nen f'(x) = —322.

o Véi x>0, ta co f(x) =23 nen f'(z) = 322

, R () B
.o - = =
o Tai x =0, ta co: f (O)—xggio xg() _zggio x—0 =0
o f@)—f0) 2?0
’ _ P S S Ap— -
fr0) = lim === = lim =0

Vi f"(0) = f,.(0) = 0 nén f'(0) = 0.

% —3z2 néuxz<O,
Vay fl(@) = {3x2 néu x > 0.
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222 + 3z néu z < 0,
In(l+2)—2z néuzx>0.

Tinh dao ham ctia ham s6 f(x) = {

Q Véizr <0= f'(z) =4z +3.

1 —x
Véi 0= fl(z) = -1=
° te = f(x) 1+ 1+2x
Q@ Taiz =0,
_ 2
0 f(0)= tim LW SOy 273 g3,
z—0— z—0 z—0~ T z—0~
o f1.(0)= lim f(2) f(O)_1 ln(l—l—x)—x:hm ln(1+x)—1:1—1:0.
z—0t z—0 .7:—>0+ x z—0t x

@ Vi f/(0) # f1.(0) nen ham s6 khong c6 dao ham tai z = 0.

3
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2 — 1 néu z <0,
In(l1+2z) néuz>0.

Tinh dao ham ctia ham s6 f(x) = {

Q Véizx<0= f(z)=2"In2.

1
P ! _
(2] V01x>O=>f(ac)—1+x.
Q Taiz =0,
f(0) = lim F@) =10 _ o, 21 =1In2,
@ o) w )
. flx) — . n x
! _ — —=
f+ <O) n xligl“' z—0 acllftl')l+ x L

Vi f7(0) # f/.(0) nén ham s6 khong c6 dao ham tai z = 0.
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Ham kha vi va vi phan ctia ham so

Dinh nghia 1.3.

Cho ham s6 y = f(z) x4c dinh trong U(zo) (ké ca tai zo), s6 gia Ax # 0 (bé), dit

Af(xo) = f(zo+ Azx) — f(x0). Néu 3A € R sao cho Af(zg) = A.Az + o(Ax), khi Az — 0
thi ham s6 dugc goi 1a kha vi tai zo va df (xg) = A.Az duge goi 1a vi phan cta ham sb tai
xQ.

Ham s6 y = f(x) kha vi tai zg <= 3f(z0) = A.

s

df(l‘o) = f/(l‘o).Am',
df =dy =df (z) = f'(z).dx. %i‘)\’

Nguyén Thi Huyén (Toan Giai tich ) Chuong 2. Dao ham va vi phan Nam 2025 13 /47
guy ) g I



Cho ham sb

arctanz —x néuz <0,
T4+ 2z neu x > 0.

Xét tinh kha vi ctia ham sb.

o V6i z <0, ta c6 f(x) = arctanx — = nén f (z) = . -|-1x2 — 1. Ham s6 kha vi trong
(—00,0).
o Véi x>0, ta c6 f(x) = 22 + 2z nén f (x) = 2z + 2. Ham s6 kha vi trong (0, +00).
o Taiz =0, ta c6: f,.(0) = zlirégr w = ml_i)Igl+(.’IJ +2)=2,
o=ty B

8
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Chuong 2. Dao ham va vi phan

© Dao ham va vi phan cap cao

Nguyén Thi Huyén (Toan Giai tich ) Chuong Dao ham va vi phan Nam 202¢



Dao ham va vi phan cap cao

Dinh nghia 2.1.

Cho ham s6 y = f(x) ¢6 dao ham ' = f/(x) v6i Vx € (a,b). Khi d6 néu ham s6 ¢’ = f/(x)
lai 6 dao ham tai x thi (f’(:c))/ duge ky hieu 1a f”(x) va duge goi 1a dao ham cap 2 clia
ham s6 y = f(x). Tuong ty, dao ham cip 3 ctia ham s6: f®)(z) = (f”(a:))/;

Dao ham c&p n clia ham s6: £V (z) = (f*~D(z))".

f(n)(m) = (f(n—l)(x))/, Vn = 1a2’37"' J
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Tinh dao ham cap 2 ctia ham s6 f(z) = In(x + V1 + 22).

xZ
Vi4a? 1
r+V1itar  V1+a?

—T

1+

0 f(z) =

Q f(x)=
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Dao ham cap cao ctia mot s6 ham quen thuoc

Véi a, b, a 1a cac sb6 thuyc cho truée, n =1,2,3,---, ta co:
o (ea:c)(n) _ aneax

(az +b) ) =ala—1)---(a—n+1)(ax + b)* ".a"

o

° (am+b> _(_1)71%

o (m a:c—l—b) — (- 1)n1%
(smax+b) " —ansin (az+ b+ )
(cosa:v—l—b) " —a".cos (az + b+ )

Nguyén Thi Huyén (Toan Giai tich ) Chuong 2. Dao ham va vi phan
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Vi phan cap cao

Dinh nghia 2.2.

Cho ham s6 y = f(z) kha vi trong (a,b). Ham s6 dugc goi 1a kha vi n lan trong (a,b) néu
n6 kha vi (n — 1) lan trong (a,b) va dao ham cap (n — 1) ctia f(z) cling kha vi. Khi d6 vi
phan cap n cta f(z):

d"f(z) = d(dn—l f(x)).

Vi phan cap n

d"f(z) = f(z).dz", ¥n=1,2,3,--- J

Nguyén Thi Huyén (Toan Giai tich ) Chuong 2. Dao ham va vi phan Nam 2025 19 /47
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Cac quy tac tinh dao ham va vi phan cap cao

Cho f(x) va g(x) 1a cAc ham kha vi n lan; C la cdc hing s6 cho trude. Khi dé:
0 [ +9@)]" = /@) + 9 (a),

0 [f@) - a()] " = @) - 4 (x),
@ [C.f()] ™
o

f( ).g(x )] ™ = i CF ) (2).g("=F) (x) (Cong thitc Leibnitz).

= C.f"(x),
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_ 5r + 8
C 6a2 4z —2

Tinh dao ham va vi phan cap n ctia ham s6: f(z)

B ox + 8 3 2
S (22 -1)Bzx+2) 22-1 3x+2

(n) (n)
=/ (x)_(Qx—l) (33:—1—2)

. 3.2 2.3
= (=1t [(235 “ )T Bt 2)n+1]

Tach f(x)

Vi phan cap n

3.2" 2.3"
2z — 1)+l (3z + 2)n L

d"f(z) = (~1)".n! [ ] dz™.
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Tr +4

Tinh dao ham cap n clia ham s6: y =

2z +1)(3z +2)

Tx +4 1 2

T/h = =
O Tachy(¥) = o ) Be+2) 2041 3w+2

. 1 (n) a™

A d O h/ . _— = —]_ n |—
@ Ap dung cong thic (a;v—i—b) (=1)™n (az 1 by
Q Ta co:

- 1 (n) 1 (n)

yrie) = (23:-1—1) 2 (3$+2)

n n
_ 1 2 .23
(2z + 1)+l (3z + 2)nt!

Nguyén Thi Huyén Chuong 2. Dao ham va vi phan Nam 2025
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202 +3z+5
2x+1

Tinh dao ham cap n clia ham s6: y =

Q ylx)=x+1+

2041
4
Q y(x)=1- W.Q
Q y'(z) = 4%.22
0 y¥(z) = 4—(_32)if)1213) 2
Q:
0 yW() = 4CNEDED (o) oy (C1'ni2t

(Q.T + 1)(n+1) - (2$ + 1)(n+1)
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Tinh dao ham cap n va tinh f(199)(0) ctia ham sé:

f(x) = (x + 2) cos(2z)
va h(z) = cos(2z) = h¥)(z) = 2F cos (29: + kg) ,Vk=0,1,2,3,---

Ap dung cong thic Leibnitz, ta c6

Z nk)()

= g(:c).h( N2) + CLg (). h " V() + - + g™ (x).h(z)

-1
= (z +2).2" cos (23: + n_27r> +n.1.2" 1 cos <2x + w>

100 99 -
= f100(0) = 2.2'%.cos Tﬂ +100.2% cos Tﬁ = 9101, %QA
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Dao ham ctia ham cho theo tham s6

) = a(t )
Cho ham s6 y = y(z) xac dinh béi he {a: x((t§ (t 1a tham s0).
y= vy
L dy _y'(t).dt _y'(t)
4 = =
Khi 40, /() = 5 = 2ty de ~ (o)’
d(y'(z)
y'(x) =y, = (dx )
d(y"(z) (')
®)(z) = t
Tuong tu, y'* (z) T ()

Nguyén Thi Huyéen
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Tinh 3/(x),y"(x) ctia ham cho theo tham s6:

3
T =cos’t r =t+Int
o .3 ° 3
y =sint y =t —3t
'(t) = —3cos®t.sint (t
Q@ Taco z(t) .C;)S S :y’(:v)zy/() = —tant
y'(t) = 3sin“t.cost x'(t)
!/
) = (@),  (—tant)y 1
2/ (t) —3cos?t.sint  3costt.sint’
1 t+1
M) =1+-=-—— 't
Q Taco () 3 t :y’(x)zy,()=3t2—3t
y(t) =312-3 2'(t)
!/
2 (t) tl t+1

2
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Tinh 3/(x),y"(x) ctia ham cho theo tham s6:

{x = a(t —sint) (a>0)

y = a(l—cost)
., Y@ asint 2sin L. cos & .
= f e = cot —
Yz 2'(t)  a(l— cost) 2sin? % 2
/ /
y” = | cot E = | cot E t
m 2/ 2),"
I T |
- 2sin? % ‘2'(t)  4asin? %

Nguyén Thi Huyén Chuong 2. Dao ham va vi phan



Chuong 2. Dao ham va vi phan

@ Cac dinh Iy vé ham kha vi
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3. Cac dinh 1y vé ham kha vi

Cho ham s6 y = f(z) dat cyc tri tai x = ¢. Néu ham s6 kha vi tai z = ¢ thi f/(c) = 0.

Dinh ly 3.2.

Cho ham s6 y = f(z) théa man:

Q lién tuc trén [a, b],
@ kha vi trong (a,b),
Q@ f(a) = f(b).
Khi d6 Je € (a,b) sao cho f'(c) = 0.
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Céac dinh 1y vé ham kha vi

Dinh 1y 3.3.
Cho ham sb6 y = f(z) théa man:

Q lién tuc trén [a, b],
@ kha vi trong (a,b).

Khi d6 Je € (a,b) sao cho f'(c) =

Dinh 1y 3.4.

Cho 2 ham s6 f(z) va g(z) thoéa man:

Q@ f, g lien tuc trén [a,b],

Q f,g kha vi trong (a,b), ¢'(x) # 0,Vx € (a,b).
f'le) _ f(b) = fla)
g(c)  g(b)—gla)’

"""" Chuong 2. Dao ham va vi phan Nam 2025 30 /47

Khi d6 e € (a,b) sao cho ¢

) _
)

Cc
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Quy tac L’Hospital

Dinh 1y 3.5.

