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Nam hoc 2024 - 2025

CHUONG 1: HAM NHIEU BIEN
PHAN TU LUAN
Bai 1. Tinh dao ham riéng

1) Cho z = Yy, tinh 2,(0,0), 2,(0,0).

1
2) z=In—F—
x4+ /2 + y?
3) 2 =lntan ©
Y
4) z:arctanx+y
r—y

5) fla,y) = e + /a3 + ¢ + sin(4a? + 5y).

T +y
6 ,y) = arct .
) f(x,y) = arc anl—:ny

7) f(z,y,z) = arctan Y
Tz

8) f(z,y,2) = x*+ 3y*z + 123 + e™¥*

9) u = xv

0: 0z

ox’ Oy

ox’ Oy’ dt

10) Cho z = In(u? + v?), u = zy, v =", Tinh

11) Cho z =In(3x + 2y — 1), x = €', y = sint. Tinh

12) Cho u =sinz + f(siny — sinz), f 1a ham kha vi. Chiing minh rang:

%cosx + a—ucos = COS T COS
oy or ‘Y T v
2 < S 2 . P .2 . (92’ 82
13) Cho z = f(zy + y*), f 1a ham khé vi. Rat gon bieu thic A = (z + 2y)a— ~Yg
x y

14) Cho u = f (9, f) £ 1a ham ki vi. Rit gon bidu thiie B — 0% + 2% + 2%
Tz ox oy 0z

Bai 2. Pao ham ctia ham an
1) Tinh ¢/(z) biét y = y(r) ham an xac dinh he thic: 1 + zy — In(e® + e~%¥) = 0.
2) Tinh y/(z), y"(x) biét y = y(z) 1a ham an xac dinh bdi phuong trinh

1

In ——— = arctan g

1

e
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3) Tinh y/(x) ctia ham an xac dinh bdi phuong trinh xe¥ + ye® = 1 va tit d6 tinh 3/ (0).

”
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4) Tinh 2,z va dz biét z = z(x,y) la ham an xéc dinh béi

a) vyl +dyPr =04+ y + 2. (e) x® + 1+ 2° = 3wyz
(f) 2z + 3y + 2z = ™=,
y (g) zyz =cos(z+y+ z)

. r+2y+32=1
5) Tinh ¢/(x), 2/(x) biét y = y(z), 2 = z(x) xac dinh bdi

2?4yt 42 =4

6) Tinh u/,u! biét u = x? + y* + xyz va 2z = z(z,y) xac dinh bdi ze* = ye® + xev.

Ny

Bai 3. Dao ham va vi phan cap cao
1

a2+ y?+ 22

A:

. Hay rat gon biéu thiic

1) Cho ham sb u(z,y,z) =

0*u N 0%*u N 0%*u
ox2  Oy? 022

. 2
2) Cho u = y/2? +y? + 2. Ching minh rang: u}, +u), +ul, = "

o OPu (] . : z
3) Tinh pye (5, 1> biét u(z,y) = = + (y — 1) arcsin (\/;>

4) Tinh 2, biét ham an z = z(x,y) xéc dinh b6i 3z + 2y + 2z = e 7V 7=,

5) Tinh cdc dao ham riéng cap 1, cip 2 ctia ham s f(z,y) = x cos(3x + y?) + €22 +3v,
6) Tinh d?f(1,1), biét: f(x,y) = 2>+ 2y +y* —4lnz —2Iny.

7) Tinh d?f(0,1), biét: f(z,y) = arctang.

8) Tinh céc dao ham riéng cap 1, cap 2 va vi phan toan phan ciia ham s6

f(z,y) =1In (x/xz + y2> + 3 arctan z tai diém (1,2).
Yy
9) Tim d*z biét:

(a) z=2*In(z +y) (b) z = arctan Y
T

Bai 4. Cuc tri cia ham nhiéu bién

1) Tim cyc tri cac ham sau:
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(a) flz,y) =2® +xy+y* — 21 — 3y (f) f(z,y) =yva —2y° — 2+ Ty +5.

b x,y) = a° 3 — 15xy.

o) ey =y 1y 1 (8) flz,y) =2+ 4y — 2In(ay).

(¢) flz,y) =2y + 1000(— + ;)

(d) Flay) = 200 + ' — 22 — 2 (h) f(z,y) = 23 + 3zy* — 15z — 12y.
8 1

(€) flw,y) =oy+ o+ (i) flay) = (@ —y)(1—ay).

2) Tim cuyc tri c¢6 diéu kien:

(a) f(z,y) =x+ 2y voi dieu kien z° +y*> =5

(b) f(z,y) =2*+y* voi dicu kien g +Y

3
1 1 N 1 1
(c) f(z,y) = . + ; v6i dieu kién = + i 1
d didu kien & 4 ¥
_ Gi disw kien &+ Y
(d) f(z,y) = zy véi dieu 16118—1-2 6
3) Tim gia tri 16n nhat, gia tri nhé nhat =
(a) f(z,y) = 2% + 3y* + x — y, trén mién dong D gidi han bdi cac duong r = 1, y = 1, °<_E
r+y=1 (.D
2 2
(b) f(z,y) = zy trén mién Dz{%#—%ﬁl} \QZ:
() z=1+ay — x — y, trén mién déong D gidi han bdi y =22 vay =1 (I—)
X < ~ Z
PHAN TRAC NGHIEM <O
Cau 1. Tim vi phan toan phan ctia ham s6 z = 22 + 5Y. E
@ dz = 2zdz + 5 In bdy. dz = 2zdx + 5Y In ydy. <8-
@ dz = 2zdx + 5Y"dy. @ dz = 2zdx + 5Y" 1 In 5dy.

Cau 2. Tim vi phan toan phan ctia ham s6 z = In /7 — y.

@d dy d:c‘ dZ:dx—dy‘ @dz:d$_dy_ @dzzdy—dx.

~y) 2(z —y) -y -y
Cau 3. Tim vi phan toan phan ciia ham s6 z = arctan(z — y).
@dz— dz 4+ dy dz— dr — dy
14 (z -y 1t (r -y
dy — dx —dx—dy
dz = —————. dz = ———.
© L+ (2 —y)? D= 1+ (z —y)?

