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Loi né1 dau

Trong chuong trinh dao tao ¢ nhan nganh todn, gidi tich ham la
mot modn hoc khé dbi véi cd ngudi day 1&n ngudi hoc. Cung véi cubn
“Gidi tich ham” cia PGS.TS. Nguyén Phu Hy, ching t6i bién soan
cubn “Bai tdp gidi tich ham” nhdm tao diéu kién thuan loi cho ban
doc khi hoc tap 1y thuyét ké trén.

Cubn sach chi d& cap t6i nhiing kién thitc can thiét, khong thé thiéu
duge vé gidi tich ham va phit hgp véi chuong trinh dao tao hién hanh.

Cubn sach dudc ciu tric thanh 4 chuong:

Chuong 1. Khong gian metric.

Chuong 2. Khéng gian dinh chudn.

i

i

Chuong 3. Khong gian Hilbert.

Chuong 4. Phd clia, toan td tuyén tinh bi chan.

Noi dung mbi chuong bao gom:

Tém tit 1y thuyéf‘.
Dé bai tap.

Bai tap nang cao. -

1

Huéng dan giai.

Céc téc gid mong muén nhan dudc nhitng ¥ kién déng gép quy ban
cfia cac ban doc dé cudn sich nghy cang hoan thién trong nhing lan «.
tai ban. .
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Tac gid chan thanh cdm on Nha xuit bdn Khoa hoc va K thuat da
nhiét tinh gitip d& dé cubn sach sém dugc xult ban va dén tay ban
doc.

Ha Ngi, thang 9 nam 2007
Cac tac gia
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Chuong 1

Khong gian metric

1.1 Tém tit ly thuyét

1.1.1 Kién thitc mé diu vé khong gian metric
1. Dinh nghia khéng gian metric

Dinh nghia 1.1.1. Khong gian metric la mét tdp hop X # 0 cung
vdi mot dnh za d tw tich Descartes X x X vao tdp hop s6 thuc R théa
‘mén céc tién dé sau day:.

1) (Vz,y € X) d(z,v) > 0,d(z,y) = 0&z =y (tién dé dong nhat);
2) (Vr,y € X) d(z,y) = d(y, z) (tién dé déi zing);
3) (Vz,y,z € X) d(z,y) < d(z, 2) + d(z, ) (tien dé tam gidc).
Anh xa d dugc goi 1 metric trén X, d(z,y) goi 14 khodng cich gitta
hai phan t& z-vd ¥, cdc phin tk clia X goi 1a céc didm, cic tien d&

1), 2), 3) goi 1a hé tién dé metric. Khong gian metric duge ki higu 1 .
= (X ) d) . "
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Dinh nghia 1.1.2. Cho khong gian metric M = (X, d). Mot tap hop
con bat ki Xo # 0 cia tdp hop X cung vdi metric d tréen X goi la
khong gian metric con cia khong gian da cho.

2. Sy hoi tu trong khong gian metric

Dinh nghia 1.1.3. Cho khong gian metric M = (X,d). Day diém
(z,) C X dugc goi'la hoi tu tdi diem z € X khin — oo, néu '

(Ve > 0)(Ing € N*)(Vn > ng) d(z,, x) <

va ki hiéu:

lim z, =z hay 2, — z(n— o0).
n—00

Didm  con goi 12 gidi han ciia day didm (z,) trong khong gian M.
Nhan xét: Néu hai day diém (z,), (y,) hoi tu tuong tng t6i = va y

khi n — oo thi
Aim d(zn, yn) = d(z, 9).

n—ecQ

3. Cac khong gian metric ding cu

Dinh nghia 1.1.4. Cho hai khong gian metric M, = (X,dy), My =
(Y,dy). Anh za A t khong gian M vdo khong gian Ms goi la ding

cu, néu
(Vz,z' € X) dy(Az, Az') = dy(z,2').

Dinh nghia 1.1.5. Hai khong gian metric-M;, = (X, dy), My = (Y, d»)
goi la ding cu, néu ton tai mot dnh za ddng cu tit My len M.

Hai khong gian metric dang cy dugc coi 1 nhu nhau.
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1.1.2 Toépo trong khong gian metric
1. Lan can

Dinh nghia 1.1.6. Cho khong gian metric M = (X,d), a € X va sb
r > 0. Ta goi:

- Tap hop S(a,7) = {z € X : d(z,a)-< 7} la Mnh cdu md tam a,
bdn kinh r;

- Tap hop S'(a,7)={z € X:d(z,a)<r} la hinh cau déng tam a,
ban kinh r.

Dinh nglﬁa 1.1.7. Cho khong gian metric M= (X, d). Moi hanh cau
md tam = bdn kinh r > 0 goi la lan cdn cia diém z € X trong khong
gian M. '

2. Tap hop md va tap hgp déng

Dinh nghia 1.1.8. Cho khong gian metric M = (X,d) va tdp hop
ACX.
- Tap hop A goi la mé trong khong gian M, néu
(Vz € A)(3S(z, 1) C A);

- Tap hop A goi la déng trong rkhéng gian M, néu
(Vz ¢ A)(3S(z,m) N A = 0).

Dinh If 1.1.1. Trong khong gian metric bét ki, moi hinh cdu mé la
tdap hop md, moi hinh cdu déng bdt ki la tap hop ddng. -

Dinh li 1.1.2. Cho khong gian metric M =(X,d) va tip hop A C X,
A 75 0, tap hop A déng trong khong gian M khi va chi khi moz day
diém (z,) C A hoi ty tdi diém z thi z € A.
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Tt dinh nghia va dinh 15 trén dé dang suy ra: Trong khéng gian metric
M = (X, d) phan bl cha tap hgp mé 1a tap hop déng, con phan bt
ctia tap hop déng 13 tap hop md; cac tap hop X va 0 13 hai tap hop
vita déng vita md. '

'Dinh Ii 1.1.3. Trong khong gian metric R! (tap hop s6 thuc vdi metric
thong thudong), tap hop md khdc rong bat ki la hop ciia mét ho hitu han
hay dém dugc khodng doi mot khéng giao nhau; tdp hop déng bat ki

~ la phan con lai sau khi gach b6 mét s6 hitu han hay dém duoc khodng

doi mot khong giao nhau. ‘

3. Phan trong va bao déng ctia mot tap hop

Dinh nghia 1.1.9. Cho khdong gian metric M = (X,d) va tap hop
A C X. Hop cia tat cd tap hop md chita trong A goi la phan trong
cta tdp hop A va ki hiéu int A hay A. Giao ciia tét cd tap hop déng
chita A goi la bao dong cia tap hop A va ki hiéu [A] hay A.

Mot sb tinh chit thudng st dung:
1) int0 =0, 6 =0
2) it X =X, X =X;

)
) .

3 AcBcX)=>intACintB, ACB; .

4) (AC X,B C X) int(ANB) = (int A) N (int B), AUB = AUT;
)

5) (A C X) Alatap hop md khi va chi khiint A = A, con 4 la tap
hop déng khi va chi khi A = A; , .