Cho f(z) va g(z) kha vi trong lan can cta (zg) va

e hodc lim f(z) = lim g(z) =0,
T—TQ T—xT0

e hoac zlg;l f(z) = xlg;l g(z) = oo.
f(z)

!
Néu lim %) _ 4 thi tén tai lim 22 — A
2o g(7) % g(a)
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ef—1—zx
—

Tim gi6i han: lim
z—0 x

0 .
Gidi han c6 dang 0 nén ap dung quy tac L’Hospital ta dugc :

o ef—xz—-15 .. e'—1
I = hm—2= lim
x—0 x z—0 2z

. 0 . .
Gidi han tiep tuc c6 dang 0 nén ap dung quy tac L’Hospital lan nita ta dugc :

L .. €F 1

Chuong 2. Dao ham va vi phan Nam 2025 32 /47
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Tim giéi han
V14 2x —e”

lim

z—0 :L‘2

0 .
Gidi han c6 dang 0 nén ap dung quy tac L'Hospital ta dugc

C VZrtl-et . (2z4+1)2—et
I = hm —2 = hm .
z—0 x z—0 2x

. 0 . R
Gi6i han tiép tuc c6 dang 0 nén ap dung quy tac L’Hospital lan nita ta dudc

3
(22 4+1)5 et
L P Gk ) B el

I i—)O 2

3

Nam 2025 33 /47
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Tinh giéi han:

In(1+e®
lim 20+
x—+00 er
Giéi han c6 dang X
00
N <z . . er . 1
e Dung quy tac L'Hospital: ] = lim —— = lim

z—+o0o (14 e¥)e®  a—too 1+ e”
o I =0.
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Tim giéi han

xr — arctanx
=0 2x2sinz

0 .
Gidi han c6 dang 0’ ap dung quy tac L’Hospital

1
. T —arctanx ) 1- 1522
L = lim —— = lim - +z2 .
z—0 x¢sinx z—0 2xsinx + x* cosx
L = lim
x—0

(14 22) (QSHM + cos x)

T

Nguyén Thi Huyén
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Tim giéi han:

e’ — xe
im —7W———.
a—1cos(l —z) —1

0 .
Gidi han c6 dang 0 nén ap dung quy tac L’Hospital ta dugc :

. et — xe L .. e’ —e
I=lm-——= lim ——
a—1cos(l —x) —1 a—1sin(l — x)

Gi6i han tiép tuc c6 dang 0 nén ap dung quy tic L’Hospital 1an nita ta dudc :
X

lim c = —e
z—1 —cos(l —x)

7L

1 Thi Huyén (Toan ( sich ) Chuong 2. Dao ham va vi phan Nam 2025
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arctanx — x

Tinh giéi han: lim 5
z—0 X

1
. . t — T3
o Ap dung quy tac I’ Hospital ta duge I = lim 2L 7 E gy e
z—0 3 z—0 322
2

—T -1 -1

Ruat dwoc I =lim——  =lim—— = ——
o b BOn Aube &= N 822(1 + 22)  #903(1+22) 3
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.0 00 p . Ne L.
Véi cac giéi han dang 0 - oo ta dua vé 0 hoac — va ap dung quy tac L’Hospital roi tinh.
00

lim z1n®z.
z—0t

. s 00
Gidi han c6 dang 0 - 0o, ta chuyén vé dang —:
00

1 2
lim zIn?z = lim H(g)
o0+ a—+0 1/x ‘oo
L 2Inz(1/x) — lim 2111:1:(@)
=0t —1/2? z—+0 —1/x “ o0
2
Loyim 2%

n Thi Huyén Chuong 2. Dao ham va vi phan
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1)

Tim gidi han ctia ham s6:
. T

lim x | — — arctan

z

T—00

R 0 .
Gidi han c6 dang 0 - co, dua vé dang 0 va ap dung quy tac L’Hospital ta dugc

i
— — arctan

z—1 .4 z+1 (0
= lim —
1/x 0

. T
I= lim x (— — arctan
T—00 T+ 1 T—00
-2 (x+1)2
2° 2 —1)2
L lim (x+1) (Jr-l-i) +(x—1)
T—>00 o
22

T S22 12

Chuong 2. Dao ham va vi phan
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Tinh giéi han: I = lim 2®Inz
z—0t

N 00 , i
o Dua ve dang — roi sit dung quy tac L’ Hospital ta dugc:
00
Inzx . 1/x

I= lim — = —
vt 1/23 o0+ —3/x*
—3
o /= Ilim—=0
z—0t+ 3
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Véi gi6i han dang 1°° ta c6 cong thic sau:

lim € x)—1
lim f(z)9® (1) = 675_,%9( ) (2)—1]

Tr—xTQ

1

. sinz \ =2
Tim giéi han: lim ( ) .
z—0

x

Gi6i han c6 dang 1°°, 4p dung cong thiic :
1
] z2 : 1 (sinx
A — hm <Sln$) ? (100) — eil_%?( x 1)

z—0 T

A= lim sinz — (9) L lim cosz — 1 (9) L lim —sinz :_1
X

z—0 3 z—0  3x2

Vay A =e71/0 %v |
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Tinh giéi han: I = lim (1 + z)®

z—07t
. . lim (14+z—1)Inz lim zlnz
o Day la gi6i han dang 1°° nén ta c6 I = ex—ot = ez—0t
. . Inz
o Xét J = lim zlnzr = lim ——
z—07F z—0+ z

, . 1/z
Ap d tac L’ Hospital ta ¢c6 J = lim ——— = lim (—x) =0
p dung quy tac ospital ta c6 mféh Y I_I)I(I)1+( x)

o Vay I = ¢ = 1.
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V6i gi6i han dang 0° hoiic oo ta lay In ca 2 vé dé dua gidi han vé dang tich 0.co roi

chuyén vé 3 hoac > 48 ap dung quy tac.
00

A= lim f(z)9® = InA = lim g(z)-In[f(z)]

T—T0 T—rxT0

Tim giéi han: I = lim (sinz)"™">*
z—07F
In(sinz) /oo
InJ/ = lim tan2zlIn(sinz) = In(sinz) (—)
z—0+ z—0+ cot2xr \oo
L .. cosx sin?(2x) . cosx(4sin? z cos? )
= lim —— - ———= = lim -
z—0+ sinx -2 z—07+ —2sinx
= lim (-2sinzcos’z) =0 ,
z—0+ %vx
Vay A =€’ =1. p e

/én Thi Huyén (To Chuong 2. Dao ham va vi phan



Tim cac gidi han sau (4p dung quy tac L’Hospital)
.~ 4darctan(l + z) — 2017
Q lim (Lt =n Q@ lim
z—0 T r—+oco e¥
Q@ lim z(m —2arctanz) .
T——+00 . ) 1 sin
Q lim T —Ssinx (6} ilg%)(ﬁ)
z—=04/1 + 22 — e%
2
x 1 1
Q lim lim (— - —)
20 /1 + b — (1 4+ ) eac—>0 2?2 sinax 4
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Cong thitc Taylor va cong thitc Maclaurent

Dinh ly 3.6.
Cho f(z) kha vi dén cap (n + 1) trong lan can ctia xo. Khi d6 ta c6

f'(@o) )

£@) = ao) + L0 (@ a) 4 L) oz
() (5
+ ! n(' 0) (z — z0)" + 0((z — z0)").

goi cong thitc Taylor (khai trién Taylor) clia f(x) tai o.
Dac biet khi g = 0, ta c¢6 cong thitc Maclaurent
f10)  f0) 5 £ (0)

T

fx) = f(0)+ z" +0(z").

Nguyén Thi Huyén (Toan Giai tich ) Chuong 2. Dao ham va vi phan Nam 2025 45 / 47



5 . 2 y ? ~ A N ®
Khai trien Maclaurent cua mot so ham co ban

oew:1+%+§+...+%’:+o(ﬂ)
o (1+m)a:1+%x+...+O‘(O‘_l)"ﬁ!(a_”"‘l)xn_ko(xn)
o 1_|1_x:1—CC+:C2—x3+-'-+(—1)":c"+0(x"‘)
(%] ﬁ:1+$+x2+x3+---+x”+o(‘rn)
9ln(l—!—x):az—z—?+§—?+...+(_1)n—1%+0(xn)
2 a3 "
QO In(l —2x)= ;2:1: —g TR 52:_ 0(a")
o cosx=1—§+ﬂ+.. +(_1)n(2n)!+0(m2n)
o sinx:x—z—j+§_f+...+(_1)n(2fjl)!+0(x2n+1) !\,_
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Khai trién Maclaurin dén cap n ctia f(z) =

22 -3z +2
z+1 -2 3 1 3 1
T 5 = = :2 —_ — .
o Taco f@) = T m =y " a=1 Tr-2 ‘1-z 2 -z
o Ap dung khai trién Maclaurin ctia ham—:1+:c+x2—|—x3+---+x”+0(33”),ta
co:
1
o T =l+at+a’+at4 a4+ 0(a").
1 T T\ 2 z\3 n
=15+ (5) +(5) o+ () e
° 11 +31(3) +(3) ++ (35 +0(z")
3
ovayf(a:):<2+2—2>+(2+2—3>x2+<2+2—4)x3+ +<2+W)xn+o(x").
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Chuong 3. TICH PHAN CUA HAM MOT BIEN
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@ Tich phan bat dinh
© Tich phan xéac dinh
e Tich phan suy rong loai 1
e Tich phan suy rong loai 2

(5 ) Ung dung cua tich phan xac dinh

Thi Huyén (

Muc luc

Tich phan cta



Chuong 3. Tich phan ctia ham mot bién

@ Tich phan bat dinh
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1. Nguyén ham va tich phan bat dinh

Dinh nghia 1.1.
Ham F(z) dugce goi 1a mot nguyén ham ctia f(z) trén tap X néu F'(x) = f(x),Vx € X.

Néu F(z) 1a mot nguyén ham ctia f(z) trén X thi F(z)+ C (v6i C 1a hing s6 bat ky) cling
14 mot nguyén ham ctia f(z) trén X. Nguge lai, moi nguyén ham ctia f(z) tréen X deu c6
dang F(x) + C. Hay, hai nguyén ham ctia cing mot ham s6 chi sai khac nhau hang s6 C.
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1. Nguyén ham va tich phan bat dinh

Dinh nghia 1.2.

Biéu thitc F(x)+ C dugc goi la tich phan ctia f(z), trong d6 F(x) 1a mot nguyén ham ctia
f(z), C la hang s6 bat ky.

/f(a:)dx =F(z)+C

x 1a bién 14y tich phan, f(x) 1a ham dudi tich phan.
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Céac tinh chat cta tich phan bat dinh

o Néu/f(m)dx:F(m)+C'thi/dF(x):F(z)—{-C.

2] Néu/f(x)dx:F(a:)+C'thi/f(u)du:F(u)—i-C'.