Cau 4. Tim vi phan toan phan ctia ham s6 z = 22 + 2xy + sin(23y°).
(A) dz = [4z + 32 cos(z%y)] da + [22 + 5ady* cos(z3y)] dy.

dz = [22 + 22y + 322 cos(z®y°)] dz + [22 + SaPy? cos(z®y°)] dy.

(©) dz = 22 + 2y + 322 cos(x®y?)] dx + [22 + by* cos(23y?)] dy.

@ dz = [2z + 2y + 3225 cos(z3y®)] dx + [22 + 5a3y* cos(23y)] dy.
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Cau 5. Tim vi phan cap hai ctia ham s6 z = 23 + y? — 4ay.

(A) A2z = 6zda? — 8dxdy + 2dy?. d?z = 6zda?® — 4dady + 2dy?.
(©) d2z = 6adz? + 8dady + 2dy>. (D) 42z = 6xda? + 4dady + 2dy?.
Cau 6. Tim vi phan cap hai ctia ham s6 z = yInx.
2 1 2
@ d?z = —%dxz + “dady + —dy?. d?z = ——dx + —dady.
x 07 x z
Y
(©) a2z = ﬁd:ﬂ + ~dady. D) 42z = —ﬁdﬁ — —dudy.

Cau 7. Dao ham riéng theo bién y clia ham s6 f(z,y) = e* (—x + 3y) la
(A) —e” (—z + 3y). B) 3e* (—z + 3y). (C) —e®. D) 3e*.
Cau 8. Vi phan toan phan ctia ham s f(z,y) = 2% + z cosy tai diém (1;0) 1

@ 2dx — dy. 2zxdz — xsin ydy. @ 2. @ 3dz.

Cau 9. Cac diém ding ctia ham s6 f(x,y) = 2 + 6zy + 3° 1a

(&) M1(0; 0) va My(~1;2). M;(0; 0) v My(—2; ~2).
(©) My(1;1) v My(2;2). (D) M (1; —1) va My(—1;2).
Cau 10. Dao ham riéng theo bién z ciia ham s6 f(x,y, z) = arctan % 1a
Tz
—2xy2 Ty 2wy — 21
@y2+x224' 22+ a2t © x? + 22yt ®x2+z2y4'

Cau 11. Cho ham s6 f(z,y) = In /2% + 2.
8 5 3 4
@ fr:2) =5 n12)=—2 ©fa=g Dm2=-;

Cau 12. Cho ham an hai bién 2z = z(z;y) xac dinh béi 2z — yei = 0. Dao ham riéng ctia z(x;y) theo

bién z bang
z z z
x

@L (D © v ©—"

x?2 + xyex x? — xyex ryer — x? x? + xyex
Cau 13. Cho ham s6 f(z,y) = 2° + 32y? — 30z — 18y, (z > 0,y > 0). Diém cyc tiéu M (x¢; o) cla
ham s6 c6 xg — yo bang
A) —2. 3. © -3. D) 2.
Cau 14. Cho ham s6 f(z,y) = 2% — 3° — cos? x — 32y. Hay chon khang dinh ding.
@ Ham f dat cuc dai tai (1;2). Ham f dat cuc ticu tai (1;2).
(©) Ham f khong ¢6 diém dimg. (D) Ham f ¢6 mot cye tri.

Cau 15. Cho ham s6 f(x,y) = 23? (1 —x —y) v6i > 0, y > 0. Hay chon khing dinh ding.

11 . 11
@ Ham f dat cuc dai tai (—; —). Ham f dat cyc tiéu tai (—; —).

42 42
(©) Ham f ¢6 2 diém diig. (D) Ham f ¢6 3 diém dimg.

Cau 16. Cho ham s6 f(z,y) = 222 — 4x + siny — % v6i z € R, —7 < y < 7. Hay chon khang dinh

ding.
@ Ham f dat cuc dai tai <1; g) Ham f dat cuc tiéu tai <1; %)
@ Ham f dat cuc tiéu tai (1; —g) @Ham f c6 1 cuc tieu va 1 cuye dai.
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Cau 17. Tim cyc tri ctia ham 86 f(x,y) = In(x? — 2y) v6i dicu kien  —y — 2 = 0. Hay chon khang
dinh dung.

@Ham f dat cuc dai tai (1;—1). Ham f dat cyc tiéu tai (1;—1).

@ Ham f c¢6 2 cuc tri. @ Ham f khong c6 cuc tri.

Cau 18. Tim cyc tri clia ham s6 f(z,y) = In|1 + 22y| v6i diéu kien x —y — 3 = 0. Hay chon khang
dinh dang.

@Ham f dat cyc tiéu tai (0; —3) va cyc dai tai (2;—1).

Ham f dat cuc dai tai (0; —3) va tai (2;—1).

(© Ham f dat cyc dai tai (0; —3) va cue tiéu tai (2; —1).

@Ham f dat cuc tiéu tai (0; —3) va tai (2; —1).

Cau 19. Tim cyc tri cia ham s6 f(z,y) = 2*(y — 1) — 3x + 2 véi diéu kien z — y + 1 = 0. Hay chon
khéng dinh ding.

@Ham f dat cyc tiéu tai (1;2) va cuc dai tai (—1;0).

Ham f dat cyc dai tai (1;2) va tai (—1;0).

(© Ham f dat cyc dai tai (1;2) va cuc tiéu tai (—1;0).

(D) Ham f dat cyc tiéu tai (1;2) va tai (—1;0).

Cau 20. Tim cyc tri ctia ham s6 f(x,y) = 3z + 4y v6i didu kien 2% + y? = 1. Hay chon khang dinh
ding.

) 4 4
@Ham f dat cuc tieu tai <§, 5) va cuc dai tai <_§; ——).