6) (A C X)int A= X\(X\A).
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4. Topo trong khéong gian metric

Dinh 1i 1.1.4. Trong khong gian metric bat ki M = (X, d) ho tdt cd
tap hop md lap thanh mot topo trén X. Topd dé goi la topd sinh bdi
metric d. : :

T dinh 1y trén, dé& dang suy ra: Trong khong gian metric bat ki, giao
clia mé6t ho tiy ¥ tdp hgp déng 1a t&p hgp déng, hop mot ho hitu han
tiy ¥ tap hop déng 1a tap hop déng.

Dinh i 1.1.5. Trong khéng gian metric bit ki, t6p6 sinh bdi metric
la topd cé co sd lan can dém dudc.

5. Hai metric tuong dudng

Dinh nghia 1.1.10. Cho hai metric d;,dy trén cing tép hop X # 0
nao déy. Hai metric dy,dy goi la tuong duong, néu Ja > 0,38 > 0
sao cho

(Vz,y € X) a.di(z,y) < do(z,y) < B.di(z,y).
Dinh 1i 1.1.6. Néu hai metric di,ds cho trén cing tap hop X # 0 la

tuong duong, thi hai t6pd tuong dng sinh bdi hai metric di,ds tring
nhau. ' ' ;

1.1.3 Anh xa lién tuc

DPinh nghia 1.1.11. Cho hai khong gian metric My = (X, d1), My =

(Y, ds), dnh za f ti khong gian My dén khong gian M,. Anh za f goi "

la lien tuc tai diém zo € X, néu -

(V"> 0)(36 > 0)(Vz € X : di(z, zo) < 6) da(f(z), f(z0)) < €.
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Hay phéat biéu cach khac:

Anh za | goi la lien tuc tai diém zo € X, néu vdi lan can cho trude
tuy 7 Uy, = S(yo.€) C Y cia diém yo = f(zo) trong khéng gian M,
dt tim dugc lan cin Vg, = S(x0,6) C X cia diém xy trong khong gian
My sao cho f(Vgy) C Uy,.

Dinh nghia trén tuong duong véi dinh nghia saw:

Anh za [ goi la lién tuc'taz’ diém zo € X, néu vdi moi d&y diém
(zn) C X hoi tu tdi diém xo trong khong gian M, day diém (f(z,))
hoi ty tdi diém f(zo) trong khong gian M.

Dinh nghia 1.1.12. Anh zqa f t khong gian metric M, dén khong
gian metric My goi la lién tuc trén tdp hop A C X, néu dnh za f lién
tuc tai moi diém x € A. Khi X = A thi dnh za f goi la lien tuc.

Dinh nghia 1.1.13. Anh za f t khong gian metric My dén khong
gian metric My goi la lién tuc déu trén tap hop A C X, néu

(Ve > 0)(36 > 0)(Vz',2" € A: dy(2, ") < 6) do(f(z). f(z")) < <.
Dinh Ii 1.1.7. Cho dnh za f tit khong gian metric M; dén khong gian
metric My. Nidm ménh dé sau day tuong duong:

1) f lién tuc;

2) Tao dnh cia tap hop déng bt ki trong Ms la tap hop déng trong
]V[l,'

3) Tao dnh clia tdp hop md bat ki trong My la tdp hop md trong
]\/.[1,’

4) Vi moi tap hop A C X déu cé f(A) C f(A);

5) Vdi moi tap hap B C Y déu ¢6 f~'(int B) C int f~1(B).
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1.1.4 Khéng gian metric day
1. Dinh nghia

Dinh nghia 1.1.14. Cho khong gian metric M = (X,d). Day diém
(zn) C X goi la ddy co bdn trong khong gian M, néu

(Ve > O)(E]nole N*)(Vn,m > ng) d(zp, zm) < €

hay lim d(z,,zn,)=0.

n,M—00

Dinh nghia 1.1.15. Khong gian metric M = (X, d) goi la khong gian
day, néu moi day cd bin trong khong gian ndy déu hoi tu.

2. Mot s6 nguyén 1y ca ban vé khéng gian day

a. Nguyén 1y Cantor vé day hinh ciu thit dan

Dinh nghia 1.1.16. Cho khong gian metric M = (X,d). Day hink
cav (Sy), Sn ¢d tdm a, va ban kinh v, trong khong gian M, goi la thdt
dan, néu S, O Spy1 (n=1,2,...) va lim r, = 0.

Dinh li 1.1.8. Nguyén lj Cantor vé day hinh cau thdt dan

Khong gian metric M = (X, d) la khong gian day khi va chi khi moi
day hinh cau déng thdt dan déu cd diém chung duy nhét.

b. Nguyén 1y Banach vé 4nh xa co

Pinh nghia 1.1.17. Cho hai khong gian metric My = (X, dy), My =
(Y,dy), nh za A tit khong gian My dén khong gian Ms. Anh za A goi
la dnh za co, néu .

(3a € [0,1))(Ve', 2" € X) da(Az', Az") < ad;y (2, 2").



8 * Chuong 1. Khong gian metric

Dinh 1i 1.1.9. Nguyén lij Banach vé dnh za co

Moi dnh za co A dnh za khong gian metric day M = (X, d) vao chinh
né déu ton tei duy nhét diém z* € X sao cho Az* = z*.

Diém z* goi la diém b4t dong cila dnh za A.

c. Nguyén 1y pham tru

Dinh nghia 1.1.18. Cho khong gian metric M = (X,d), tap hop
E C X. Tap hop E goi la khéng ddu tri mat trong khong gian M, néu
hinh cau bit ki S C X déu chia mot hinh cdu S, sao cho S;NE = 0.

Dinh nghia 1.1.19. Cho khong gian metric M = (X,d), tap hop
F C X. Tap hop F goi la tap hop pham tro thi nhdt, néu tap hop F
la hop dém duoc cdc tdp hop khong dau tri. mat trong khong gian M.
Tap hop con cia X khong la tap hop pham tru thit nhat thi goi la tap
hop pham tri thd hai.

Dinh 1i 1.1.10. Nguyén ly pham tru Baire

Moi khong gian metric day la tdap hop pham tri thit hai.

d. Nguyén 1y thac trién lién tuc

Pinh nghia 1.1.20. Cho dnh z¢ f dnh za khong gian metric My =
(X, dy) vao khong gian metric My = (Y, dy), tap hop A C X. Khi zem
A nhu la khong gian metric con cua My va anh za f chi zét dnh g A
vao Ms, thi ta goi dnh za dé la cdi han ché cia f trén A va ki hiéu
f |la, con dnh za f goi la cdi thdc trién clia f |4 tiz A lén toan bg M.

Dinh nghia 1.1.21. Cho khong gian metric M = (X, d) va hai tdp
hop con khdc rong A, B ctaX. Tap hop A dugc goz la tri mat trong
tap hop B, néu

(Vz € B)(Ve > 0)(Fy € A) d(y,z) < e.