5} </ f(:c)da:)/ = f(z) vad (/f(:c)d:r) = f(z).da.

o [ xg@)dr= [ et [ gy
@ /k:f(:p)dx - k/f(x)dx v6i k 13 hing s6.
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). [ 2%z =
(5). / sin wdz
O s
e

Bang tich phan ciia mot so ham quen thudc

a+1
-1 (2). | —=1
a+1+C,a7é (2) / n\x!—i—C
=e"+C (4)/ xd:ﬁ—ﬁ—i—c 0<a#1l
= —cosx + C (6)./cosxdac:smx+0
=tanz + C (8)/ .d;: =—cotx +C
sin” ) )
= arctanx 4+ C (10). %:farctan——l—C
a*+x a a

. X . X
(11)./m—arcsmx+c (12)/m —arCSIIlE-i—C

dzx 1 T —a
13). = —1
3. [ S5 = pom T e
(14)./\/;l714 Injz ++Va2+ A+ C

Nguyén Thi Huyén
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Céac phuong phéap tinh tich phan bat dinh

@ Phuong phéap doi bién s6: Xét I = /f(:v)d:z:

Diat x = ¢(t) <=t = ¢ (x) (tuong ting 1-1).
Khi d6 dz = ¢/(t)dt.

1= [ fle) ¢ 0t = [ gt =Go) + €= G o7 (@)] +C.
@ Phuong phép tich phan ting phan: u = u(x), v = v(z)

udv = uwv — | vdu
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: 2
Tinh tich phan bat dinh [ —————dx.
inh tich phan bat din /ezx_3€x+2x
- . dt . ~ R 2
Q@ Dat t = €”, thi dv = — va tich phan tré thanh I = | —————dt.
t tt—1)(t—2)

2 1 2 1

Q@ Téch ——M—M—M —=-— —— 4+ ——.

tt—1)(t—2) t t—1 " t—2

@ /=h|t|-2njt—-1|+Injt-2[+C=1In

Nguyén Thi Huyén (Toan Giai tich ) Chuong 3. Tich phan cia hAm mot bién Nam 2025



x arctan x

V( 1+:1:2

Tinh tich phan :

Diung phuong phép tich phan titng phan :

dx
u = arctanzx du = —
e Dat z.dx = 1+x1
dv = ————+ v I
(1+22)%2 T
arctan x arctanx
1+:n2 \/l—l—asz V1+ a2
Dit 2 — tant = ¢ £ it = t
e Dat x = tan = arctanx, = , = coS
' 1+22" 1+ 22
dx / T
o J = — = [ costdt =sint+C = ——+C
/\/(14—3:2)3 V14 a?
Vay I = _arctanaj " x s

Vi+z2 V1422
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x.arctanx

o Ve
V14 x2

Tinh tich phan: I =

e Ding tich phan timg phan

dzx
I:/arctanx.d\/l—l—x2 :arctanzn.\/1+x2—/
V1 + 22
o [ =arctanz.vV1+ 22 —In(z +V1+22)+C

n Thi Huyén (Toa 1 “huo ich phan ctia ham mot bién Nam 2025 11 /89



Tich phéan ctia cac ham httu ty

P
Xét I = / 0 Ex)) dz, trong d6 P, (z), Qn(x) la nhing da thiac bac m,n.
n(x
D ()

@ Néu m > n thi ta thuc hién phép chia va tach duge 0n(@)
n(x

8]

Ry(z)
Qn(z)’

= h(x) + ¢ do
k<n

@ Néu m < n, ta phan tich mau thanh tich cic nhan tit 13 da thitc bac nhat hodc tam
thitc bac 2 ¢c6 A < 0. Sau dé tach ham duéi tich phan thanh tong clia caAc phan thiic
don gidn va dua vé tong cac tich phan

d
o/ v =lnlz—a|+C
r—a

' de  (z—a)™F
°/(ﬂc—a)’“_ 1—k +c

/(Ax—!—B)dx A/ (22 + p)dx / dx
o [ALETDAL_ £ [ASETPIOT | gy f
2+pr+q 2 ) 22+pr+gq (x +a)?+ b2

T+ a
RILIG

A 9 M
3 In(z® 4+ pr+q) + > arctan

Nguyén Thi Huyén (Toan Giai tich ) Chuong 3. Tich phan cia hAm mot bién Nam 2025 12 /89



3 2 o
Tinh tich phan bét dinh: / i i i e T

2+ 4z + 13

3x +5
I= D S N, )
° /<3: +$2+4$+13>dx

2
OI:x—2:I:+3./ 2z + 4)dx /( dx

2 2 ) 22 +4x+13 ) (x+2)2+32
2
3 1 2
QI:%—2x+§.ln(x2+4x+13)—garctanx+ +C.

13 /89
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(2z — 1)dz
922 4+ 62 + 5

Tinh tich phan: I = /

1 18z + 6 5 dz
o l=_ [ STTD gy 2
9 /) 922 +6x+5 3) 9224+6x+5

1 5 d(3z +1)
I=-In(92?4+6x+5)— =~ [ —————

= ©

3 1
T+ LC

o [ = —In(92? + 62 +5) — % arctan

NeJ

Nguyén Thi Huyén (Toan Giai tich ) Chuong 3. Tich phan cia hAm mot bién
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Tich phan ctia cac ham lugng giac

Xét tich phan I = /R(sin x,cosx)dzr, R la ham hitu ty nao do.

e Néu R 1a ham 18 dbi vé6i sin z thi dat ¢t = cosz, khi d6 dt = —sinzdz va sin®?x = 1 — 2
e Néu R 1a ham 1é ddi véi cosx thi dat ¢ = sinz, khi dé dt = coszdzx va cos’z = 1 — t2
e Néu R 14 ham chin véi cd sinx v cosx thi dit ¢t = tanz

2

e Néu R(sinz,cosz) = sin®" z. cos®™ z thi ha bac, chuyén tich vé tdng

e Trong trudng hop tong quat, cé thé dit ¢ = tan g Khi dé
2dt . 2t 1— 2

dr = m,slnx: m,cosx: m
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sin xdx
cosT — cos2 x

1 1
oDatt:cosxtacézdt:—sin:pdxvalz/dt:/ —— — — | dt
t(t — 1) t—1 t

Tinh tich phan: [ :/

e /=In(1—-¢t)—Inft|+C
e / =In(1 —cosz) —In|cosz|+ C.
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d
Tinh tich phan: I:/,x2
sinz. cos? x
o . . . dt
o Datt=coszx tacd:dt = —sinxder val= | ——
t2(t2 — 1)
11 11 1
1= - ——— — — | dt
° /<2t—1 2t+1 t2>
1 1 1
I=—In|t—1|—=1 1+ -
° 2n\t | 2n|7§+ |+t+C'
1 1
o [ = iln(l—cosx) - 51n(1+cos:c)+ - +C
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dx
5+ 2sinx — cosx

Tinh tich phan: [ :/

o z L. 2t
° Datt:tan§ ta co :sinx =

t2 —t _
+3 +3
t

t+

; 1/ dt Lo
o /=- [ —————— = —=arctan
3 ( 1)2 NG
)+

5
9

1+ 2 97

I/ 2dt 1/ dt

o = _— = — -
6t2+4t4+4 3 2 2

1
+§ 1

1—¢2 2dt
= ,d.fC: .
1+ 2 1+ 2

3tan£+1
+ C = —= arctan

\/5 T—FC.
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Tinh tich phan: I = / dz

24 cosx

o s T
e Dodi bién ¢t = tan — = dx =

1—¢2
COS = ———=
1+ 2’ 1+¢2
; / 2dt /th
[+ ] = —5 =
(1+)(2+ 75)
t
@ | = —.arctan — + C
V3 V3
I tan 2 L 04 d6 C 1a hiing s6 bit ki
o — ——=.arctan y (0] a ang SO ba 1.
V3 V3

Nguyén Thi Huyén
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Tich phan ctia cac ham vo ty

° /R(m, Va? — z?)dz, dat x = asint hodc t = Va? — 22
° /R(w, Va2 —a?)dz, dat x = Lt hodc t = Va? — a?

Ccos
° /R(a:, V2 + a?)dr, dat © = atant hodc t = Va2 + a?
dx . .
¢ | ———— ta dua vé mot trong hai dang
Vvaz? +bx + ¢

d
* =z +Va2+ Al +C

\/7
° \/AQj arcsmA +C
—x
(Ax 4+ B)dx

ta tach ra thanh téng dang

o /=] —————,
Vax? +bx+c

I—M/ (2ax 4 b)dx /
\/ax2+b:n+c \/ax2+bx+c
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3x+7
— dx.
V2 +2x+5

Tinh tich phan bat dinh :

3r+7
Va2 + 2z +5

3 22 4 2 4
QI:/ - + dx
<2x/x2+2x+5 \/(x+1)2+4>

ej_g/d(a;2+2m+5)+4/ dz+1)
2Va? 4+ 2x+5 Ve+1)2+4

Q@ [=3Va2+2r+5+4ln|r+1+Va?+2x+5|+C.

2+ 2 n 4
Vaz+2x+5 VaZz+2x+5

3
© Tach ham dudi tich phan: =5
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(5x — 3)dz
V222 + 8z +1

Tinh tich phan: I =

5 [ (4z+8)dx

° [—f /
V2x2 +8x +1 \/21:2 +8x+1

4 8d
(H :C =2vV222 +8x+ 1+ C.

V2?2 + 8z +1
1
r+2+ a:2+43:+5
/ 1
r+2+ a:2+4m+5

In + Cs.

/m V2

1
° I:§\/2$2—|—8x+1——31n

+C.
2 V2
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dx
vV—3x24+4x -1

Tinh tich phan: [ :/

dx

oI:/ .
1 <3 2)2
L o2
3 V3
Y 2 1 dt
oD@ibién:t—\/Ex—.Khidé:I—/
V3 V3 1

,_tQ
3

1
o [ = 7 arcsin(v/3t) + C.

1
e ] = —arcsin(3z — 2) + C.
3 resin(3e = 2)

Nguyén Thi Huyén (Toan Giai tich ) Chuong 3. Tich phan cia hAm mot bién
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zln(l+v1 +x2)dx

Tinh tich phan: I = /
P V1+ 22

xdx
o /= [ In(1+ 1+x2d< 1+x2) V1+22In(1+ V1 + 22) /
/( \/ ) \/ 1-|—\/1+x
xdx o 1 s
oTith:/.Déibién
1+ V14 22 p
tdt
:\/1+1:2:>t2:1+x2$tdt=:1:dx:><]: m
1
° J:/<1—1+t>dt:t—ln1—|—t!—|—C:\/1+:p2—ln(1+\/1+x2)+0.
Vay I = V1 +22In(1 4+ v1+22) — V1 + 22 +In(1 + V1 + 22) + C v6i C 1a hiing s6

tuy y.
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Chuong 3. Tich phan ctia ham mot bién

© Tich phan x4c dinh
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2. Tich phan xac dinh

Dinh nghia 2.1.