Duw(3)
) 3 4

Ham f dat cyc dai tai

O] > O] >

va cuc tiéu tai [ —=; —=
5 5

7

) 4
@Ham f dat cuc tieu tai (5, 5) va tal <—g; —g)

Cau 21. Cho ham s6 f(z,y) = 2% — 2z + y?. Hay chon khang dinh ding.
@Ham f dat cuc dai tai M (1;0). Ham f dat cuc ticu tai M (1;0).
@ Ham f c¢6 mot cuc dai v mot cuc tiéu. @ Ham f khong c6 cuc tri.

ol e ol w

@ Ham f dat cuc dai tai (

w
W

Cau 22. Cho ham s6 f(z,y) = 2* — 822 + y* + 5. Hay chon khang dinh ding.
@Ham f dat cuc dai tai (0;0).
Ham f dat cuc tiéu tai (2;0) va tai (—2;0) .
@ Ham f chi c6 dang hai diém dimg.
@Ham f dat cuc dai tai (2;0) va tai (—2;0) .
Cau 23. Cho ham s6 f(z,y) = #* — 2z + 5. Hay chon khang dinh ding.
@ Ham f dat cuc dai tai M (0;0). Ham f dat cuc tiéu tai M (0;0).

@ Ham f c6 mot diém dimg. @ Ham f c6 mot cuc dai va mot cuye tiéu.

Cau 24. Cho ham sb f(x,y) = 2% — 2y + 3?. Hay chon khang dinh ding.

e
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@ Ham f dat cuc dai tai M (0;0). Ham f dat cuc tiéu tai M (0;0).

@ Ham f khong c6 cuc tri. @ Ham f khong c6 diém dimg.
Cau 25. Cho ham sb f(x,y) = 2° + y® — 122 — 3y. Hay chon khang dinh ding.

@ Ham f dat cuc dai tai M (2;1). Ham f dat cuc tiéu tai M (2;1).

(©) Ham f ¢6 ding 2 diém dimg. (D)Ham f ¢6 ding 4 diém dimg.
Cau 26. Cho ham s6 f(z,y) = 2* — y* — 42 + 32y. Hay chon khang dinh ding.

(A)Ham f dat cyc dai tai M (1;2). Ham f dat cyc tiéu tai M (1;2).

@ Ham f khong c6 cuc tri. @ Ham f khong c6 diém dimg.

CHUONG 2: TICH PHAN NHIEU LOP

PHAN TU LUAN
Bai 1. Tinh cac tich phan hai 16p sau:

a) I = //(x — y)dzdy; D 1a mién giéi han béi cac duong y =z, y = 2 — z°
D
b) I = //(:U2 + 2y)dxdy; D 1a mién gidi han béi cac duong y =22 — 1,y = = + 1.
D
c) I = //(x—i—y)dxdy; D 13 mién phang giéi han béi cac dudng y =z, y =0, v+y = 2, z+y = 4.
D
d) I = //(x3+4y)dxdy, D la mién phang dudc gidi han béi cac duong vy = 0; z = VY Yy =2-m.
D
e) [ = // rydxdy, D 1a mién phang duge giéi han béi cac duong = =0, y =1, 22 +y* = 22.
D
f 1= / / (32 + 4y)dady, D I tam gise OBC, 0(0,0), B(=2,2), C(2,0).
D
x? . )
g) I = // —dzxdy, D la mién phang dugc giéi han bdi cac duong » =2, ry =1, y = .
s Y
h) I = // rydrdy, D 1a mién phang duge giéi han béi cac duong y = v2x — 22, y =0
D

2

i) I = // x*ydxdy, D 1a mién phang dugc giéi han béi cac duong y = 2%, y = xz’ y=1
D

j) I = //(x + 2y)dxdy, D la tam giac ABC' , véi A(1,1), B(2,2), C(4,—2).
D
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Bai 2. Tinh cac tich phan sau bing cich déi bién:

a) ]://(x3—y3)dajdy; Dgisihanbsiz+y=1, z+y=4, v—-—y=1, v —y=—1.
D

b) I://\/(x2+y2)3dxdy; D gidi han béi cac duong x = /1 — 42, y ==z, y = —x.
D

c) I://(1+xy)d:vdy; voi D = {1 < 2? + y* < 2z}
D

d) ]://\/ﬁ—i—y?d:cdy, v6i D ={2* +y* <z, y>0}
D

e) [://1n(1+x2+y2)dxdy; trong d6 D = {2* +y*> < R?, y > 0}.
D

Bai 3. Tinh cac tich phan ba 16p sau:

a) I = ///xdxdydz; V' 1a ti dién duge gidi han béi cacmat v +y+z2=1, =0,y =0, 2 =0.
1%
b) I = ///(z+x2 + y*)dxdydz; V dugce gidi han bdi cadc mit z = /22 +y2, 2 = 1.
1%
c) [ = ///zx/ac2 + y2dxdydz; V gi6i han bdi z = /2 — 22 — 92, 2 = /2% + y?
1%
d) I= /// Vo2 + y? + 22dxdydz; trong d6 V = {x? + ¢ + 2% < 2}
1%

e) I = ///(x2 + 9?4 2%)dwdydz; trong A6 V = {1 < 22 +y? + 22 < 4}.
v

PHAN TRAC NGHIEM

Cau 1. Cho mién D dugc gidi han béi cac dudng thang x = 3, x = 5,32 —2y+4 =0, 3z —2y+1 = 0.
Tich phan I = // f(z,y)dzdy duge dua vé tich phan lap la
D

3x+4 3z+4
5 2 5 2
@Iz/dy / f(x,y)dz. I=/dx / f,y)dy.
3 3x+1 3 3x+1
2 2
3z+4 3z+1
2 5 5 2
©1= / dy/f(x,y)dx @szdy / f(a,y)dz
3z+1 3 3 3x+4
2 2

e
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Cau 2. Mién phang D = {(x,y) € R?

2+ +2y<0,2+y < O} dugde viét lai trong toa do cuc

la:
@Dw:{(go,r) —%Sgpﬁﬂ,OgrS—Qsm@}
Dw:{(go,r) —%§¢§0,0§r§—2sm<p}
@Dw_{(gp,r) —WSQOS—%;O<’F<—281HQO}
@DW—{(@J‘) —1<p< %, 2SIIIQO<T‘<0}.

Cau 3. Cho mién phing D = {(x,y) € Rz‘mz +y? < 4y}. Tich phan hai 16p I = / f(z,y)dxdy

dugce viét lai trong toa do cuc la

4sin @ 21 4sin @
@I—/dgp / f(rcos @, rsinp)rde. ]:/dgo / f(rcos g, rsinp)rde.
0 0
251n50 21 2sin @

@I—/dgo / f(rcos g, rsinp)rde. @[z/dgp / f(rcos @, rsinp)rde.
0 0

Cau 4. Gia tri cta tich phan I = Q/dy/eﬁydx la

0 0
@1262—1. 1262—26—1—1. @]:€2+26—|—1. @I:€2+2€:1.