Khi B = X thi tap hdp A goi la tru mat khdp noi trong M (hay trong
X).
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Dinh 1i 1.1.11. Nguyén lj thdc trién lién tuc

Cho khéong gian metric My = (X,d;), khong gian metric day My =
(Y,dy), tap hop A tri mat khdp noi trong X. Néu dnh za f dnh za
tdp hop A wao khong gian My va lién tuc déu trén A, thi ton tai
duy nhat mot dnh za lien tuc déu G tit toan b6 My vao M, sao cho
(Vz € A) G(z) = f(z). Anh za G goi la thac trién lién tuc cia dnh za
f te A lén toan bo M.

e. Nguyén ly 1am day khéng gian metric
DPinh 1i 1.1.12. Nguyén lij lam day khéng gian metric
Cho khéng gian metric M = (X,d) (néi chung M la khong gian khong
ddy). Khi dé ton tai khong gian metric ddy M sao cho:

1) Khong gian M ddng cu véi mot khong gian con cia M ;

2) M tru mat khdp noi trong M.
Hai khong gian metric day théa man cdc diéu kién 1 ) 2) trén day thi
ding cu.

Khong gian M goi la céi lam ddy cia khong gian M.

1.1.5 '.Tap hop compak va khoéng gian compak
1. Dinh nghia

Dinh nghia 1.1.22. Cho khong gian metric M = (X,d). Tdp hop
K c X goi la tap hdp compak (hay don gidn la compak). trong khong
gian M, néu moi ddy v6 han phdn i cta tdp hop K déu chita day
con hoi tu tdi phan tid thuéec K; khi K = X thi M goi la khong gian
compak Tap hop K got la tap hop compak tuong doi trong khang giap:
M, néu moi day v6 han phdn ti ctia tdp hop K déu chua day con hoi
tu (tdi phan t& thudc X ).
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2. Mot sb tidu chuin compak cd ban

a. Tiéu chuan compak Heine-Borel

Dinh nghia 1.1.23. Cho khéng gian metric M = (X,d) va tap hop
A C X. Ho cdc tap hop md (Ga)aer trong M (tép hop chi s6 I c6 luc

lugng nao déy) got la mot phii md cia A, néu |J G, D A; khi tap hop
ael
I hau han thi ho (Gy)aer goi ld mot phi md con hitu han ctia A.

Dinh If 1.1.13. Tiéu chudn compak Heine-Borel

Tap hop K C X la compak trong khong gian M = (X,d) khi va chi
khi mot phii md bat ki (Ga)aer clia K chita moét phi mé con hitu han
cua K. '

b. Tiéu chuan compak Hausdorff

Dinh nghia 1.1.24. Cho khdng gian metric M = (X,d), tap hop
AC X. Tap hop A goi la hodn toan bi chdn, néu vdi sé duong € cho

trude tuy U, ton tai hdu han hinh cau Sy, Ss, ..., Sy (k la 56 nguyén

M s

. k
duong nao dé) vdi ban kinh € sao cho A C | S;.
j=1
Dinh li 1.1.14. Tiéu chudn compak Hausdorff
Khong gian metric M = (X, d) la khong gian compak khi va chi khi
M la khong gian day va X la tap hop hoan toan bi chin.
Tt dinh 1y trén dé dang suy ra:

- Trong khéng gian metric, moi tap hop compak titong dbi 14 hoan
toan bi chan; ngudc lai, trong khong gian metric day moi tap
hop hoan toan bi chin 14 tap hgp compak tuong déi.

- Trong khong gian metric moi tap hop compak déu bi chan.
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3. Anh xa lién tuc trén compak

Dinh 1i 1.1.15. Cho hat khong gian metric My = (X,d;), My =
(Y,d2) va dnh za f tu khong gian My dén khéng gian My. Néu dnh za
f lién tuc trén compak K C X, thi:

1) f lien tuc déu trén K;

2) f(K) la tap hop compak trong khong gian M.

Tu dinh 1y trén dé dang suy ra:

Cho anh xa f 4nh xa khong gian metric M = (X, d) vao khong gian
metric R'. Néu anh xa f lién tuc trén tap hop compak K C X , thi f
dat mot gia tri 16n nhat vA mot gia tri nhd nhat trén K.

1.1.6 Khoéng gian metric tach dugc

Dinh nghia 1.1.25. Khong gian metric M = (X, d) goi la khong gian
tdch duoe, néu tap hop X chia tdp hop con dém duge tri. mat khdp
noi trong X .

Pinh Ii 1.1.16. Néu khong gian metric M = (X,d) la khong gian
compak, trong dé X la tdp hop vé han phan ti, thi M la khéng gian
tach duoc. .
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1.2 D& bai tap
1. Chitng minh tap hgp sb thuc R cling véi 4nh xa
d(z,y) = | arctg — axctgyl, 7,y €R
1 mot khong gian metric.

2. Cho E* 13 khong gian vécts k chidu (thuc hoic phitc). Déi véi
hai vector bt ky = = (z1,2s,...,Zk), ¥ = (Y1,%2, - - -, Y) thudc
E*, ta dat:

a) do(z, y) = max |z; — yjl;

) di(z,y) lej yil;

c) dp(z,y) = <Z |z; — yj|p> , v0i p 13 6 thuc 16n hon 1.

Chﬁfng minh ds, d2, d, déu 13 céc metric trén EF.

3. Cho Mo 1}& tap hop tat ca cac ham x4c dinh vA bi chin trén
doan [a;b]. D6i véi hai ham bat ky z(t), y(t) € Miay) ta dat:

d(z,y) = sup |z(t) — y(t)].

| oSt
Chiing -’minh d 14 mot metric trén Mg y.

4. Ta ky hieu [, (p 1a sd thuc khong nhé hdn 1) Ia tap hdp tat ci

cac day sb (thyc hodc phu'c) z = (z,) sao cho chu01 Z || hoi

n=1

tu. Dbi véi hai day sb bt ky = = (z,),y = (y») thuodc [, ta dit:

»:vy) <Zlmn an”>

Chting minh d 1& modt metric trén ,.

o
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5. Cho m 1a tap hop tht ca cac day sb (thuc hosic phitc) bi chin.
Déi v6i hai day sb bat ky = = (z,), v = (y») thudc m, ta dit:

d(z,y) = sup |Tn — ya|-
- 1<n<oo

Ching minh d 14 mdt metric trén m.

6. Cho cp 1a tap hop tit cd cdc day sb thyc hoi tu t6i 0. D61 vdi
hai day sb bat k¥ = = (z,),y = (yn) thudc cp, ta dat:

d(z,y) = max [T, —ynl

Chitng minh d 13 mot metric trén cp.

7. Cho s la tap hop tét ci cac day sb thut z = (z,). Dbi véi hai
day sb6 bat ky = (z,),v = (yn), ta dit:

d( )_i_l_ lxn'—yn]

Chiing minh d 14 mot metric trén s.
8. D&i v6i hai s6 bt ky m,n thudc tap s6 tu nhien N, ta dat:
. 1 '

1+ , néu(m#n

0, _néu (m = n)

Chting minh d 13 moét métric trén N.

9. Cho D,,[a,b] 12 tap hop tat cd cac ham sb gié tri thyc xac dinh
va kh4 vi lien tuc dén cAp m (m € N,m > 1) trén doan [a; b].
D4i v6i hai ham sb bat ky z(t), y(t) € Dnla,b], ta dit:

d(z,v)=ma (1) —yOL £~y O, o™ (O -yl

Chitng minh d 13 mot metric trén Dpla,b]. -
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10. Xét tinh chét hoi tu trong cac khong gian metric tit bai taﬁ 1
- dén bai tap 9 trén day.