Cho ham s6 f(z) xac dinh trén [a,b]. Chia [a,b] thanh Yy
n phan nhé béi cac mbec a = g, 1,22, -+ , T, = b. Dat
Ax; = x; — xi_1, &y & € [wi_1, ;] bat ky v6i moi ¢ =
1, .

n
Lap tong tich phan I,, = Y f(&)Ax;.
i=1
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Dinh nghia tich phan xac dinh

n
Lap tong tich phan I,, = Y f(&)Aw;. Y
i=1
Cho n — +o0, sao cho max; Ax; — 0, néu téng tich phan
c6 gi6i han I hitu han, khong phu thudc vao cach chia [a, b]
va cach chon cac diém & thi giéi han I duge goi la tich
phan xéc dinh ctia ham f(x) trén [a,b] va ky hiéu

y = f(axp—

b n
I Z/a f(z)dr = ngglm;f(fi)ﬁfﬁi- O ; )
Iy =) f(&) A
=1

Khi &y f(x) dugc goi 1a ham kha tich trén [a, b]. SO a va b duge goi 1a can dudi va can trén
cua tich phan, ham f Ia ham duéi tich phan.
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Céac tinh chat cta tich phan xac dinh

b
(5] /(af(x)d:z + Bg(x))dx = oz/f(a:)dx + B/g(:z)dm, (o, B 1a héng s6).

a a
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Céac tinh chat cta tich phan xac dinh

Cho f(z) lien tuc trén doan [a,b]. Khi ay ton tai ¢ € [a,b] sao cho:

Nguyén Thi Huyén (Toan Giai tich ) Chuwong 3. Tich phan ctia ham mot bién



Cac phuong phap tinh tich phan xac dinh

b
@ Phuong phéap déi bién s6: Xét [ = /f(a:)dx

Dat x = ¢(t) <=t = p~!(z), (tuong tng 1-1), p(a) = a, ¢(B) = b, dz = ' (t)dt va

b B Jéj
/f(l‘)dfc:/f[w(t)}w’(t)dtz/g(t)dt-

@ Phuong phép tich phan ting phan: u = u(x), v = v(z)
b b

b
/udv:uv —/vdu.

a a
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a
Tinh tich phan: [ = / Va2 —z2dx; a > 0.
0

5
e D&i bién z = asint: I = a2/0052 tdt.
0

(12

2
o [ =a’rn/4.

2 sin 2t
o= (1—|—cos2t)dt:a2<t+blr; )

O =l

Tich phan cia ham mot bién

Chuon

Thi Huyén (T Giai tich )

Nam 2025
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arctanx

Tinh tich phan xac dinh: I
V14 22)3

V3
0/

@ D6i bién, dit x = tant < arctanz =t; 2 =0t =0,z =V3 ot = —

N

va

O _ _ 24 _
eKhldO,dt—m,l‘i‘x 1+tan t_COSQt

V3
arctan x
/ / t cos tdt

V1422 1+$2 )
Vi
6

@ Dung pp tich phan ting phan [ = (¢sint + cost) ’

N |

O wly
|

Nam 2025
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Chuong 3. Tich phan ctia ham mot bién

© Tich phan suy rong loai 1
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3. Tich phan suy rong loai 1

Dinh nghia 3.1.
Cho f(z) xéc dinh trén [a, +00) va kha tich trén moi doan [a,b] , v6i b > a. Dat

b

+o00
/f(x)dm—bginoo f(z)dz

va goi la tich phan suy rong loai 1 clia f(z) trén [a, +00). Néu gi6i han ton tai va hitu han,
ta n6i tich phan suy rong 1a hoi tu, con ngudce lai (hodc gisi han khong ton tai, hodic gidi
han bang vo cuing), ta néi tich phan suy rong 14 phan ky.
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3. Tich phan suy rong loai 1

Dinh nghia 3.2.
Cho f(x) x4c dinh trén (—oo,b] va kha tich trén moi doan [a,b] , v6i a < b. Dat

b b

/f(a?)da;— lim f(z)dx

a—r—00
a

va goi la tich phan suy rong loai 1 ctia f(z) trén (—oo, b]. Néu gidi han ton tai va hitu han,
ta noi tich phan suy rong I1a hoi tu, con ngudce lai (hodc gisi han khong ton tai, hodic gidi
han bang vo cuing), ta néi tich phan suy rong 14 phan ky.
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Tich phan suy r

Dinh nghia 3.3.

Cho ham f(z) kha tich trén moi doan hitu han. Néu v6i mot s6 thuc a ndo d6, hai tich

a +oo
phan suy rong / f(z)dx va / f(z)dx ton tai thi dat

+oo a +oo
/f(x)dx: /f(x)da:+/f(:p)dx

—+00
Tich phan / f(x)dx dugc goi 1 hoi tu néu tdng & vé phai hitu han.

—0o0
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—+00

d
Tinh tich phan suy rong : / Wi@
1
+00 d b d
o Theo dinh nghia, I = / —L _ — lim / __
1 22 (x+2)  betoo )y 2%(z42)
z N s £ -z ~ 1 A B C X S 2 ~ A 2, .
e Tach ham duéi dau tich phén —— = — + — + —— Dong nhat cac hé so 6 hai
?(x+2) x 22 w+2
. 1 1 1
é ta tim dugc A=—-—-,B=—-,C ==
vé ta tim dugce 7 5 1

Nguyén Thi Huyén (Toan Giai tich ) Chuong 3. Tich phan cia hAm mot bién Nam 2025 37 /89



+o0
Tinh tich phan suy rong: I = / e Vidy
0

+oo b
I :/ e Vedy = lim e Vg
0

°
b—+o0 0
b Vb
o Dit /z =t, tacé x = t? v dr = 2t.dt, /e_ﬁdx = /Qte_tdt
0 0
b Vb Vb Vb
o [ e Voidy = —2t)d(et) = —2te”t| 42 [ e7tdt = —2\/5.6_\/5 9 Vb + 2
(—2t)d(e™)
0 0 0 0
(2ve-2) /

e /= lim (2\/6.6—\/5 9 Vb y 2) =2+ lim ~——% =2 (Ap dung quy tac

b—+o00 b—+oo e\/l;

L’Hospital).
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+o0
Tinh tich phan suy rong: / 23.e " da.
0

b
@ Theo dinh nghia [ = lim /x?’.e_x2dx. Dit t = —22, ta ¢
0
2

b—+o00
b —b
I(b):/ z3e xdw—/tet.dt
0 2
0
. s N = t 1y t_b2_1 L 42,9
oTlchphantufngphan{ _ etdt:>I(b)—§(te —6)0 =53¢ (b*+1)
+oo 52
1 1 1 1
OIZ/x?’emzd:c:— lim vl + - =_.
2 b—+o0 eb 2
0
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+o00 dx
oo T2+ 2x+10°

Tinh tich phan suy rong [ = /

400 a +o0
/ dzx / dzx / dx
‘I: ey + A
x2 422+ 10 2+ 22+ 10 2+ 22+ 10
— 00 — 00 a
i d rd rod
.Tinh:/x:/‘””: lim /“””
z? 4+ 2z + 10 (x+1)249 bts-oo) (x+1)249
—00 —00 b
. 1 x4+ 1| 1 a+1 =«
= lim - arctan = — arctan + —
b——0c0 3 3 [, 3 3 6
N 1 1
€T T +
Tuc tu —_— = = — = t, .
o e '/x2+2x+10 6 34
a
T T 0w
Vay I = — + - = —.
C VW I=5T673

Nguyén Thi Huyén (Toan Giai tich ) Chuong 3. Tich phan cia hAm mot bién Nam 2025
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+o00 b

t t
Tinh tich phan suy rong I = / de = lim / arcans 2B.
.’E3 b—+o00 [133
1 1
b b b 1
arctanx arctanx
° 1) / e 222 | +/23152(12 +1) v
1 1
1) arctan x 1 arctanz \ |° arctan b 1 arctan b . T n 1
o = _ - V— = — = - — —_
222 2x 2 1 2b2 2b 2 4 2
o I . arctan b 1 arctan b . T . 1 1
=lim |[-———m—— — — — + — 4+ — | = —.
b—s+00 202 2b 2 4 2 2
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oo dx
Xét tich phan suy rong I = / —,a>0,aeR
x

a

) tooq bd
ONéuazlthiI:/ o tim [ 2= lim e/’ = lim (Inb—Ina) = +oo.

a T b—+oo J, T b—+o0 4 b—too
Vay tich phan phan ky.
© Néu a # 1 thi

+o00 b 1
dr . _ . [
= — = lim z %z = lim
x b—+oo b—s+oo 1 — ala
a a
1 400 néua <1
= lm (B a ) ={ g
b—)-‘rOOl—O[ néua>1

11—«

n Thi Huyén (Toan G ] Chuor Tich phan ctia ham mot bién am 202¢ 42 /89



<

Tinh phan suy rong loai 1

.

+oo
dx hoi tu néu o > 1,
Tich phan suy rong / —(a >0) C .
¢ phan ky neu a < 1.
a
a d L B 1
o1 tu neu a > 1,
Tuong tu/ —l‘(a <0) o .
Tl phan ky néu a < 1.
—00

Day la két qua quan trong va dugdc sit dung nhiéu trong cac bai tap.

Nguyén Thi Huyén

(Toan Gi ] Chuong 3. Tich phan cia hAm mot bién
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Cac tiéu chuan hoi tu ctia tich phan suy rong loai

Dinh 1y 3.1.
Cho f(x) va g(x) xac dinh va kha tich trén moi [a, b], v6i b > a va

0 < f(z) < g(z),Vz € [a, +00).
Khi d6,
+00 +00
Q@ Néu / g(x)dz hoi tu thi [ f(z)dx cing hoi tu,

a
—+00

+oo
Q@ Néu / f(z)dx phan ky thi / g(x)dx ciing phan ky.
a

a

Nguyén Thi Huyén (Toan Giai tich ) Chuwong 3. Tich phan ctia ham mot bién
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Cac tiéu chuan hoi tu ctia tich phan suy rong loai 1

Cho f(x) va g(x) la nhiing ham khong am, xac dinh va kha tich trén moi [a, b, v6i b > a

+oo +00
va lim fz) =k, (0 < k < +00). Khi do, / f(z)dz va / g(z)dz hoac cung hoi tuy,
T—>+00 g(;v)

hoéc cung phan ky.

Tu Dinh 1y trén, ta thay rang, néu f(x) va g(x) 14 hai VOB tuong duong khi  — +oo thi

+oo +0oo
cac tich phan / f(x)dx va / g(x)dx hoac cung hoi tu, hodic cung phan ky.
a a
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Tich phan hoi tu tuyet déi, ban hoi tu

Dinh 1y 3.3.

+oo +o0
Néu / |f(z)|dx hoi tu thi / f(z)dz cling hoi tu.

Dinh nghia 3.4.

+oo +oo
(1) / f(z)dz dugc goi la hoi tu tuyet doi néu / | f(z)|dx hoi tu.
a a
+00 oo
o / f(z)dx duge goi 1a ban hoi tu (hoi tu tuong dbi) néu (x)dz hoi tu con
a
a

+o00
| f(z)|dz phan ky.
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—+o00
1 1
Xét sy hoi tu cda tich phan suy rong: I = / <tan — —sin ) dx.

T T
1

Day la tich phan suy rong loai 1 vé6i diém vo cuc 1a +o0
3
x
Ta c6 tanx — sinz = tanx(1 — cosx) ~ 5 khi z — 0

1 1 1
tan — — sin — ~ — khi  — 4o00.
T r 23

+0o0 d
Tich phan suy rong / 27383 1a hoi tu.
x
1

+00
1 1
Nhu vay I = / <tan — —sin ) dx cling hoi tu.
T T
1
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—+o00
rdx
Xét sy hoi tu cda tich phan suy rong: I = / Vo

V14 2z + 3

Day la tich phan suy rong loai 1 vé6i diém vo cuc 1a +o0
Ta c6 V1 + 22 + 23 ~ 22 khi 7 — +oc.