Inx

2
Cau 5. Gia tri cta tich phan [ = /dac / 6re’dr 1a
0 0
5

@A) I =4. B I = ©1=6. D=1

Cau 6. Cho mién phing D — {(:c,y) ERNeZ 4y <Lz >0y> 0}. Gid tri ctia tich phan I =

// 4dzdy I
D \/m
@A) 1 =2r. B I=(V3-Vv2)2r. ©1I=2mV2. DI=(vV2-1)2r

Cau 7. Cho mién phang D = {(m,y) e R?

// 22y3dady 1a
D

21 dn 2 4
W=7 B1= ©r1=-- OI=-—

105
Cau 8. Trong khong gian Oxzyz, cho khéi  duge gidi han bdi cac mat z = 0, y = 0, 2 = 0 va
x+y—+z+1=0. Tich phan ba l6p [ = /// drdydz duge dua vé tich phan lip 1a

1 1-y l—x—y
@I:/dy/dx / flz,y, 2)dz. .[—
0 0 0

1—x

@I:/ldx/dy l/myf(x,y,z)dz. @1:/ z / dy / flz,y, 2)dz.

P+’ <lx>0y> 0}. Gia tri cta tich phan I =

0

0
dy/dx / f(x,y,2)
s

\o

Y
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Cau 9. Trong khong gian Oxyz, cho khéi  dude gidi han bdi cac mat 2z = 4 va z = 22 + 2. Tich
phan ba 16p I = /// f(z,y, z)dzdydz duge viét trong toa do tru la

21 2 4 21 4 4
@I:/dnp/rdr/f(rcosgo,rsin@,z)dz. [:/dgo/rdr/f(rcosw,rsingp,z)dz.
0 0 T2 0 0 1-2

2 2 72 2m 4 2
@]:/dgp/rdr/f(rcosgo,rsincp,z)dz. @]:/d(p/rdr/f(rcosgp,rsingp,z)dz.
0 0 4 0 0 4

Cau 10. Trong khong gian Oxyz, cho khoi Q duge gidi han bdi cac mit 2 = 0, 2z = 1 va 22 +9%+2y =
0. Tich phan ba 16p I = /// 2/ 22 + y2dxdydz dude viét trong toa do tru I

—2sing —2sing
®1= for [ o ® 1= for [ o
2m 2s1n4p 251ngo

0= fuo [ v [ o1 fuo [ [

Cau 11. Trong khong gian Oxyz, cho khéi Q = {1 < 22 + y? + 22 < 4}. Tich phan ba lép [ =
// f(z,y, z)dzdydz duge viét trong toa do cau la

CH

d
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2w ™ 4
@Iz/dgp/sin@d@/rf(rsin@cosgp,rsin@singp,7“(3089)d?“. .
0 0 1

™ 4
I:/dgp/sin@d@/rzf(rsin@cosgp,rsin@singp,rcos@)dr.
0 0 1

~

2m ™ 2
@I:/dgp/sin@d@/rzf(rsin@singp,rsinGcosgp,rcos&)dr.
0 0 1

~

2m T 2
@I:/dgp/sin@d@/rzf(rsin@cosgp,rsin@singp,rcosG)dr.
0 0 1

1 T y2

Cau 12. Gia tri cta tich phan I = /dm/dy/dz
0 0 0

@121—12. 1:%. @1:%. DI =-=.

2?2+ < 1}. Gia tri clia tich phan I = / V2 + y2dxdy

D

[\3|,_.

Cau 13. Chomién phing D = {(:c, y) € R?

I
@I:%ﬂ. B1-:. @1:%”. D=3

Cau 14. Cho mién phang D = {(a:, y) € R?|y =

22y = 13}. Gi4 tri cta tich phan I = // 2ydxdy
D
1a

@I:% [:%. ©r1="2. @1:%
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Cau 15. Cho mién phang D = {(m,y) € R2’0 <r<1,0<y< x3}. Tich phan hailép I = / f(z,y)dxdy

duge dua vé tich phan lap la

Cau 16. Cho mién phang D = {(a:, y) € R2’x2 +y?<1l,y> O}. Tich phan hailép I = / f(z,y)dzdy

dugce dua vé tich phan lap 1a

®1=[dy [ fays ®i- [ [
1 g 0 Vi
©1=[ay [ fayan 1= [dy [ faa

Cau 17. Trong khong gian Oxyz, cho khéi Q dugce gisi han bdi cacmit 2 =0, 2 = 1 v 22 +9% = 1.

Gia tri cua tich phanI_/// \jzijdz I
@[-27? .[—77 @[:37. @[:47T.

Cau 18. Trong khong gian Oxyz, cho khéi Q duge gisi han bdi cic mit 2 =0, 2 = 3 va 22 + 9% = 4.

Gi4 tri clia tich phan T = / / / (\/:1:2 T2+ 1) dzdydz 1a
Q
84 80w 4 8
@I:?. [:T, ©IZ§- @I:§-

Cau 19. Trong khong gian Ozyz, cho khéi Q = {z? + y* + 22 < R% 2z > 0}. Tich phan ba 16p I =
dzxdydz .2 o s s
dugce viet trong toa do cau la

/ZE2+?/2+22

27 1 R
A= /dgp/sin&d&/rzdr. / /smede/
0 0 0
2 2 R
©1I= /dgp/sin&d@/rdr. / /sm@d@/ ridr.
0 0 0

0
Cau 20. Cho mién D dugdc gidi han bdi cic dudng thang y = +/z, y = 2. Tich phan boi hai

1= // dxdy c6 gia tri la
D

@I:\g. 1:3. @1:2. @I:g.

10
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Cau 21. Cho mién phang D = {(x,y) e R?

// xydxdy c6 gia tri la
D
(A) I =32 B) I = 64. (© 1 =90. D) I = 120.

Cau 22. Trong khong gian Ozyz, cho khéi Q = [0,1] x [0, 1] x [0,1]. Gia tri ctia tich phan ba 16p

1= /// 24xy°23 13

@9121. BI=2. ©1=3. D) I =4.