11. Chitng minh trong khéng gian Cla) Cic tap hop sau day mé:
a) G, = {l‘(t) € C{a,b] : .’E(t) < :L‘Q(t),t S [a, b]}, :Eo(t) € ("[a,b}
da cho;

b) Gy = {z(t) € Clo : a < z(t) < f,t € [a,0]}, @,F € R da
cho, <ﬂ; '

a

b
c) Gs= {:c(t) € Cla /:r(t) dt < z(a)(b — a)}.

12. Chﬁmg minh trong khong gian C,) cic tap hgp sau day déng:
a) B = {z(t) € Clay : z(t) < z0(t),t € [a,b]}, 20(t) € Clay
da cho;
b) Ey = {z(t) € Clop) i a < z(t) < B, t € [a,b]}, a,0 € R da
cho, a < ;

b
c) B3 = {;x(t) € Cla) : /:c(t) dt < :c(a)(b - a)}.

13. Chtng minh:

a) Tap hop A={(z,y) e R : 2> 0,y > 0} m3 trong R2.
b) Tap hop B={(z,) € ls, ,>0,n € N*} khong md trong ls.
14. Cho A la mot tap hop déng trong khong gian metric M = (X, d).
Chting minh d(z, A) = 0 khi v& chi khi z € A. Néu A khong déng
thi ménh dé nay con diing khong? Vi sao? |
15. Cho f 14 ham sb lién tuc\trén doan [a, b]. Dit:

E.={zela,b]:n< flz)<n+1},nez

Chting minh céc tap hgp E, va E= |J E, déu la nhimng tap

n=—0oo

hop déng trong R*. -
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16. Cho khong gian metric M = (X, d). Chitng minh dbi v6i hai tap
hop con bt ky A,B C X déucoé (AUB) = A'UB'.

17. Cho khéng gian metric M = (X, d) va t&p hop A C X. Diém
z € X goi l& diém dinh ctia A, néu lan can bat ky clia z déu
chita it nhit mot diém cla tap hop A. Chitng minh A C X déng

trong khong gian M khi v& chi khi A chda moi diém dinh cla

A. :

18. Cho khéng gian metric M = (X, d). Chting minh dbi véi hai tap
hgp déng bat k¥ khong giao nhau Fy, F; C X ton tai hai tap
hop mé G, Gy sao cho: F; C Gy, F, C Ga vAa G1 NGy =0,

19. Chung minh trong khong gian metric bat k¥, méi tap hgp md la
hop dém dudgc cac tap hop déng, con mébi tap déng 1a giao dém
dudgc cac tap hgp md.

20. Xét tinh lién tuc clia cac anh xa sau day trén khong gian C'[a,b]:

a) f(z) = grslfggfﬂ(t);_ d(uy)= &mﬂﬂ“‘éﬁ
b) g(z) = max [z(t)};
c) h(z) = min z(t);
Q) k(@) = min |2(t);

(0, néu z(t) lay it nhét mot gia tri am,

1 . .

—, néu z(t) = 0,Vt € [a; b},

o) yia)= {2 "W ;0

1, néu z(t) > 0 va z(t) # 0 tai it nhat
mot diém ¢ € [a; b).

21. Xét tinh lién tuc clia chc anh xa sau day trén khong gian D, [a: b):

2) f(z) = x(a);
b
b) g(z)=/\/l+$’2(t)dt.

»-
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22,

23.

24.

25.

26.

27.

Cho &nh xa f 4nh xa khéng gian metric compak M = (X, d)
vao chinh né sao cho d(f(z), f(y)) = d(z,y) (Vz,y € X). Chiing
minh phIIdng trinh f(z) = y bao gis ciing ¢6 nghigém véi moi
y€e X.

Cho ham sb f x4c dinh trén toan truc sb thuc R v nhan cic
gia tri nguyén. Chtng minh tap hop cic diém lién tuc ca ham
ndy 1a tap hop md, con tap hop céc diém gidn doan ctia ham dé
13 t&p hgp doéng.

Xét tinh lién tuc cla céc 4nh xa sau dﬁy tit Clo,y) vao chinh né:

t
/ (s)ds, z(s) EC’[(” 0<t<1;
0

b) g(z)(®) = z(t*), z(t) € Clo,y, @ 2 0.

Cho anh xa

= /K(t, 8)$($) ds, 11?(.5‘). € O[a.,b]a

/a

trong d6 K (t,s) 1a ham sb kha vi theo hai bién sb ¢, s trén hinh

vudng
D ={(ts) GRQ-a<t<b'a<s<b}

Ching minh &nh xa A anh xa khoéng gian C’ [,y Va0 khong gian
Ds[a, b] va lién tuyc. ,

Xét tinh day cla cac khong gian metnc tit bai tap 1 den bai tap
9 trén day. L

Cho khong gian‘metrvic .M = (X, d). Chting minh:

) e = s

b) Khéng gian mefric M day khi va chi khi khong gian metric
M, = (X, d;) day.

12 mot metric trén X



Bai tap Giai tich ham ' 17

28. Cho hai khong gian metric M; = (X, d;), My = (Y, ds). Dit
Z=XxY={z=(z,y):zeX,yeY}

d(z,2'") = di(z, ")+ ds(y,v"), V2 = (z,y) € Z,Vz' = (2, /) €z
Chting minh:

a) d l& mot metric trén Z;

b) Khong gian metric M = (Z, d) day khi va chi khi hal khong
gian M, My déu day _

29. Cho X la tap hop tit ca cac ham sb z(¢) lién tuc trén toan
khong gian metric R sao cho z(t) = 0 ngoai mot doan nao doé
(doan nay phy thudc ting ham sb z(t)). V6i hai ham s6 bat ky
z(t), y(t) € X ta dat: )

d(z,y) = Itrég;lw‘(t) — ()|

Chitng minh d 14 m&t metric trén X va khong gian metric tuong
ing- khong day.

30. Cho khong gian metric M = (X, d). Ducng kinh cia mot tap
hop bét ky khac réng A C X dugc xéc dinh béng cong thitc:

" d(A) = sup d(z,y).
T,y€A
Day cac tap hgp doéng khéac rong Fi, Fs, ..., Fy, ... trong khong
gian M goi la that dan, néu

F, D F,H.1 (n=1,2,. ), g&d(Fn) = (.

Chiing minh khéng gian M = (X, d) day khi va chi khi moi day .
cac tap déng khac réng thit dan co giao khéc rong.

31. M6t siéu metric trén mot tap hop X # 0 13 mot anh xa d-i
tich Descartes X x X vao t&p hop sb thyc R thod man cic diéu -
kién: ‘ :
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1) (Va,y € X) dlz,y) 20,dz,y) =0z =1y,

2) (Vz,y € X) d(z,y) = d(y,z);

3) (Vz,y,2 € X) d(z,y) < max{d(z, 2),d(z,y)}.
Tap hop X cling v6i siéu metric d goi & khong gian siéu metric.
Chting minh:

a) Mot siéu metric ciing 14 mot metric;

b) Néu d(z, z) # d(z,y), thi d(z,y) = max{d(z, ), d(2,9)};

c) Néu hai hinh ciu c6 diém chung thi hinh ciu ndy chita
trong hinh cau kia;

d) Day didm (z,) C X 1a diy co ban khi va chi khi
lim d(z,, Zne1) = 0.
-0
32. Cho ham sb z(t) khé vi trén doan [0; 1] thod man céc diéu kien:
1
0<2(t) <1,0<(t) < 5, Vi€ [0, 1].
Xét sy ton tai v duy nhét nghiém clia phuong trinh z(¢) —t = 0
~ trén doan [0;1].
33. Cho 4nh xa A anh xa nta khodng [1, co) vao chinh né xéc dinh

bing Cong thic Az'=z + L A CO phéi la anh xa co khong'7 Anh
xa A co didm bét déng khong'? Vi sao?