1
Khi d6 L @

3 = — khi x — +o00.

V14 2z + 23 - T2 T

+ood
Tich phan suy rong / % phan ki.
x
1

—+00

d
Nhu vay I = / L cling phan ki.
V1+2x + 23
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—+o00
Xét sy hoi tu cda tich phan suy rong: I = /

xdx

V14+ 22 +1nx

e Day la tich phan suy rong loai 1 véi diém vo cuec 1 400
1 1
o Tacé lim —= L lim — = 0, hay z® 14 VCL ¢6 bac cao hon Inz khi 2 — +oo
z—+00 T r——+oco Ho

x 1

Vit +Inx vz

e Nhu vay, khi z — +o00,ta c6 1 +2° +Inz ~ 2° (VCL) =
(VCB) khi z — 4o0.
+oo
o Tich phan suy rong /
1

Ve

hoéi tu nén tich phan da cho ciing hoi tu.
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Chuong 3. Tich phan ctia ham mot bién

@ Tich phan suy rong loai 2
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4. Tich phan suy rong loai 2

Dinh nghia 4.1.

Cho ham s6 f(z) x4c dinh va kha tich trén moi doan [a,b — €] (v6i € > 0 bé tuy ) va
hril f(x) = co (b goi 1 diém bat thudng, diém vo cyc). Dt
z—b—

/b f(z)dz = lim b/_ef(:n)d:v

e—0T

va goi la tich phan suy rong loai 2 cia f(z) trén [a, b)].
Tich phan duge goi 13 hoi tu néu gidi han & vé phai ton tai va hitu han, trong trudng hgp
ngugc lai tich phan duge goi 1a phan ky.
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4. Tich phan suy rong loai 2

Dinh nghia 4.2.
Cho ham s6 f(z) xac dinh va kha tich trén moi doan [a + €,b] (v6i € > 0 bé tuy §) va

lim f(z) = oo (a goi la diém bat thuong, diém vo cuc). Dat
z—at
b
= 1i
/ f(z)dr = L / flz
a a+e€

va goi la tich phan suy rong loai 2 cia f(z) trén [a, b)].
Tich phan dugce goi 13 hoi tu néu gidi han & vé phai ton tai va hitu han, trong truong hgp
ngugc lai tich phan duge goi 1a phan ky.

Nguyén Thi Huyén (Toan Giai tich Chuwong 3. Tich phan ctia ham mot bién Nam 2025
guy 3 g I




dx
Vi st

2
Tinh tich phan suy rong I = /
0

e Day la tich phan suy rong loai 2 v6i diém bat thuong & can trén x = 2.

2 2—e¢
7 / dx ! dx
o /=[]] ——— = lim _—
VA — 12 =0t 4 — 2
0 0
2—e¢
2—e €
e Tac / \/47 — arcsin 5‘0 = arcsin (1 — 5)
0
€ T
I= 1 in (1 — 7> _T
° 6_1>1r51+ arcsin 5 5
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2
d
Tinh tich phan suy rong I = / 2733
%
1

—1

e Tich phan c6 diém bét thu’@ng la can duéi x = 1.

2
dzx
= ;1;2__el—l>%1+/\/7
1 1+€
dzx 2
e Tinh 7:ln<x+ x2—1) =In2+V3) —In(1+e++/(1+e2-1
| == V1) | =) e TP

1+e€

1= lim [1n(2+f) n(l+e+ (1+e)2—1)}:ln(2+\/§)
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b
Xét tich phan suy rong I = /

a

dx

 R—— b 0.
(b—x)a’ a<b,a>

Tich phan c6 diém bat thuong 1 can trén = = b.
Q@ Néu a= 1 thi

dx . b=¢ da . be .
1= [ = [ e = i (- -m) = oo
Q@ Néu0<a#1thi
/ d " b 1—a p
— - —€
I:/x:hm (b—2)de = — lim 00"
(b—xz)® ot e—0t 11—« a
a a
1 ) +0o0 néu a > 1
= lim e *—(b—a)%) = _ Nl-a
E—>O+a_1( ( ) (bla) néu a < 1
-«
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Tinh tich phan suy rong loai 2

. G

b
d hoi t éua <1,
Tich phan suy rong / _ar o1 tu nem @
(b —x) phan ky néu a > 1.
a
b
dz hoi tu néu a < 1,
Tuong ty | ——— :
(r —a)> phén ky néu a > 1.
a

Trong truong hgp a < 0 thi day la cac tich phan xac dinh thong thuong va 1a tich phan hoi

tu.

Nguyén Thi Huyén

(Toan Giai tich )
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Cac tiéu chuan hoi tu ctia tich phan suy rong loai 2

Dinh ly 4.1.
Cho f(x) va g(x) xac dinh va kha tich trén moi [a,b — €], v6i € > 0 bé tuy ¥ ,

lim f(x) = lim g(z) = oo va
T—>b— T—b—

0 < f(z) < g(z),Vz € [a,b).

Khi do,

b b
@ Néu /g(x)dac hoi tu thi /f(a:)da: ciing hoi ty,
a a
b

b
Q@ Néu /f(x)d:v phan ky thi /g(a:)da: cing phan ky.
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Cac tiéu chuan hoi tu ctia tich phan suy rong loai 2

Dinh ly 4.2.

Cho f(x) va g(x) la nhimg ham khong am, xac dinh va kha tich trén moi [a, b — €], véi

e>0bétuyy, lim f(zr)= lim g(z)=ocova lim @: , (0 < k < 400). Khi do,
z—b T—b— x—b— g(l’)

b

/f(x)da: va /g )dx ho#c cung hoi tu, hodc cung phan ky.

Nhan xét 3
Twu Dinh 1y tren ta thay rang, néu f(z) va g(x) 1 hai VCL tuong duong khi x — b~ thi

|
AY

cac tich phan / f(x)dx va / g(z)dz hoac cung hoi tu, hodc cuing phan ky.

a
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1
Xét sy hoi tu ctia tich phan: /

0

dzx

r —sinz

e Day la tich phan suy rong loai 2 véi 2 = 0 la diém bat thuong.
1

1
e Hai hAam ————, — kha tich trén moi doan [e, 1],V0 < € < 1, ¢6 giéi han vo cuc tai
T —sinx’ x

. 1 1
r=0vd —— > —>0,Vz € (0,1].
r—sinx =z
/ d h d
e Tich phan / d phan ky nén tich phan / 795 ciing phan ky.
x x —sinx
0 0
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2
1—coszx
Xeét sy hoi tu cua tich phan: / —5—dz
0

0

e Day la tich phan suy rong loai 2 v6i diém bat thuong la can duéi = = 0.

.732

e Tacol—cosx ~ 5 (VCB) khi z — 0T,
1 —cosz 1
et i +

3 2x(VCL) khi z — 07.

™

2
d
o Tich phan / or phan ky.
2z
0

3

3
1—
o Nhu vay tich phan / wdm cling phan ky.
x
0
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a5
2

Xét sy hoi tu ctia tich phan suy rong: [ ———=

. 7 . m
e Day la tich phan suy rong loai 2 v6i diém vo cuyc 1a 5 vi ham s6 khong xac dinh tai 5

a lim —— = oo.
v w_lfg— Jcosx >0
e Ta c6 cosz = sin (g —x) ~ (g —a:) (VCB) khi z — g
1 1

) 7r
° ~ RPNV (VCL)khlx—>§

3
dx
e Tich phan suy réng /)1/3 héi tu nén tich phan da cho ciing hoi tu.
s
o 277
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1
Xét sy hoi tu ctia tich phan: /

dz
sinx + J/x

e Day la tich phan suy rong loai 2 véi diém vo cuc 1a can dudi z = 0.
e Khiz — 07, thi sinx ~ x nén sinz + /z ~ Jx (VCB)

1
e Vay khi z — 07 (VCL)

smx—i—f \?/E

dx
e Tich phan — = héi tu.
0
i d
e Nhu vay, theo tiéu chuan tuong duong, tich phan / 7:6 hoi tu.
sinz + J/x

0
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Chuong 3. Tich phan ctia ham mot bién

(5 ) Ung dung cua tich phan xac dinh
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5. Ung dung ctia tich phan xac dinh

Ta xét 3 ting dung trong hinh hoc cta tich phan xac dinh
@ Tinh dien tich ctia hinh phing.
@ Tinh do dai ctia day cung.
@ Tinh thé tich ctia vat thé tron xoay.

Nguyén Thi Huyén (Toan Gi ] Chuong 3. Tich phan cia hAm mot bién Nam 2025 64 / 89



5.1.Tinh dién tich ctia hinh phang

TH1. Mién D la hinh thang cong: y \
a< x< b, \\
D= e
filz) < y < fola), : : :
va cac ham fi(z), fo(z) lién tuc, don tri, | |
fi(z) < fa(z) v6i moi z € [a, b]. Y

Sp = [ [f2(2) = fi(x)] dzx

Se—_ o
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5.1. Tinh dién tich ctia hinh phang

TH2. Mién D la hinh thang cong:

D— c< y< d, at
ay) < < go(y),

va cac ham ¢1(y), g2(y) lién tuc, don tri,
91(y) < g2(y) v6i moi y € [e,d].
d

I= / [92(y) — 91(y)] dy ct

C
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Tinh dién tich ctia hinh phang D gidi han bdi cac duong y = 2z — 22 vy = x — 2.

e Toa do giao diém ctia hai duong (—1,—3) va (2,0).
—1<x <2,
x—2§y§2x—m2.

/de 2 — 2%) — (z — 2)].dx
o
v

e Xac dinh D =

2+ —2?).de = %
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Tinh dién tich hinh phing giéi han béi: y = 22,y = 322,y = 9.

V3 3
e Do tinh déi xitng nén dién tich: S = 2 /(3:62 — %) dx + /(9 — 2%)dx
0 V3

V3 3
0 S=2 /2:E2d:r:+/(9—:1:2)d:1: =36 —12V/3
0 V3
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Vi du 5.3.

Tinh dién tich mién phing D gi6i han béi cic duong: y = ¥
Ve, r+y=2, y=0. 1

0<y<1,

@ Vé hinh va xac dinh D =
yYr<z<2-y.

1
o SD=/[<2—y>—y2]dy
0
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TH3. Mién D la hinh phang giéi han bdéi dudng cong c6 phuong trinh tham sb:

z = x(t),
th <t <t

Céc ham z(t), y(t) kha vi lién tuc trén [t1,t], thi

hoac

Nguyén Thi Huyén (Toan Giai tich ) Chuong 3. Tich phan cia hAm mot bién Nam 2025

70 / 89



Tinh dién tich ctia hinh phdng giéi han bdi duong Axtroit

x = a.cos>t
(0<t<2m)

y = asin’t,
a > 0 1a hing so.
2'(t) = —3acos®tsint
21 21t
o 5= [/t =30* [[sin tcostat
0 ] 0 )
e sin*tcos?t = = sin?2tsint = — (1 — cos4t)(1 — cos 2t)
1 6t 2t
= —(1—cos2t— cosdt + cosbf + cos 2t
16 D)
3 2
o Thay vio ta c6 S = QSW
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5.1. Tinh dién tich ctia hinh phang

?
19 x

TH4. Mién D la hinh phang giéi han bdi dudng cong c6 phuong trinh trong toa do cuec:

| r=r(p),
la<ep<p

thi
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Tinh dién tich ctia hinh phang giéi han bdéi duong Cacdioit
r = a(l+ cosp),

a > 0 13 hang so.

e Duong Cacdioit ddi xiing qua truc cyc (Ox).