Cau 23. Trong khong gian Ozyz, cho khdi © duge giéi han bdi cdc mit z = /22 +y% va z = 1.
Gia tri cia tich phan ba l6p I = /// 2zdxdydz 1a

242 <16,2>0,y > 0}. Tich phan boi hai [ =

Q
@I:g. I:%ﬂ. © 1 =2n. D1 =r.

Cau 24. Cho mién D gidi han béi cac duong y = 22 vay = 2 — .

Tich phan boi hai I = // (x — y) dedy c6 gia tri la
D
189 189 81 81
I=—. I=——. I=——. I=—.
@ 20 20 @ 20 @ 20
Cau 25. Cho mién phang D = {(Jc,y) € RQ‘xQ +y? < 2x,y > O}.
Tich phan boi hai [ = // ( 24+ y? 4+ a:) dxdy dugce viét lai trong toa do cuc la
D
2 2cosp 2 2cos ¢
@Iz/dgp / (14 cosp) ridp. [:/dgo / (1 + cosp) r’dp.
0 0 _z 0
2
2 2cos 2 2cos
@I:/dgo / (1 4+ cos ) rdep. @[:/dcp / (14 cosp) rdep.
0 0 -z 0

CHUONG 3: TICH PHAN PUONG VA TICH PHAN MAT

PHAN TU LUAN
Bai 1. Tinh tich phan dudng loai 1

a) I = /$2d8, AB la cung y = Inz va A(1,0), B(e, 1).

AB

OA 1a doan théng néi gbc O(0,0) véi didm A(1,2).

RPNy g
J x2_|_y2+4
OA

c) I = /(x2 +y*)ds, L 1a bién clia tam giac OAB vé6i 0(0,0), A(1,1), B(—1,1).
L
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d) I:/(x+y)ds; L: 2> +y*=ax, a>0
L

e) I—/(:c+y+z)ds; L 1a duong cong © = 2cost, y =2sint, z=1¢, 0 <t < 2r«

L

f)I:/(xg—i—yg)ds; C: z5+ys =as, a>0
c

g) I:/\/ﬂ—{—y? ds; C: 2*+y*=2y.
C

Bai 2. Tinh tich phan duong loai 2

a) I = /yexyd:c + z'e™dy; trong d6 L: y = 2% di tit A(0,0) — B(1,1).

L
2dy — v2d x = Rcos’t
b) I = w; trong do: L : , 0<t<m/2.
25/3 1 yy5/3 5
4 y = Rsin”t

c) I = f|x|dw + |y|dy; L 1a dudng gap khic ndi cac diem A(1,0) — B(0,2) — C(—1,0) —
L

D(0,-2) — A(1,0).

d) I = ]{2@2 +9?)dz + (z + y)*dy, L la bien ctia tam giac ALMN, L(1,1), M(2,2), N(1,3).

L+

e) I = ]{(xy+x+y)dx+ (ry +x — y)dy; trong d6 L: 2* + y?> = ax, a > 0.
Lt
(4,3)
f)y I = / e (1 + zy)dx + 2™ dy.

(2,1)

2 2
g) I = %(—:L‘Zy)dqunydy; L: xz + yT = 1.

Lt
h) [:]{(Hy)dfv—(x—y)dy; L. a?4y?—4
2 4 y?
L+
1,1)
i) I= | (z4+y)de+ (v —y)dy.

(=]

(0,0)

i) I = | (x+y+ 2)dr — ady + zydz; trong d6 L la doan thang di tit A(1,2,3) dén B(2,4,5).

~
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Bai 3. Tinh tich phan mat loai 1

a) I = //<x2 +y%)dS; S laphan mat cau a2 +y2 + 22 = a2, z > 0.
S

b) I = //(x2 +2%)dS; trong d6 S la phan mit z = /2 — 22 — 2,2 > 1.
S
c) I = // 4y S 1a phan mat x + y + z = 1 ndm trong géc phan tam thit nhat.
14z +y)* '
s
d) // ryzdS, S 1a phan mat z = 2% + 2 gi6i han béi z = 1.
S

4 R . R
e) [ = // (z +2x + gy)dS; trong d6 S la phan mit g + % + Z = 1 nam trong géc phan tam
S

thit nhat.

Bai 4. Tinh tich phan mat loai 2

a) I = // zdxdy; S 1a phia ngoai mat cau 2% +y%2 +22=1; 2z > 0.
s

b) I = // yzdwdy; S 1a mat phia ngoai ciia vat thé giéi han béi 22 +92 <1, 0< 2z < 1.
5

c) I = // yidedz+z*dxdy; S 1a mat phia ngoai clia vat thé gidi han béi cac mit 2 = 22412, 2 =
S

1.

PHAN TRAC NGHIEM

Cau 1. Cho duong cong C c6 phuong trinh tham s6 # = 2cost, y = 2sint, 0 < t < 7. Gi4 tri clia
tich phan I = /SL’2d8 la
c

A I = 2. B I = 4r. © I = 6m. D) I = 8.
Cau 2. Cho dudng cong L la doan thang ndi diém A(0,2) va diém B(—2, —3). Gia tri ctia tich phan
I= /(a:2 —y)ds la
iy 13 13 11 11
Cau 3. Cho duong cong OA ¢6 phuong trinh y = 22 ndi didm O(0,0) va diém A(—2,4). Gia tri clia
) - 3y
tich phan I =

J Vit
OA
(AT =12. B I =-12. ©1=-s. D) I =3s.
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Cau 4. Cho duong tron C c¢6 phuong trinh 2%+ y? — 2y = 0. Gi4 tri clia tich phan I = /(ac2 +y*)ds

c
la

(A I = 47V/2. B I = 4r. © I =38, D) I = 87v2.
Cau 5. Mot day thép c6 dang doan thang trong mit phang Ozy ndi diem A(1,1) va diém B(3, —5)
v6i ham mat do khéi lugng 1a p(z,y) = (v — y)?. Khéi lugng ciia day thép da cho la
16 32 125 128
@ng\/lo. m:§\/10. @m:T\/lo @m:?\/lo
Cau 6. Mot day thép c6 dang parabol y = 22 trong mat phang Ozy ndi diem O(0,0) va diem A(1,1)
v6i ham mat do khoi luong 1a p(z,y) = z+/1 + 4y. Khoi lugng ctia day thép da cho 1a

@m=3 B m= Qm=">, ©m—

Cau 7. Cho duong cong AB ¢6 phuong trinh tham s6 x = t2, y = 4 — t véi A(0,4) va B(4,6). Gia

GV )

tri ctia tich phan I = /IL’dIE + (z —y)dy la
2 A 2 34 34
I=-—. I=—-. I=—. I=——.
Cau 8. Tich phan khong phu thudc vao cac dudng tron timng khic ndi hai diem A va B 1a
@I = / (4xy3 —|—2x) dx + (y4 + 2y —x) dy.