34. Cho khong gian metric d?a,y M = (X,d), mot d4nh xa f anh xa
hinh cau déng
S'(zo,m) = {z € X : d(z,20) < T}

vao X sao cho tdn tai sb p, 0 < p < 1, dé Vz,y € S'(zo,7) déu
c6

Chting minh &nh xa f'c6 diém bat dong duy nhit trong S'(xo, 7).
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35.

36.

37.

- 38.

39.

Cho hé phuong trinh tuyén tinh
7 ’
x1=Zaij:cj+bi, (Z: 1,2,...,71)
=1 . . %

trong d6 a;;, b; 12 nhitng hing sb thuc,
n
Z|aij| <1 (Z': 1,2,...,7‘1,).
j=1

Ching minh hé phuong trinh da cho ¢6 nghieém duy nhét.

Ching minh, néu trong dinh 1y Banach vé anh xa co, diéu kien
A 13 anh xa co thay bing diéu kién

d(Az, Ay) < d(z,y), = # v,
thi sy ton tai diém bat dong khong dudc dam bao.

Cho ham s6 f(z) = g + z — arctgz, z € R. Chitng minh véi

z,y bat ki tim duge sb6 a < 1 sao cho |f(z) — f(y)| < alz — ¥,
nhung phuong trinh f(z) = z v0 nghiém.

Chiing minh trong mioi khong gian metric, hop hitu han céc tap
hop compak 14 tap hdp compak, hgp v6 han céc tap hop compak
c6 1a tap hop compak khong? Vi sao?

Chitng minh trong khéng gian metric bat ky M = (X,d) ba
ménh dé sau day la tuong duong:

a) M la khong gian compak;

b) Moi phti mé dém dudc (mot ho dem dugc cac tap hdp md)
ctia M déu chtta phit mé con hitu han clia M;

c) Moi day cac tap hop déng khac réng F, trong M ma:
FFOFED...DF,D...

déu cb giao khac réng.
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40.

41.

42,

43.

"Cho khéng gian metric M = (X, d) thod man diéu kién: ton tai sb

7 > 0 sao cho moi hinh cau déng S'(a,7) = {z € X : d(z,a) < 1}
déu 14 tap hgp compak. Chitng minh:

a) M 1a khong gian metric day;

b) Véi tap hop compak bat ky A C X, tap hop

Bz{xeX:d(x,A)g-g}

12 tap hop compak.

Cho khong gian metric co‘mpak M = (X,d), 4nh xa f 4nh xa
M vao chinh né thod méan diéu kién: -

d(f(z), f(y)) < d(z,y), (Vz,y € X,z #y).

Chitng minh &nh xa f c6 diém bét dong duy nhét. Anh xa f c6
14 anh xa co khong? Vi sao?

Cho K 1a tap hgp compak trong khong gian metric M = (X, d),
day cac ham gia tri thyc f, (n = 1,2,...) lién tuc trén K, f1(z ) <
fo(z) < ...(Vz € K) v hoi tu t6i ham gid tri thyc lién tuc f
trén tap hop K. Chitng minh day ham (f,) hoi tu déu trén K.

Cho khoéng gian metric M = (X,d) v hai tap hop con déng
A, B ctua tép hdp X, trong dé A la tap hdp compak, con B
la tap hgp déng khac rong. Chitng minh, néu A N B = ) thi
d(A, B) v mf d(a: y) > 0.

1.3 Bai tap nang cao

44.

Cho khong gian metric M = (X, d), d 12 mot metric bi chin (c6

nghia 13 sup d(z,y) < +o00). Déi véi mbi diém z € X va tap
zyeX _

“hgp con khéc réng A C X ta dit

d(z, A) = inf d(z,y).
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Db6i v6i hai tap hgp con khéc réng bat ki A, B C X ta dat

d(A, B) = max {supd(a: B), sup d(y, A)}

€A yEB

Ching minh d la mot metric tren tap hop tét ca céac tap hgp
con déng khac réng clia X.

45. Chitng minh trong khéng gian metric R! dbi véi moi tap hop
con A C R, néu A’ dém dugc thi A dém dugc. Hdy xay dung
~t8p hop A C R sao cho A” = (A')' # @ nhung A" = (A")' =0

46. Cho F la tap hop déng trong khong gian metric M = (X, d).
Ching minh tap hgp F' khong dau trit mat trong A khi va chi
khi X'\ F" tri mat trong M. Néu b gid thiét F' 13 tap hop déng,
thi ménh dé trén con ding khong? Vi sao?

47. Cho khong gian metric M = (X, d), tap con khéc réng A C X.
Chitng minh tap hgp sau 13 md

G={reX: dxz A <c}

con tap hop
F={ze X :d(z, A) <c},

déng, trong d6 c 13 mot sb thyc duong da cho.
48. Cho anh xa
1

fe) = [=)at- / 2(t) dt, z(t) € Cpoay.

o \
DI s

N

Chiing minh f lién tuc v can trén ding clia f trén hinh cau -
don vi T v

8(0,1) = {:c(t) € o+ max lo(t)] < 1}

bing 1, nhu:ng khong dat can trén ding trén hinh ciu don vi
dé.
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49. Cho anh xa f tit khong gian R? vao chinh né 13 anh xa lién tuc
thod man diéu kién:
(Y2, € R?) d(f(2), f(9)) = a-d(z,y),
troné d6 o 1a hing sb6 va o > 1. Ching minh f ¢6 diém bét déng
duy nhét. ' ‘
50. Chfmg minh trong khéng gian Cloy t8p hop
E= {x(t) € Coyy - 2(0) = 2(1) = 1,({151% lz(t)] < 1} _
la tap hop déng, bi chan, nhung khong l1a tap hop. compak.
51. Hay thiét 1ap cac tiéu chudn compak trong cac khong gian RI,

RE (k> 1), 1y, Cla)s Lia,p): khong gian metric 10i rac.
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1.4 Huéng dan giai

1. D& théy anh xa d xac dinh trén R. Ta kiém tra 3 tién d& metric:
Vz,y,z € R ta cé: ‘

Tién dé 1:
d(z,y) = |arctgz — arctgy| > 0,
d(z,y) =0 < |arctgz — arctgy| =0
& arctgr —arctgy =0z =y.