1 s
e Dién tich S = 2.2/a2(1 + cos @) 2dy
0
[ 2
1 Q

° S—a2/<1+2cos<p++c2owp>d<p

3 in2p\ |"  3a?
o S =a? 5gp+2$in<p+sm4(‘0 : a27r
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Tinh dién tich hinh phang giéi han béi
2 2

. T Y
Q (E): s + o)
@ Mot cung (mot nhip) Xicloit

=1.

t— t
x = a(t —sint) 0<t<2m)
y = a(l — cost)
va truc Ox.
G)302/34-:1/2/3:aQ/?’7 a > 0.
Q@ r=a(l+cosp); 0<p<2m a>0.
Q@ y=2? y=4da? y=4
Q@ y=—V4i—22vaa?+3y=0.
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5.2. Tinh do dai ctia day cung

@ Néu duong cong AB ¢6 phuong trinh y = f(z), a < 2 < b thi do dai clia day cung
AB la

b
I :/\/1+(f’(m))2dx

@ Néu duong cong AB c6 phuong trinh z = 9(y), ¢ <y < d thi do dai ctia day cung AB
la

d
Iy = / VIt @)y
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5.2. Tinh do dai ctia day cung

L = . |x=
@ Néu AB c6 phuong trinh tham s6 { B

y=yt)
AB la
to
= | VO WOP
t1
@ Néu dudng cong AB c6 phuong trinh trong toa do cuc { r< <( ﬁ) thi do dai day

cung AB 1a

B
s = [ VIR )P
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Vi du 5.6.
Tinh do dai duong cong: Y
1 ,,,,,,,,,,,,

y=lnzx, 1<z <e

e (& €
, 1 VIt
L:/\/1+(y)2d:c:/\/1+2dx:/”dx
X X
1 1 1
1+€2 9 1+4e2

= . t 1
Dat\/1+3:2:t,taco:L: / t2—1dt: / <1+t21>dt

V2 V2
L= (t—l—ll t_l)
t+1 \[

=Vi+e?— \/Jrfl

V1+e?

Viter-1 11 V2 -1
n .
Vite+1 V2+1
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Tinh do dai dudng cong:y = z/z, 1<z <2,

jmda:j\/u (;’ﬁ)zdxjmczx

o L =

2
8
e bat /1+-x=t,tacdé L = §t2dt

2
V33
8.3 8 (v -13vI3) | 2222 13V13
] = — = — =
27 |y 27 8 27
2
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Vi du 5.8.

. T =acos>t
Tinh do dai duong cong: . 53.,05t<
Yy =asn’t

oS
Qe

!

o z'(t) = 3a.cos®t.(—sint), y'(t) = 3a.sin’t.cost, 0 <t <

° L—Sa/\/(av’(t))2 (y'(t))2dt = 3a / sin?t. cos? t.dt
0 0

v

3 n
1 2
/ Z sin? 2tdt = 3a /sm 2tdt = _Za cos 2t
0
0 0
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x = a(t — sint)

Tinh d6 dai duong cong: { 0<t<2mw

y = a(l —cost)’

o /(1) —a(l—cost) y'(t) = a.sint

/\/ ))2dt = /\/a2 1 —cost)? + a2.sin® tdt

°
° |a|/\/2—2605 tdt = |a|/\/4sm —dt
¢ 2T
° —2]a] sin — dt —4]a\cosf = 8|a|
0
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Tinh do dai ctia day cung
zelyz—llny 1<y<e.
4 2 T
x2/3+y2/3:a2/3, a > 0.

r=a(l+cosp), a>0.
y=arcsin(e ®); 0<zx<1

(2]
(3]
o
Q@ r=2p, 0< ¢ <27
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@ Néu quay hinh phing gi6i han bsi

0<y< f(x)

a<z<b
tron xoay. Khi dé thé tich ctia vat thé tao thanh la

Nguyén Thi Huyén (Toan Gi

quanh truc Oz thi ta thu dude vat thé

ich ctia vat the tron xoay

Vor = W/[f($)]2d$.

a

b
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5.3. Tinh thé tich ctia vat thé tron xoay

@ Néu quay hinh phing gi6i han bsi

0< ) <y< x
T — hiw) <y =< fof )quanh truc Oz thi ta thu duogc
a<xz<b

vat thé tron xoay. Khi do thé tich ctia vat thé tao thanh la

b
Vou = [1£() - fi(w)da.
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5.3. Tinh thé tich ctia vat thé tron xoay

@ Néu quay hinh phing gi6i han bsi
0< <y<
T = 9(y) <y < 92(y) quanh truc Oy thi ta thu duge
c<y<d

vat thé tron xoay. Khi do thé tich ctia vat thé tao thanh la

d
Voy =m / l95(y) — g1 (y)]dy.

c
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Vi du 5.10.

Tinh thé tich ctia vat thé tao thanh khi quay hinh phang giéi ¥
han bdi cac dudng Thocoo -

y=Inz; y=0; z=e 7 =

quanh truc Oz.

elnr=0<z=1.

e
° V—7r/1n2xdx.
1
e e e €
e Tich phan ting phan: V = [ zlnz —/21nxdaz =7m|le—2xlnx —|—2/daz
1 1

1 1
o V=m(e—2)
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Vi du 5.11.

Tinh thé tich vat thé tao thanh khi quay hinh phang giéi han bdi

y = arctanz; y =0; z =3

wl

quanh truc Oy. 1005000000
0| V3

e y=arctanz = z = tany. Xét tany = /3 &y = 3

—W/tan ydy = 72 —7r/tan2ydy
0

3
o V=mn[(3—tan’y)dy = 3my
0

o\
w3
o

jus

Nam 2025 86 /89
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Vi du 5.12.

Tinh thé tich vat thé tao thanh khi quay hinh phang giéi han béi
y=4z—z’vay=0

quanh truc Oy.

oy=drz -’ Sy=4—(z-22r=2+/I—y, (y<4).
4 4

oV—w/(Z—l—\/éiy)Zdy /(1— 4—y)2dy.
0 0
ov—m/ﬁdy— VA =
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Tinh thé tich vat thé tao thanh khi quay hinh phang giéi han bdi
y=4—22vay=2+2°

quanh truc Ozx.
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Tinh thé tich ctia vat thé tao thanh khi quay hinh phang gi6i han bdi:
@ y =22 — 22, y =0 quanh truc Oz.
Q 223 +y?/3 = 4?3, 4> 0 quanh truc Oz.
Q@ 2%+ (y—2)? =1 quanh Oz.
Q@ y==z, ©=0, y=11—22 quanh truc Oy.
@ 22 +y? = 4z — 3 quanh truc Oy.
@ v’ + 2 =9 vaz =0 quanh truc Oy.
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Chuong 4. LY THUYET CHUOI

ThS. Nguyén Thi Huyén

BM Toan Giai tich - Truong PHGTVT

2025
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@ Chudi s6

© Chudi s6 duong

@ Chudi dan dau

@ Chudi hoi tu tuyet doi
© Chudi ham

@ Chudi liy thita

Thi Huyén (

Muc luc



Chuong 4. Ly thuyét chudi

@ Chudi s6
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Dinh nghia chudi s6 hoi tu, phan ky

Dinh nghia 1.1.

Téng vo han clia cac s6 thuc uy + ug + uz + - -+ + up, + - -~ dude goi la chudi s6 va ky hieu

n=1
S6 hang tong quat ctia chudi sb: u,
Tong rieng ciia chudi s6: S, = ug + Uy + - - + Up,.
@ Néu ton tai ngrfoo S, =S (hitu han) thi chudi s6 dugc goi l1a hoi tu va c¢6 tong bing
+oo
S, khi d6 ta viét Y up = S.

n=1

@ Néu khong ton tai lim S, hoiac lim S, = oo thi chudi sd dugc goi 14 phan ky.
n—-+o0o n—-+o0o
e )

<t
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+o0o
Tinh tong ctia chudi s6: E
n=1

1
- n2+n

. . - 1 1 1
SO hang tong quat cua chudi u,, = ——— = — —
e &4 " n24n n n+1

Tong riéng ctia chudi:

Sn =urtug+---+uy

D6

[
|

— lim S5, =1.

n—-+o00
00 1
Vay chudi s6 da cho hoi tu va =1. & )
7; n?+n F 4
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Xét sy hoi tu ciia chudi so:

S6 hang tdng quét ciia chudi u, = vn +2 —2v/n+1+/n

A B
U2 = V4 —2V3 +v/2
usg = b —2V/4 +v/3
uy V6 -2V/5 +V/4
Un—a = /n —2v/n—1 ++v/n-—-2
Up—1 = Vn+1 —2yn +vn—1
Up = Vn+2 =2yn+1 +\n
Téng rieng: S, =uy +us 4+ -+ up=1—vV2+vVn+2—vn+1
1
— i S, =1—+2 li =1-+2.
n-rtoo ™ f+nalrfoo\/n+2+\/n+1 v2
+o0
Vay chudi s6 da cho hoi tu va (\/n—i— 2—2v/n+1+ \/ﬁ) =1-—+2. w D
n=1 RS
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Diéu kién can

—+00
Néu chudi s6 Z Uy hoi tu thi lim w, = 0.
1 n—-+0o
n—=

Chau y:
@ Chiéu ngugc lai ctia Dinh 1y khong ding, do dé khong dimng Diéu kién can dé ching
minh chudi s6 hoi tu.

© Dung dicu kién can dé chiing minh chudi s6 phan ky. Cu thé, néu ta chi ra mot trong
cac diéu kién sau xay ra:

o khong ton tai lim wu,

. n——+oo
° nE{Poo Up # 0
° nli)rj_loo |un| #0
too w
thi két luan 1a chudi u,, phan ky. % o
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Diung diéu kién can, chitng minh cac chudi s6 sau phan ky:

o3 (7). o S (3)

400 4 4
2n+3 . . . 2n+3
o nE:1 <3n n 7> . S0 hang tong quat u, = (3n+ 7)

4 4
= lim wu, = lim <2n+3> :<2> #0.

n—r+o0 n—+oo \ 3n + 7 3
Vay chudi da cho phan ky theo diéu kién can.

+o00 n "
n n Z P Z n n
@ > (-1 <n+1> 50 hang tong Quit tn = (1) <n+1>

n=1

. . " . 1 1
=t ol = i (55) = e = A0
L+ D
Vay chudi da cho phan ki theo didu kien cin. Vi
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Chuong 4. Ly thuyét chudi

© Chudi s6 duong
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Tiéu chuan so sanh cho chudi s6 duong

Dinh ly 2.1.