AB

B 1= / (42y® + 22 — 1) dz + (y* + 627y — 1) dy.

AB
@I: / (4xy3+2x) dr — (y4+2y—x)dy.
AB
@I = / (4xy3 + 2z — 1) dxr — (y4 + 622%y? — 1) dy.
AB
Cau 9. Cho duong cong AB c6 phuong trinh y = Inz véi A(1,0) va B(e,1). Gia tri clia tich phan
I= / 5xty’dr + 5x°ytdy 1a
AB
@i1=o. B =—¢ ©1=e¢. D1=—¢.
Cau 10. Cho duong cong AB c6 phuong trinh y = 23 — 3z + 2 véi A(1,0) va B(0,2). Gia tri clia
tich phan I = /eydx + xeldy la

AB
AI=1. B I=-1. ©1I=e D) I =—e.
Cau 11. Cong sinh ra khi Iuc ]_*—:(x,y) = 3227 + 2y7 tac dong len chat diém M(z,y) lam dich
chuyén tit diém A(2,4) dén diém B(—1,1) trén duong cong C: y = 22 la
AW = —24. B W = 24. O wW=-12. D)W =12.
Cau 12. Cong sinh ra khi Iyc f(x,y, z) = z7 — xy? — xyz%) tac dong lén chat diém M (z,y, 2)
lam dich chuyén tit diém A(1,1,—1) dén diem B(1,0,0) trén duong cong C: v = 1,y = 2,2 = —t

la
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Cau 13. Cho tich phan I = // xdS, trong d6 S 1a hinh AABC véi A(1,0,0), B(0,2,0), C(0,0,4).
s

Gia tri cua tich phan I 1a

@I—g. [—g. @I—g. @I—g.

Cau 14. Cho S la phan mat parabolic ¢6 phuong trinh z = 2% 4+ 32 ndm dudi mit phang z = 4. Gia
tri ctia tich phan I = // zdS la

S
391v17+ 1 391v17 391vV17+ 1 39117
@ WL g BV ©1- 2 D=

120 120 60 60
Cau 15. Dién tich clia phan mat nén z = /22 4 y2 nam phia dusi mit phing z = 1 la
@S:4W\/§. S:37T\/§. @S:27T\/§. @S:ﬂ'\/ﬁ.
Cau 16. Dién tich clia phan mit parabolic z = 4 — 2% — 4? nam trong mit tru 2% + 3y — 2y = 0
dugce tinh theo cong thiic
x 2sing r 2sing
@S:/dgp / rV1+r2dr. Sz/dgp / rV1+ 4r2dr.
0 0 0 0
27 2sing 27 sing
@S:/dgp / V1 + 8rdr. @Sz/dgp/rmdr.
0 0 0 0
Cau 17. Tich phan mat loai hai I = / / xdxdy — ydzdr + zdydz v6i S 1a mot phan mit phia trén
clia mat phang x + 2y — 2z = 0 ¢6 biéus dién thanh tich phan mit loai mot 1a
@1_%//(x—2y—2z)ds. I_—%//(2x—2y+z)d5.
S S
@I:—%//(:c—Qy—Qz)dS. @[:%//(2x+2y—z)d5.
S S

Cau 18. Tich phan mat loai hai I = / / dxdy v6i S 1a mot phan mat phia dudi ciia mat phang
s

z = 2 dudc giéi han béi 22 +y? < 1, ¢6 gia tri 1a
@I:T[‘. I:—7T. @]:27r. @I:—Qﬂ'.

Cau 19. Tich phan mat loai hai I = 12 / / xdxdy véi S 1a mot phan mit phia trén ctia mit phang
S

z =2 dugc gidéi han béi x >0,y > 0vax+y <1 co gia tri la

AI=1. B I=4. ©1=2. D) I =3.

Cau 20. Tich phan mat loai hai I = // 4o zdady + xydrdz + 2*dydz, véi S 1a mat bien ngoai
s

ciia vat thé duge gidi han béi z =2, z = 0 va 22 + y? = 1, c6 gia tri 1a

AI=r. B I = 2. © I = 4n. (D) I = 8r.
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3
Cau 21. Tich phan mit loai hai I = / / v zdrdy + 22 dydz + %dzda:, v6i S 1a mat bien ngoai ciia

S
hinh cau 2% + y? + 2% < 1, ¢6 gia tri la

@i1=z. I:%ﬂ. @1:3%. @1:4%.

Cau 22. Tich phan mat loai hai I = / / 3xdydz + 2zdzdx + dxdy, v6i S 1a mat bién ngoai ctia hinh
S

cau 22 + y? + 22 < 2z, ¢6 gia tri la
A)I=r. B I = 2. © I = 4n. (D) I = 8r.

Cau 23. Tich phan mat loai hai [ = // x2dydz + szxdy, v6i S 1a mit bieén ngoai ciia vat thé bi
S

chan duge gidi han béi z = /22 + y2 va z = 1, ¢6 gia tri 1a
T 3 27 5%
@125- [Zz- @f:?- @IZF-

Cau 24. Cho S la mot phan ctia mat phing = +y + 2z = 1 dugce giéi han béi 22 + ¢ < 1 ¢6 ham
mat do khéi lugng p(z,y, z) = 2* + y?. Khdi lugng ctia S 1a

®m-"5, B ="V ©m="V3 DAL

3 4 6
Cau 25. Cho S 1a mot phan ctia mit parabolic z = 22 + y? dude gidi han béi 22 + y? < 4 ¢6 ham

mat do khoi lugng p(x,y, 2) = /1 + 42. Khéi lugng ciia S duge tinh theo cong thric
2 2 2w

A)m = /dgo/r(l—i—élrz)dr. B m = /d@jrmdr.