Tién dé 2:
d(z,y) = |arctgz = arctgy| = | arctgy — arctg z| = d(y, z).
Tien dé 3: | '
d(z,y) = |arctgz — arctgyl

= |arctg x — arctg z + arctg z — arctg y|
< |arctgz — arctg z| + | arctg z — arctg y|

= d(z,2) +d(z,y)

= d(z,y) < d(z,z) +d(z,y).
* Vay (R, d) lap thanh mot khong gian metric. O

2. a) do(z,y) = max |z; — y;] x4c dinh trén EF. Ta kiém tra 3 tién

dé metric:
Tien d& 1 va tien d& 2: Ban doc ti giai. ,
Tien dé 3: Vz = (z;),y = (y5), 2 = () € E* ta c6:
|25 — ysl < lzj — 2] + 1z — il 5 =1k .

= o5 — sl < max 2o =zl + max |z -yl g = 1,k

< e ]
églfgklxy ygl__lllél%}%]wz 4:],“"112%% yml

= dO(:Cay) S dO(mt Z) + dO(zay)
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Vay (E*,dy) 1ap thanh mot khong gian metric.

b) di(z,y) = Zk: |z; — y;| xac dinh trén E*. Kiém tra 3 tien dé
metric: =

Tién d& 1 va tién dé 2: Ban doc tu giai .

Tien dé 3: Yz = (z;),y = (y5), z = (2;) € EF ta c6:

lz; — ysl <z — 25| +z; —y;, Vi =1k
koo k koo
=Yz —yl <D lmi—zl+ Y 1z — yjl
j=1 j=1 j=1
= dl(m)y) S dl(CL',Z> + dl(z: y)

Vay (EF,d;) lap thanh mot khéng gian metric.

c) dy(z,y) (Z lz; — vl ) v6i p 14 s6 thuc 16n hon 1. Dé

thiy d, hoan toan xac dinh trén EF. Kiém tra 3 tién dé& metric:
Tien dé 1 va tién dé 2: Ban doc ty gii.

Tién dé 3 Vg = (:Ej),y = (yj)’z = (;]) c Ek’ dfit T, —z = aj,
y; = bj, bat dang thifc: :

dp(x) y) ..<. dp(:C? Z) + dp(;”, y)

c6 dang

k 7
(Z |z — yj|p>
j=1

. H b 5k > |
< (Z |aj+bj|”> < <Z |ajfz?> + <Z]bj|1’> @D

=1

IN
(]
B
l
<
~——
=
+ .
A~
E
)
|
<
~
k-
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Day chinh 13 bit ding thiic Mincovxki. Dé chiing minh b4t déng
thitc (1.1), khi p > 1, dya trén bat déng thitc Holder

ok k k 7
Slesis (L) (Ser) . 0o

trong dé cac sb p > 1 va ¢ > 1 lién hé véi nhau bdi diéu kien

11
S+ =1 (1.3)
P g |

o =

Cht 7 bat ding thitc (1.2) ddng cip. Diéu d6 c¢6 nghia 13 néu nd
théa mén d6i véi hai phan t{

a = (al,ag,...,ak), bz(bl,g)g,...,bk)

thi n6 théa man véi Aa va b, trong d6 A va u 1a nhitng sb thuc
tiy ¥. Vi vy chi cin ching minh bit ddng thitc (1.2) khi -

k k :
dolaP=>lpl7=1 (1.4)
=1 =1

Gid st didu kién (1.4) duge théa man, ta phai chitng minh
ST lagb <1 (1.5)

j=1

Xét ham sb6

=242

r q

dugce xac dinh khi ¢t > 0 va c6 dao ham
i) =Pt — 7 =7 (P — 1), Vi > 0. .

Ro rang f'(t) <0khiO <t <1va f/(t) >0khit>1 Vay ham =

sb f dat gia tri nhd nhét tai ¢t = 1, tic Ia o

Sl
F)2f(1)= 42 =1,¥>0
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Diac biét, lay ¢t = ai.b"7 ta dugc

P
b gL P »
ar b e e Y (1.6)
P g P g

Bat ding thiic (1.6) hién nhién ding khi a = 0 hodc b = 0. Ap
dung bat ding thitc (1.6) cho a vA b 1a cic s a = |a;],b = |bj]
va 14y tdng theo j tit 1 dén k, tit (1.4) ta dugc (1.5), tit d6 ta
dugc bat ding thitc (1.2). Bay gid ta chuyén sang ching minh
bét ding thic (1.1). Mubn vay ta xét hing ding thic

(lal + [6])P = (la] + [B1)"*lal + (lal + [6])P~"]8]-

Dit a = aj, b = b; trong hiing ding thic da viét va liy tdng theo
j tit 1 dén k, chiing ta sé co:

k ) k .
Z(lagl+lbl = > (lasl + ;)P 1!%1+Z la;| + [b; I)” os
j=1 j=1

J=1

Bay gid ap dung bat ding thiic Holder cho mdi tdng & bén phai
va chd § (p— 1)g = p, ta dugc:

k
Zl%l+|b|
j=1

A 5
[Z lajlp]
=1

< (i(laﬁlb} ) [Zw

§=1

Chia c4 hai vé clia bat ding thifc nay cho

k ;
, (Z(Iajl + xbmp) ,
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<(Fmr) +(Bmr)

Day chinh 13 bat ding thitc ( 11) Trong trutng hop

nhan dugc bat ding thic

=

(i(l%l + [51) )

j=1

j=1

k :
<Z(|Gjl +_|bj|)”> =0,

thi bat déng thtc (1.1) hién nhien dung Do dé6 ta da klem tra
dugc tien dé tam giac déi véi dp. .

Vay (E*, d,) lap thanh mot khong gian metric. O

3. D& thiy d x4c dinh trén M,s). Ta kiém tra 3 tién dé metric:
Tien dé 1 va tien dé 2: Ban doc tu giai.
Tien dé 3: Vz,y, 2 € My, Vt € [a,b] ta cb
|z(t) — y(@)| < |z(t) — 2(8)] + |2() — y(B)],
> [olt) — y(8] < sup [o(s) = 26)] + sup [=(s) ()]
= sup |o(t) —y()] < sup [o(t) — 2(t)] + sup |=(t) — y(2)|

a<i<b a<t<h a<t<b

A d(SE y) < d(il? Z) + d(Z ),ViE,y,Z € A/[[a,b]-
Vay (Mg, ) 1ap thanh mot khon gian miet‘ric. O

4. Trude hét ta clnrng minh d xAc dinh tren L. .

Vz = (zn), y= (yn) € l céc chuo1 Z[mn[?’ v Zlyn!p h01

n=1 n=1
tu. D& dang thiy ring bat dang thitc Mincovxki (1.1) diing khi
= 1. V6i moi n € N*,p > 1, 4p dung bét déng thitc Mincovxki
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o=

N
[~]=
"
£
J

@

N

]
~——

o

IA

TN
Nk

5

7

3
N—

+
]

<

)

)
N——

e

-

T (1.7) chon — co = (Z |zy — yklp) < 0.

k=1

Vay d x4c dinh trén I, Tinh chét don tri dé théy. Ta kiém tra 3
tién dé metric:

Tién dé 1 vA tién dé 2: Ban doc tu giai. ' |
Tién d& 3: Vz,y, z € l,; Vn € N*, theo bat déng thitc Mincovxki

ta co:
1 L 1
n . P n ) P n P
(Z |zk — yklp) < (Z |z — Zk|p> + <Z |21 — yk|p>
k=1 k=1 k=1 )
1 . 1
[es] > o] o P
< ( |z — zk!f’> + (Z |2k — m!”)
k=1 i k=1

(1.8)
cho qua gidi han trong (1.8) khi n — oo ta dugc
d(z,y) < d(z, z) + d(z,y), Vz,y,2 € L
Vay (lp,d) 1ap thanh mot khong gian metric. O

5. Trudc hét ta chimmg minh d x&c dinh tren m.

That vay, Vz,y € mh = Isup |z,|, sup|y,| do z,y 1a hai day bi
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chin. Mat khic:

|Zn — Yn| < |Zo| + |¥n], VR =1,2,...
= [T — Yn| < sup |zx| + sllp luk|,Vn = 1,2,...