+oo +oo
Cho 2 chudi s6 duong Z Gy VA Z by (an, b, > 0,Yn)
n=1 n=1
@ Tiéu chuan so sanh 1: Néu a,, < b,,Vn > Ny nao d6 thi :
+o0 “+o0
o Tu Z b, hoi tu suy ra Z an cing hoi tu.
= =1
o Tu Z an phan ky suy ra Z b, cting phan ky.
n=1 n=1
© Tiéu chuan so sanh 2 (tiéu chuan tuong duong): Néu lim In _ g
n—-+00 bn
+oo +0o0
(0 < k < +00), hay a, ~ kb, (VCB) khi n — 400 thi 2 chudi s6 Z an VA Z b,, hoac
n=1 n=1
cung hoi tu hodc cung phan ky.
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Két qua can nhé

Khi diing tiéu chuan so sanh ta thuong dua vé so sanh véi cac chudi sd sau:

+oo - a
ma 1 hoi t e > 1,
@ Chubi sb E —(a € R) AU . n/u @
o ne phan ky neu o < 1.
+oo . 2
5iso Y hoi t <1 .
© Chuoi 50 q"(q € R) o n(/eu ! Ngoai ra,
1 phan ky  néu |¢| > 1.

+oo 1

> "= néu |¢| < 1.
1—-q

n=0

néu |q| <1, véi k > 1.

+o00o k
W

l—¢q
n=~k

Chuong 4. Ly thuyét chudi
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+00

Inn nlnn
ozn3+n2+2 e;rﬂ—l'
» , ~ Inn n n 1
Q@ Véin>1,tacolnn <n,nén0<a, = < < = =

m+n2+2 " n3+n2+2 nd p2

|
Ma Z 2 hoi tu nén Z 3 +nn2 T3 cling hoi tu.

| In2 In2 In2
9V(’iinZQ,tacélnnEan,nénan:nnnZnn >nn =L>O.
n2—1"nZ2-1 n2 n

X1n2 1
Ma Z - phan ky nén Z n nnl cting phan ky.
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—+o00
Xét su hoi tu ctia chudi sb: Z (tan o sin 3—)
n n

1 1

n=1

~. Z . Z 2 2 ]‘ :
e Day la chuoi so0 duong vé6i so hang tong quat a,, = tan — — sin
n
3

x 1 .
@ Ta c6 tanx — sinz = tanz(1 — cosx) ~ 5 khi z — 0, nén tan — — sin —

khi n — +o0.

+00 1 40 1 1
e Ma nz::l 5 hoi tu nen ; (tan 3 sin S—n) cting hoi tu.

1
— > 0.
3n

n

1
3n

1
54n3
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+o0
Xét sy hoi tu ctia chudi so: Z (2n + 1)( e"f = 1)
n=1

Khi n — ta c6 ”f—lrvi 2 1) ~ 2n.
e Khin — +ootacéd e nfva(n—i—) n

1 2
:>0<(2n+1)(e"\/5—1)NTkhln—>+oo.
n

+0o0
. 2 . 1
e Ma chudi ngl % phan ky nén chudi ngl(2n + 1)( envn — 1) ciing phan ky.

Nguyén Thi Huyén (Toan Giai tich )
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1
ni/n

—+o00
Xét su hoi tu ctia chudi sb: Z
n=1

o Dat A= lim 2'/%(cc?). TacolnA = lim
hay lim z!/* =1.

Tr——+00

o Khin — +oo,tacé lim {/n= lim n'/"

n—-+o0o n—-+o0o
400 1 400
e Ma chudi Z — phan ky nén chudi Z
n=1 n n=1

n Thi Huyén (Toa

1
ni/n

oo

1
ni/n

=1 nén

~

cting phan ky.

Chuong 4. Ly thuyét chudi

Inx <00) _ lim

r— 400 r—+4oco I

1
o

=0.Vay A=1,
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Ticu chuan D’Alembert cho chudi s6 duong

Dinh ly 2.2.

+oo

x. Z 2 ~ 0 a 1
Cho chuoi s6 duong E an théa man lim —
n—+00  Qp

= D(0 < D < +00). Khi do:
n=1

e Néu D < 1 thi chudi hoi tuy,

e Néu D > 1 thi chudi phan k¥,

@ Néu D =1 thi chua két luan dugc.

Ta thudng st dung tiéu chuan D’Alembert trong trusng hop
ani1 = A.ay

chang han nhu biéu thic a, c6 chita n! vi (n+1)! = (n 4 1).n! hay A" vi A" = A A"

7

/.»\

L
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IX 375!

Xét sy hoi tu ctia chudi sbé Z

nn
n=1

3".n!

nn

Day 1a chudi s6 duong vé6i s6 hang téng quat a,, =

any1 3(n+1)n" N "
[+ ] g — -
an (n+1)ntHl n+1
— lim 2~ lim %:§>1.
n—oo an n—00 ].
n

e Theo tiéu chuan D’Alembert, chudi di cho phan ky.

1 Thi Huyén (Toan ich ) Chuong 4. Ly thuyét chudi
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~ 2 X X
Tiéu chuan Cauchy cho chuoi so duong

Dinh ly 2.3.

+oo
Cho chubi s6 duong Zl a, thoéa man nLi\TOO an, = C(0 < C < +00). Khi dé:
n—

e Néu C < 1 thi chudi hoi tu,
e Néu C > 1 thi chudi phan ky,
e Néu C =1 thi chwa két luan dugc.

Chuong 4. Ly thuyét chudi
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—+00
Xét sy hoi tu ctia chudi sbé Z <
n=1

7 — n(n+2)
n—i—l) '

. n—1 n(n+2)
e S6 hang tong quét a, = ( > >0,Vn > 1.
n+1

n+l —2(n+2)

-1 n+2 2 —2 ' nt1
e — lim a, = lim (n > = lim (1— > =e?2<1

n—00 n—oo \ 1+ 1

@ Theo tiéu chuan Cauchy, chudi da cho hai tu.

/én Thi Huyén (Toan ich ) Chuong 4. Ly thuyét chudi 202¢ 19 /48



2 s ~ X X
1 chuan tich phan cho chuoi s6 duong

Dinh 1y 2.4.
Gia su
® ap = f(n),Vn > 1,
e f(x) lien tuc, duong, don diéu giam trén [1,400).

+o0 ree
Khi d6 chudi s6 Z a, Vva tich phan suy rong / f(x)dx hodc cuing hoi tu hodc cing phan
1

n=1
ky.
+oo
+oo .
) . 2 1 dx héi tu

T tiéu chuan tich phéan, ta c6 chuoi so Z — va tich phan suy rong / —(a € R) C

n=1 ne T phan k}\’
= 1
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—+o00
Xét sy hoi tu ctia chudi: Z

n=2 """

- vii k € R.
n.In"n

Xét ham f(x) =

" ,Vor > 2. Ham f(x) thda man hai diéu kién ctia tiéu chuan tich
z.In"x

e f(x) lien tuc, duong, don diéu giam trén [zg, +00).
“+o0o

“+oo
1
Ma tich phan/ dz = / d(n z)

x.In" (Inx)k

e Néu k£ > 1 thi tich phan hoi tu va chudi hoi tu.
e Néu k <1 thi tich phan phan ky va chudi phan ky.

Nguyén Thi Huyén (Toan Giai tich ) Chuong 4. Ly thuyét chudi



—+o00
Xét sy hoi tu ctia chudi: Z

_n
(n2 —1).In%n’

n=2
n 1
Khi n — 400, ta cé n? —1 ~ n? va ~ .
(n2—1).In*>n  n.In’n
1
Xét ham f(r) = ———,Vx > 2. Ta cé

r.In*z
e a, = f(n),Yn > 2,

o f(z) lién tuc, duong, don diéu gidm trén [2, +00).

N e =g
Ma tich phan / a:2 = / (n:rQ) hoi tu nén chudi Z 5— hoi tu va chudi
z.ln"x (Inz) — n.In"n
2 2 n=
+oo n
Z ——————— cing hoi tu.

= (n? = 1). In?n
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Xét sy hoi tu ctia chudi s6

+oo

@ ) (Vnt2-2V/n+1+n)
n=1
+o00

Inn
> iais

Nguyén Thi Huyén (Toan Giai tich )

Chuong 4. Ly thuyét chudi

—+00

3.5.7..(2n + 1)
2 358 D

+003

n=1

" .n!

nn
n=1

—+00

© 221”(1_}_111{1)”2

n=1

™ In(n° + 1)

ot vnd +n
RS 1 1

tan — — sin — Jo

@Z<an3n Sm?m) w 4

n=1



Xét sy hoi tu ctia chudi s6

400 n2 —+o00

ot nn?3n —n. In*n
+oo +00
Inn n
22 —— @ -1)"
;\/2n5—|—3n ;( ) n?—1
+00 +oo n
1 1 L (3n+2
@ ;nln(unp) 53 ;(—1) .<2n+7>
+oo +o0
1« n 3"
@ nz:lnpsmn @ ;(_1) -
® f . @ io(—u". n ) v
(n+1)In(n?2+n+1) n+1 D

n=1
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Chuong 4. Ly thuyét chudi

@ Chudi dan dau
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Tiéu chuan Leibnitz cho chudi dan dau

Dinh 1y 3.1.

+o00 +oo
Cho chudi dan dau Z(—l)”.an hoac Z(—l)”_l.an v6i a, > 0,Vn théa man:
n=1 n=1

e don diéu giam: an+1 < an,Vn > 1,

e dan dén 0: lim a, = 0.
n—o0o

Khi d6 chudi dan dau la hoi tu

1

+o00o
.. . . r .. . . 2 a
Chudi dan dau E (—1)"—= ¢6 a, = — théa méan céac dieu kién ciia tiéu chuan Leibnitz nén
n

n=1
noé hoi tu.
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Chuong 4. Ly thuyét chudi

@ Chudi hoi tu tuyet doi
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Chudi hoi tu tuyet déi, ban hoi tu

—+00 —+00
Néu Z || hoi tu thi Z Uy cing hoi tu.
n=1 n=1

Chiéu ngudc lai ctia Dinh ly khong ding.

Dinh nghia 4.1.

+o0 oo

e Chudi Z u, dugc goi 1a hai tu tuyet ddi néu chudi Z |un| hoi tu
n=1 n=1
+o00 —+o0

e Chudi Z up, duge goi 1a hoi tu tuong d6i (ban hoi tu) néu chudi Z uy, hoi tu con
n=1 n=1
—+o00

chubi Z |uy,| phan k.
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too (— 1)n—1

Xét syt hoi tu tuyet doi, ban hoi tu ctia chudi: Z

\/3n +1

n—1 1
) la chudi dan dau véi a,, = ——— don diéu gidm va

Chud

lim a, = 0 nén hoi tu theo tiéu chudn Leibnitz.

n—4o0o
+oo ( 1)n 1
o Xét chudi R
n+1 Z \/3n +1
+oo
Khi 1 — 00, ta c6: 3n+ 1~ 3n vi ———— ~ —L__ Chui ZL phan k¥ nén
’ ' V3n +1 e = n

cling phan ky.