0
m

0 0
™ 2 2
@m:/d@/r(l—i—@"z)dr. @mz/dg@/r\/l—l—4r2dr.
0 0 0

0

CHUONG 4: PHUONG TRINH VI PHAN

PHAN TU LUAN

Bai 1. Gii cac phuong trinh tach bién

(1) zy/1 —y2dx+yv1—2a2dy=0 B) Yy =(x+y+1)7
2
(2) y’:x2—|—xy—|—yz—1 (4) v = cos(x —y — 1)

Bai 2 . Giai cac phuong trinh ding cap

(1) y=et+? )y =2 1 cos?
T T T

3z — zy — y?

(2) xy’—y+xcosy:0 (5) ¥y = 2y Y
T T

2 2

;L T4y 6) o = LT TY
3) 2y —y=(zx+y)ln » (6) v 7

Bai 3. Giai cac phuong trinh vi phan tuyén tinh cap 1

16
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2 2
1)y — = (z+1)3 (4) (2% +y)dz = xdy
W)y - —qy=(E+1)
1
Ny +y=——, y@2)=1. (5) (y+Inz)dr — zdy =0
(2) ¥ +y =2 y(2)
(3) i +2zy = xe ™ (6) 3/ cosy +siny =z

Bai 4. Giai cac phuong trinh Becnoulli

(1) y' — 22y = 32°y? (4) 2y +y=y’lna; y(1)=1
X o Ty 9 9 _

(2) 2?/—5—932_1 (5) ydx — (2*y* + x)dy = 0

(3) ¥ +2y =y’e” (6) zy’ —2z\/ycosx = —2y

Bai 5. Giai cac phuong trinh vi phan toan phan

2 2
W) @ty)det+(@—ydy=0; y(O)=0. (3 20, V37, _,
x z x Y Y
(2) (T+ev)dr+ev (1 - 5) dy =0 (4) (14 y*sin2z)dx — 2y cos® zdy = 0

Bai 6. Giai cdc phuong trinh vi phan tuyén tinh cap 2 véi he s6 hiang
(1) v =2y +y = 2. (7) 4" — 4y +y = Tes®

(2) y" — 6y + 9y = cos 3. (8) ¥ + 2y + 2y = " sinz.
1 _ .
(3) 2" 4+ 3y +y=uze"* (9) v" 4+ 9y =cos3z +e

(10) y" +y = dxe®
4) v'+2y +2y =2 —4x+3
(11) 9" +y = 6sinz
(5) y" — 4y = 4a® 4 3z + 2;
/" / - x
y(0) =0, y/(0) =2 (12) v — 2y +y = ze
_ 2
(6) y” + 4y/ -+ 4y — 36—217 (13) y” — 4y/ = x° + 2r + 3
y(2) = y/(2) =0 (14) y// . 2y/ — 9082 1

PHAN TRAC NGHIEM

Cau 1. Phuong trinh vi phan 1 j—xzﬁ + \/% = 0 c6 nghiém tong quat 13
(A)y = C — sin (arctan z). y = sin (C' — arctan z).
(©) y = sin C — sin (arctan z). (D) y = arctan (C' — sin ).

Cau 2. Phuong trinh vi phan z(y? + 1)dz = y(22 + 1)dy c6 nghiém tong quat 1a
@) (22 +1)(y* + 1) = C. B (22 +1)+ (2 +1)=C.
©@@2+1)=@=2+1)+C. D2 =C2+1)—1.
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dx N dy
wly—1)  ylz+2)
(A) 22 = ye2 v, y? = xer 7Y, (©) 22y = 2" v, D) zyy>ye? =,
Cau 4. Phuong trinh vi phan ¢’ = e**¥ 4 ¥ vdi diéu kién y(0) = 0 ¢6 nghiem la
T T
@ey:tan<x+z>. ex:tan(y—l—Z).
@ey:tan<e’”+£—1>. @ez:tan(eyjtg—l).

Cau 5. Phuong trinh vi phan yIn®y + v/ + 1y’ = 0 v6i dicu kién y(0) = e c6 nghiem la

Cau 3. Phuong trinh vi phan = 0 v6i dieu kien y(1) = 1 ¢6 nghiem 1a

1 1 1
W’y = ———7 2%y = +1.
Oy = RV
1
© — mEy = 2VEFI-3 — =2/T 11— 1
21In In“y
Cau 6. Phuong trinh vi phan (zy’ — y) arctan Y 2o nghiém tong quét la
x
K Yy Yy K
@332 4 y2 _ Cexarctanm' 2 +y2 _ Oe2xarctanx.
Yy Yy Yy Yy
@ 2 + y2 — Cez—i-arctanx' @(L’Q + yg _ Cex—arctanx.
Cau 7. Phuong trinh vi phan zy’ = y + zsin Y v6i didu kien y(1) = g c6 nghiém la
x
@l—cosg:ﬁ(cosg—l—l). cosg:x2<cosy+1>—1.
x x x x
@cosg:ﬁ(cosg%—l)—i—l. @cosg—lzsﬂ(cosgqtl).
x x x x

Cau 8. Phuong trinh vi phan zy’ = y + z véi diéu kién y(1) = 2 ¢6 nghiem la
Ay=z(nz+2z). By=znz+2. ©y=2(nz+zx). @y:m(lnx+2).
Cau 9. Phuong trinh vi phan 2y’ = 2y — 2,/Ty c6 nghiém tong quét la

@A) ——2_C+\/_ \/g+2:0—\/5.
©) __2_0\/— @\/ngQ:C\/E.

Cau 10. Phuong trinh vi phan (2zy + siny) dz + (22 + z cos y) dy = 0 ¢6 nghiém tdng quét 1a

@m2y+xsiny:0. x2y+xcosy:0.
(©) 222y + zsiny + a2y = C. (D) 22y + 2z siny = C.

Cau 11. Phuong trinh vi phan (e*™ + 3z%)dz + ("™ + 4y3) dy = 0 v6i diéu kien y(0) = 0 c6

nghiém la
A) g3+ 2t + et —1=0. B y' + 23 + ety —1 = 0.
© P —at+e"tv—1=0. D) y* — a3 4"tV —1=0.
Cau 12. Phuong trinh vi phan zy’ — y = 2% cosz ¢6 nghiém tdng quat 1a
2si 2si
@y:xsinx— SH;x—FC’. B)y = zsinz — Slzlm—l—C'ac.
x x
@y:xsinx—l—C. @y:xsinx+C’x.