= Sup |Tn — Ya| < Sup |zi] + sup |yx| < oo.
1<nLoo 1< 1<k<o

= d x4c dinh trén m. Tinh don tri d& thiy. Ta kiém tra 3 tién
dé metric.

Tién dé 1 va tién dé 2: Ban doc tu gii.
Tién dé 3: Vz,y, 2 € m;Vn € N* ta cé:

|Zn — Yn| < |Tn — 20| + l"n Unl,

= |z — | < sup |z — zg| + sup |4L - yk|
1<k< 1<k<00

= Sup [Tn—Ya| < sup |zp — 2|+ sup lzk‘yk{
1<n<eco 1<k<co 1<k<o

= d(z,y) < d(z, 2) + d(2,9).
Vay (m, d) 1lap thanh mot khong glan metric. [J

6. Trudc hét ta chitng mmh d xéac dinh trén co. V6i hai day (z,), (Yn)
hoi tu t6i 0 thi (z,) = (|z, — yn|) hoi tu t61 0. Gid st ng € N* 1a
mot s6 sao cho:

€9 = ma;g{zl,zg, ey Zng} > 0.

Do lim z, = 0 nén véi g9, ANy > ng :

00

0_<_zn<50,\/n>N0. v
Dit M = max{ey, zn0+1,zn0+2? e ZNg ) = M = 1%3300 Zn- .

Vay d xéac dinh trén cp.

Kidm tra 3 tién d& metric:



30 Chuong 1. Khong gian metric

Tien d& 1: Vz,y € ¢ ta b

|Tn — Ynl 20, VR =1,2,...

> > 0.
max |2 —yn| 2 0= d(z,y) 20

d = | 2 —y | =
(z,9) =0« Jax |Zn — Yal =0

Ty =UYn,VNEN Sz =19.
Tién dé 2: Ban doc ty gidi.

Tién dé 3: Vz,y, =z € co; Vn € N* ta cé:

Izn - ynl _<. Ixn - an + lzn - ynls
= |zp —yal < Max_ |Tk — 2| + max |21 — yl,
- < < Y7 S
= WX |Zn — yn| < max [z — 2| + max |z -yl
= d(z,y) < d(z, 2) +d(z,y).

Vay (co, d) 1lap thanh mot khong gian metric. [

7. Tru6c hét ta ching minh d xac dinh trén ¢ That vay Vz,y € s

ta co: L
0< — __l_m_"_:__yll_ < _1_
2n l—i—]xn— l AL
Do chudi Z — hoi ty, nén chum Z M hdéi tu.
2" 1+ |z, — yal

Nn==1 n=1
Suy ra d xac dinh trén s. Kiém tra 3 tién dé metric:

Tién dé 1 va tién dé& 2: Ban doc ty giai.
Tien d& 3: T bat ddng thic |z, — Y| < |Zn — 2u| + |20 — Unl,

t N 2 .
Vn = 1,2,... va do ham f(t) = m dong bién trén [0;+o00),

ta ¢6 Vz,y,z € s, Vn € N*:

1 Imn - yn’ < 1 lxn - zn| + !zn - yn|

271, 1 + !ILn ynl - ‘)n 1 + |$7L - an + Izn - ynl
_1_ . Izn - an : _1_ ) lzn - ynl

.——271 1+13/n Zn! 2n 1+]zn-“y1il
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oo
1 i-’En yn |1L'n — Zn'
feeey Je— [ S
2w T ynl”ZZ” R ra—

n=1
N
+ . n n
;'2"” 1+ |20 — yal

& d(z,y) < d(z,z) +d(z,y).
Vay (s, d) 1ap thanh mot khong gian metric. [

8. Hién nhién, d anh xa tich N x N vao tap hop s6 thuc R.
Kiém tra 3 tién dé metric:
Tien d& 1 va tién dé 2: Ban doc tu giéi.
Tién dé 3: Ym,n,p € N, ta c6:

Gia st m = n, thi d(m,n) = 0 va d(m,p) > 0, d(p,n) > 0, nén
d(m,n) < d(m,p) + d(p, n).

1
Gia st m # n, thi d(m,n) =1+ .
m-+n
Néum =p,thin#pva
dim,p) =0, dlpyn)=1+——=1+—
m = == B b=
7p b p’ p+n m+n

-: - 1

Néu n = p, thi 1ap ludn tuong ty
d(m, n) = d(m, p) + d(p,n).

Néu m +# p, n # p, thi

' 1 1
d ) d , —1 _'—"_""'+1+ 3
(m,p) +d(p,n) =1+ mip T orn

nén d(m,n) < d(m,p) + d(p, n).
Do d6 d(m,n) < d(m,p) +d(p,n).
Vay, (N, d) lap thanh mot khong gian metric.
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9. Ban doc tu giai.

10. Bén doc tu giai.

11. a) Chiing minh G = {z € Cay : x(t) < 20(t),t € [a,0]} 1a tap

hgp ma.

Gié st z 1a mot phan ti¥ bat ky thuoc G1. Ta ¢6 z, 2o € Clay), diit

z=2p—x,suy 1a z € Clgy. Doz € Gy = 2(t) > 0,Vt € [a,b].

bat r = rglgb 2(t), ta ching minh hinh cdu mé B(z,r) C G;.
a.—_ -

That Vé_,y,. Yy € B(z,r), ta co:

d(o,y) <r 4 max[o(t) ~ y(t)| <7

= y(t) — z(t) < r,Vt € [a,b]
= y(t) <z(t) +r =xo(t) — 2(¢) + 7
< zo(t) — 7+ 17 = 20(t),Vt € [a,b]
=y € Gy

Vay v6i moi z € G, ton tai mét hinh cAu mé B(z,7) C G, do
dé tap hop G; md.

b) G2 = {z € Coy) : @ < z(t) < B,t € [a,b]} la tap hgp md
trong Clg - ]
Chon z1(t) = o, z3(t) = § 13 hai ham lién tuc trén doan [a, b).
Diat:
Ar = {z € Cloy : z(t) > ‘xl(t),\'ﬂ: € [a, b]
Ay = {z € Cloy : z(t) < z2(t),Vt € [a, ]
GQ = Al N AQ.