1
P
—1)n-1 e i
e Nhu vay, chubi Z ( ) bén hoi tu. Wy
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—+oco
Xét su hoi tu tuyet dbi, ban hoi tu ctia chudi: Z

(="

“—In(n+ 1)
+oo
Ch*'z(_n Ia chudi dan d&u véi L don dicu gidm va
° uoi ——=— 1a chudi dan dau véi a,, = —— don diéu gidm va
— In(n + 1) " ln(n+1) e
lim a, = 0 nén hoi tu theo tiéu chudn Leibnitz.
n—-+o00
—+00
Xét chudi
o A Ly n+1 ‘ Zlnn+
1 1
Khin>1,tacé: In(n+1) <nvdh —— > — > 0.
In(n+1) " n
400 1 400 1
Chudi Z - phan ky nén Z Ve cling phan ky.
n=1 n=1
iy (_ )n ? )
e Nhu Vay, chuoi n;l m ban h61 tu. KJ.:,';
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Chudi c6 dau bat ky

Chd y 2.

Ta c6 thé dung tieu chuan D’Alembert hoic tiéu chuan Cauchy cho chudi cé dau bat ky

“+o0o
> tp. Tinh D = lim el hoac C' = lim 3/ |uy|

=1l n—+00 [ Up n—-+00

+oo
e Néu D < 1 hosic C < 1 thi chudi > uy, hoi tu tuyet doi.

n=1

+oo
e Néu D > 1 ho@c C > 1 thi chudi > u, phan ky

n=1

@ Néu D =1 hodc C =1 thi ta chua c6 két luan gi.
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Xét sy hoi tu tuyet ddi ctia chudi so:

+o0 n —+o00 - n
> o > (5)”

(1]

n=1 n=1

+o0o on

n

@ > (-1

n=1

U - .
Ta c6 lim L R [, = 0 < 1. Vay chuoi da cho hoi tu tuyét doi theo
n—+00 | Uy n—+oo n +

tieu chudn D’Alembert.

Sy

n=1
3 1 3 -
Ta c6 ngrfoo V un| = Jm 2Z i - =35> 1. Vay chudi da cho phan ky theo tiéu

chuan Cauchy. wD
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Xét sy hoi tu tuyet doi, hoi tu tuwong doéi ciia chudi so6:

cos(nm <= n(l+mn
° Zn+1—n+2> ° > (5)
+o0
-1 2 — (="
° nzjl( ! ! ° nZ::lln(n-l-l)
+o0
(—1)" +oc
o
+Zlmn<nz+1> © S (1 (WIET Vi)
= mn?
° Z_:lsinn+1
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Chuong 4. Ly thuyét chudi

© Chudi ham
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Chudi ham

Téng vo han clia cdc ham s6 bién x: Uy (x) + Us(x) + -+ -+ Uy, (z) +- - - dude goi 1a mot chudi
“+oo

ham va ky hiéu la Z U, (z). S6 hang tong quat ctia chudi ham 1a U, (x) véi z € D (tap
n=1
xac dinh chung ctia cac ham Vn).

+00
Cho g € D ¢ dinh, khi d6 chudi ham tré thanh chudi s6 »  Un(x0)

n=1
—+o00
e Néu Z Uy, () hoi tu thi zg 14 diém hoi tu ctia chudi ham.
n=1
400
e Néu Z Uy, (z0) phan ky thi zg 14 diém phan ky ctia chudi ham.
n=1

Tap hop tat ca cac diém hoi tu ctia chudi ham duge goi 1a mién hoi tu ciia chudi h%
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Tim mén hoi tu ctia chudi ham

+oo
Cho chudi ham Z U, (). Dé tim mién hoi tu clia no, ta lam nhu sau:

n=1
o Tim tap xac dinh D chung ctia U, () (tim diéu kién ctia z dé U, (z) ton tai ¥n).
o0
e Bién luan theo x € D sy hoi tu ctia chudi Z Un(x) (coi z 1a hing sb, xét sy hoi tu
n=1

ctia chudi).
e Két luan mién hoi tu = tap hgp tat ca cac gia tri clia z ma tai d6 chudi hoi tu.
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Tim mién hoi tu ctia chudi ham

Chii y: Ta thuong ding tiéu chuan D’Alembert hoiic titu chuan Cauchy dé xét syt hoi tu,
cu thé nhu sau:

. . Un—i-l(l') . - . n i
e Tinh ngrfoo‘ ACEE D(z) hoac ngrfoo VIUp(z)| = C(x).

e Néu D(z) < 1 hodc C(z) < 1, gidi ra nghiem = € E C D, thi chudi hoi tu.

e Néu D(z) > 1 hodc C(z) > 1 thi chudi phan k.

e Néu D(z) =1 hoac C(z) = 1, tai céc gia tri z = a,x = b,- - -, ta thay truc tiép vao
chudi ham ban dau va ding cac tiéu chuan khac dé xét su hoi tu.

Két luan mién hoi tu 1a tap hop E va thém tai cic ntt z = a,2 = b,--- néu tai nat do
chudi da cho hoi tu.
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+00
Tim mién hoi tu ctia chudi ham: Z(—l)

n=1

n (22 +3)"
2n+ 3

. Uny1(x) 2n +3
lim |——=
n—-+oo Un(x) 2n+5
Néu |2z +3| <1< —2 < z < —1 thi chudi hoi tu.
T < —2
> —1
“+o00

o Tai z = —2 chudi tr& thanh »
n=1

(2m—|—3)' = |2z + 3|

1im
n—-+00

Néu [2z 43| > 1 < [ thi chudi phan k.

13 14 chudi phan ky.

“+00
= _1 n ~ 2z 2
@ Tai x = —1 chudi tré thanh Z ! 1a chudi dan dau hoi tu theo tiéu chuan
o 2n + 3

Leibnitz.
Vay mién hoi tu cta chudi ham 1a z € (—2; —1] AN
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—+00
1.2n+1

nz::l 9n\/2n + 1

Tim mién hoi tu ctia chudi ham:

_ Up+1(x) [2n +1 22 z?
e lim = lim | =
n—+oo | Uy(x) n—+oo |V 2n+3 9 9
2
e Néu %<1<:>—3<x<3thichu6ih(f)itu.
2 [R—
o Néu % > 1 = [‘”” <> 33 thi chudi phan ky.

—+o00
- -3 -
Tail £ = —3 chudi trd thanh g ——— 1a chuoi phan ky.
0 2 P p y

Von+1

+o0
- 3 N
@ Tai x = 3 chudi trd thanh ———— 1a chudi phan ky.
' ; NoTES phan &y .
Vay mién hoi tu clia chudi ham 1a = € (—3;3) AN
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= D)@+

Tim mién hoi tu ctia chudi ham: E

vn+1

n=1
Un Vi 1 2
o lim L(x) — lim M = |z + 2|
n—+too | Uy(x) n—-+00 vn+2
o Néu |z +2| <1<= —3 <z < —1 thi chudi hoi tu.

T < —3
x> —1
+o00o
o Tai x = —3 chudi trd thanh
) ; vn+1
= (-1)"
o Tai z = —1 chudi tré thanh
e

Néu |z +2| > 1 < [ thi chudi phan ky.

la phan ky.

1a chudi dan dau, hoi tu theo tiéu chuan

Leibnitz. =
Vay mién hoi tu clia chudi ham 1a x € (—3; —1]. ¥ .
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—+oo
Tim mién hoi tu ctia chudi ham: Z

(x 4+ 1)"
(2% +1)°

[
g

~ lm 2n? + 1) (z +1)| |z +1]
Conotoo | 2202 +4n+3) | 2

<1<= -3 <z <1 thi chudi hoi ty.

.|z +1] [ac<—3
eu > 1<
> 1

thi chubi phan ky.

1\
e Tai x = —3 chudi trd thanh Z ( 5 ) 14 chudi dan diu hoi tu theo tiéu chuan
o 2n4 +1
Leibnitz.

+oo
. 1 -
@ Tai x = 1 chudi trd thanh g ———— 1a chudi hoi tu.
— 2n? +1

Vay mién hoi tu ctia chudi ham 1a z € [—3; 1]. 4N
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@ Chudi liy thita
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Chudi lay thua

Chudi lay thua 1a chudi ham c6 dang sau

+o00
Zan(:c—z:g)”:a0+a1(m—m0)+a2(x—$0)2—I—---+an(ﬂc—xo)n+---

n=1

Dé tim mién hoi tu ctia chudi lity thita, ta c6 thé 4p dung tieu chuan Da lim be, hoac Co
si.
Céc tinh chat cta chubi lity thira:
@ Tong ctia mot chudi lity thita (néu c6) 1a mot ham lién tuc trong mién hoi tu ctia nob.
@ C6 thé lay dao ham timg s6 hang ciia chudi lity thita tai moi diém trong khoing hoi
tu cia no.
@ (6 thé lay tich phan timg s6 hang ctia chudi lity thita trén [a, b] bat ky chita trong
khoang hoi tu ctia nod. w Y
4N
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Chudi lay thua

Dé tinh téng ctia mot chudi lity thira, ta thuong ap dung céc tinh chéat 1y dao ham hoic
lay tich phan timg s6 hang roi bién déi dua vé chudi quen thuoc da biét:

+00 1
g " = 1 néu |¢| < 1.
n=0 -4

00 qk
D 4" =1 Jnéu gl <1 véik > 1.
n=k
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+oo
Tim mién hoi tu va tinh téng ctia chudi liy thita: Z nz".

n=1

Ap dung tieu chudn Da lém be vA xét tai cac diém niit, ta c6 mién hoi tu la (—1,1).

e Dat S(z Znaf; —mef; voi z € (—1,1).

+0o0
o Vina"! = (2") nén S(x —xz = Z:p”
n=1
z x
° Lalcqu néu |¢| < 1, do d6 S(x) = <1—x> = (1_$)2,v61
Vo e (— 1,1).
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+o0o
N . . x

Tim mién hoi tu va tinh tong ctia chudi liuy thira: E —.
n

n=1

Ap dung tieu chudn Da lam be va xét tai cac diém nat, ta ¢6 mién hoi tu 1a [—1,1).

(]
+00 2"
e Dat S(z) = Z Pl € (—1,1).
n=1
+o00 T x [1+0oo
e S(x) = Z (/ x”ld:z:> :/ <Z x”1> dx.
n=1 0 0 n=1
R = 1 T odx
o Lai Céﬂz:lxn_l :nZ:O:U”: . néu |z| < 1, do do6 S(z) :/0 T —In(1 — x),
véi Va € (—1,1).
D
¥
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Tim mién hoi tu ctia chudi ham

—+00 —+00

(—4)™ arcsin” x 2" sin" z
° Z m(n+1) ° Z n2
n=0 n=1
+o0 +oo
1 T \" n T n
ezﬁ(x—i—l) ezn—l—l(%v—i—l)
n=1 n=1
° io (—Inz)” o JrZO:OZ”Sin":E
2n 41 (n+1)2
n=1 n=1
+oo 2 10 on(g: n
—1)"n 2" (sinx
0 ) Ly 0 ) Hnk
n=1 n=1 n
+o00 1 +oo 1 ) =
- - D |
° Zn(ln:ﬂ)” @ anln”x kJ >

n=1 n=1 Fls
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o S5(3) o 3

o >3 i) o ¥ iy

@ zm @ 2(—1)”(1;”)33”

o YU ° Yoty

P ° 3

DI o SEUET ey
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