Cau 13. Phuong trinh vi phan 427y’ + 3y = —e®2%y® c6 nghiém téng quat la

1 1
4 4:
@y_ 3C— . y 20_6_$>'

1 1
Ov'=Gierey Dv'= serer
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Cau 14. Phuong trinh vi phan y' + —y = — vdi dicu kién y(1) = 0 c6 nghiem la
x x

®y= 2=l By U= ©y= =1 By = 2= 1—:10)

x x x?
Cau 15. Phuong trinh vi phan v/1 — 22y + y = arcsinz véi diéu kien y(0) = 0 c6 nghlém la
@ y = arcsin x + e¥ine — y = arcsinx + e~ &einT _
(©) y = arcsina — exesin® 4 1. D)y = arcsinz — e~ @esinT 4 1,

Cau 16. Phuong trinh vi phan 3" — 4y’ 4+ 3y = 0 c6 nghiém tdng quat 1a

@ y = Cie® + Cye®®. y = e* (C} cos 3x + Cy sin 3x).
@y—e (Cicosx + Cysinx). @yzC’lx3+C’2x.

Cau 17. Phuong trinh vi phan y” + 2y’ + 2y = 0 ¢6 nghieém tong quat 1a
@y:ex(C’lcosx+CQSin:p). y—e T(Cycosx 4+ Cysinx).
(© y = e* (Cy cos(—x) + Cysin(—x)). D)y = e (Cy cos(2z) + Cysin(2z)).

Cau 18. PhUOng trinh vi phan y” + 3y’ = 0 véi dieu kien y(0) = 1 va 3/(0) = 2 ¢6 nghiem la

By=36-3"). By=36-27) Qy=,6-3) Oy=,06-27)

e

Cau 19. Phuong trinh vi phan v + 9y = 0 véi didu kien y (f) —0vay (f) — —1 ¢6 nghiem

O
—
4 4 <
1a @
@ Yy = (cos 3z — sin 3x). By = (cos 3z + sin 3x). —
6 — 6
@y— \/_—i—%cos?)x @y +6\/_—\%—0083:E \g
Cau 20. Phuong trinh vi phan y” — 4y’ + 3y = € vé6i dicu kién y (0) = 3 va 3’ (0) = 9 ¢6 nghiem —
12 Z
a
Q
@y:€5x+63$—|—€x. y:2€5x+63x_ea¢. E
1 1
©y = 3 (€57 4 22¢3% + 7). @ y=75 (—€5 + 5e3 + 2¢7). <O'
M

Cau 21. Phuong trinh vi phan 3" — 6y’ + 5 = 0 ¢6 nghiém tdng quat 13

Ay = Cre + Coed™ — 1. By = Cre* + Coe® + .+ 1,
5 5
©y201+02€6x_6x~ ®y201+0266m+61‘.
Cau 22. Phuong trinh vi phan 3" + 4y + 4 = 0 c6 nghiém tong quat 13
@y:ClﬁLC’ge*“—l. y:C’1+C’20082x—1.
@y:C’lc052x+Cgsin2:c—1. @y:Clcos2x+C’gsin2m+1.

Cau 23. Phuong trinh vi phan y” + 2y — 3y = e® cosx + 3ze® sinx ¢6 dang nghiém riéng la
(A)y* = e [(Az + B) cosz + (Cz + D) sin z]. y* = xe” [(Ax + B)cosx + (Cx + D)sinz].
©) y* = e" (Acosz + Bsinx). (D) y* = ze” (Acosx + Bsinz).

Cau 24. Phuong trinh vi phan y” — 2y + 2y = e [(z* + 1) cosx + zsinz| c6 dang nghiem riéng
1a

(A)y* = e*[(Az 4 B) cosz + (Cx 4+ D) sin z].
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B) y* = ze” [(Az + B) cosz + (Cz + D) sin z].
© y* = e*[(Az® + Bz + C) cos & + (Da? + Ex + F)sinz].

D) y* = ze” [(Az? + Bz + C) cosz + (Da? + Ex + F)sinz].

_ 3z
Bly=e 102

(A)y = €3 (Cy cos 4z 4 Cy sin 4x) +e7 (1460895 + 5sinz).
(Cy cosdx + Cysinda) + — (14 cosx + Hsinx).
© y = e* (Cy cos 3z 4 Cysin 3z + — (14cosx + 5sinz).
( )

@y =% (C) cos 3z + Cysin3z) + — (14cosas+5sm:z:).

102

-~ HET ——

20

Cau 25. Phuong trinh vi phan y” — 6y + 25y = 2sinx + 3 cos x ¢6 nghiém tong quét 13
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DAP AN CHUONG 1

1. All2. B|[3. B|[4 cC|[5. All6. B]]| D|[8. D|[9. BJ|[10. A]
11. cC||12. C|[13. D|[14. C||15. A|[16. C]|[17. B|[18. B|[19. A|[20. C]
121. B||22. B|[23. C|[24. B||[25. D|[26. C]

DAP AN CHUONG 2
1. B|[2. cC|[3. A|l4. B||5. A]l6. A|[7. A||8. D||9. A|[10. B]
11. DJ|[12. A|[13. A||14. A|[15. A|[16. C|[17. A|[18. A|[19. C]|[20. B]
121. A|[22. A|[23. D||24. B|[25. A]

DAP AN CHUONG 3
1. B|[2. cC|[3. D||4. B||5. D|l6. cC|[7. A|[s. B||9. cC]|[10. B]
11. B|[12. C||13. A||14. C]|[15. D|[16. B|[17. C|[18. B|[19. C]|[20. C]
21. D|[22. C|[23. A||24. A][25. A]

DAP AN CHUONG 4
1. B||2. D|[38. A][4 cC|[5. c|[6. B||7. D|[8. D|[9. D|[10. A]
11. B||12. D|[13. C]|[14. A||15. B|[16. A|[17. B||18. D|[19. B||[20. C]
121. D||22. C|[23. A][24. D||25. B]
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