}
}

Chitng minh tuong tu phan a) ta dugc A;, As md, suy ra G, mé.

b -
c) Gs =2 €Cly: /:t(t) dt < z(a)(b— a)} 13 tap hop mé.

a
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That vay, 14y phan ti bat k¥ z € G, ta co:

b

b
/m(t)dt < z(a)(b—a)=r=2z(a)(b—a)— /:c(t)dt > 0.

a

Xét hinh cau mé B (z,

T A
m), ta co:
‘v’y € B=> ggly(t} - z(t)] < 2(b7; 2
=) =2(0) >~
& y(a) > z(a) < —2_(—1)%—55
vay(t) < z(t) + —2—(-5%—-(—1—5,Vt € [a, 1]
b b
= [vwas [oti+ ] =st@o-o) -+
= z(a)(b-a)— 3
- 0= (500 - 55
< y(a)(b—a)

b
= /y(t) dt < y(a)(b—a) =y € Gs.

Do y bat ky nén B C G3. Vay G3 la tap hgp mé trong Clag)- U
12. a) By = {z € Cloy : z(t) < x0(t),t € [a, b} 1a tap hop déng.
Gid st {z,} C E1 va lim z, = z trong Clg ), nén "

lim max |za() — 2(t)] = 0.

n—oo a<t<b
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T do ta co: . o
lim z,(t) = z(t), Vt € [a, b].

Tu {zn} C E1 = z,(t) < 20(¢), Ve € [a,b]. Chon — oo, ta duge

z(t) < zo(t),Vt € [a,b] = = € E.

Vay F; chita moi diém giéi han clia né, suy ra E; déng.
b) E; = {z € Cloyy: z(t) > a,t € [a, b} n

N{ze C’[a,b] :z(t) < Byt € [a,b]}.
Theo phan a) thi E, 13 giao clia hai tap hgp déng, nén E> déng.

b
c) Bs=qz(t) € Clay : /m(t) dt < z(a)(b— a)

a

Gia st {z,} C E3 vd lim z, = z trong Cl,y), suy ra
00

nlgglo zn(a) = z(a).

Do trong Cla 4 st hoi tu theo metric tuong duong sy hoi tu déu,

-nhg dé va nhd hé thic

o € By = /mi) dt < 2, (a) (b — a) -

c¢6 thé chuyén qua giéi han dudi diu tich phan khi n tién téi vo
cling, ta dugc:

. |
/m(t) dt < z(a)(b—a) = z € Bs.

a

Vay Fj5 chita moi diém giéi han clia né, nén Es 13 tap hop doéng.

O
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13. a) A= {(z,y) € R? : z > 0,y > 0} md trong R?.

L&y Mo(zo,v0) € A bat ky. D&t r = min{zo,yo} > 0. Xét hinh
ciu mé B(My, ), ta ching minh B(Mp,r) C A. That vay:

| VM(zy) € B = d(M,Mo) <1 /&~ 0P+ (y— 9o <7

|z — x| <7 rT>z0—7>0 [z>0
= = = ,
ly —yol < y>yo—r=>0 y>0
= M e A.
« Vay M la diém trong cha A, do M bt k¥ nén A md.
b) B = {(z,) € l,z» > 0,n € N*} khong md trong lo.
| 1 1
Xét zg = {n} € o, do - > 0,Vn = zo € B. Ta chiing minh
Ve > 0 déu ton tai z. € S(xo, g), nhung z. ¢ B trong dé S(xo, €)

13 hinh ciu mé tam zg, ban kinh €. Do Z — < 00, nén:

n=1
oo
Ve>0,3N: Y —<¢
n-*
n=N-+1

Xetms—{—1-,—2—,...,—]\—[,0,0,...}7:1:5¢B.Matkhac.

d(z,z:) = (Z %) < &= . € S(z0,€)

n=N+1
Uy Euclide~ K

Vay ton tai z. € S(zo, €), nhung z. ¢ B Do do Zo . khonrI 1a

diém trong ctia B, suy ra B khong md. O L.
14. e (i3 st A 1a mot tap hgp dong. |

=) Gid st d(z,A) =0 & mf d(z,y) =0« El{yn} C A 520 Ch'O

lim d(z,y.) = 0= hm 0 Y = T.

N0
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36
Do A déng nén = € A.
<) Giastz € A=d(z,z) =0= in£ d(z,y) = 0=d(z, A) = 0.
. ye
o Néu A khong 13 tap hop dong thi diéu nay khong con ding. Vi
du: Ly A = (0,1), A 13 mot tap hgp md trong R v6i metric thong
thuong. Ta ¢6 £ = 1 ¢ A, nhung day vy, = Z—l’ n=12,...
n

tién t6i 1 khi n — oo. Do dé: )

d(1,A) = inf |1—-y|=0.0

y€(0,1)
15. e Trudc hét ta chitng minh cac tap h(jp c6 dang

E,={z€[a,b:n< flz)<n+1},neZ

13 cac tap hop déng. That vay, v6i mdi n € Z, lay mot day
(z1) C E, bat ki va klim z, = z. Do (zx) C E,, nén
. . ‘ b 00

n< flog) Sn+lk=12... (1.9)

Do f lien tuc, nén c6 thé chuyén qua gidi han cta (1.9) khi
k — oo, ta duge:
n< flz ) <n+1,
nén z € E,. Vay E, chita moi diém gidi han cla né, do dé6 E,
déng.
e Ta chitng minh t&p hgp
U E,
n=-—o0

13 tap hop dong. Do f lién tuc trén doan [a b], nén né dat dugce
gi4 tri nhd nhét m, gia tri ldn nhat M trén doan nay.

Dit ny; = [m],ng = [M] + 1.

n=00 n=ns

Tacod: Bp=0,Vn<n hoicn>n,=E= |J E,= U En

Do E 1 hgp clia hitu han cac tap hgp déng, nén E 1a mot tap
hop déng. OJ



Bai tap Giai tich ham 37

16.

17.

Ching minh (AU B) = A UB".

+ L&y mot phan tit bat ky o € (AU B)’ suy ra v6i moi lan cin
S(zy) clia diém zo, -

T # xo
ze€ Ahodicz € B

3z € S(zo) N ((A UB)\ {zo}) = {

=x9€ A hoiczpe B =z A/UB
= (AUB) c AUB (1.10)
+ Ngugc lai; 13y $5 € A'UB' bat ky, suy ra o € A’ holic zy € B'.

Gid stt 7o € A’ thi v6i moi 1an can S(zg) ciia diém zo,

dz € S(zo) N (A\ {z0}) = {z iflOUB‘ =10 € (AU B)'
= A'UB' Cc (AU B) (1.11)

T (1.10) va (1.11), suyra (AUB)Y = A U.B". O

A C X déng < A chita moi diém dinh clia né.

=) Gid stt A 12 tap hop déng va ton tai mot diém dinh a khéng
thudc A, nghia la a € X \ A, do A déng nén X \ A 1a mot tap
hgp md. Suy ra, ton tal hinh cau md S(a,r) sao cho:

S(a,r)C X\ A= S(a,r)NA=0.

Diéu ndy mau thudn véi tinh chit cla diém a. Mau thuin nay
ching t6 A chita moi diém dinh ctia né.

<) Gia st A chita moi diém dinh clia né. Ly mot day bat ki
{zn} C A: hm z, = a. Ta chitng minh a € A. Do lim z, = qa,

T~ OO
nén: o -
Ve > 0,3ng € N*: Vn > ng = d(z,,a) < €

= Vn >ng: z, € S(a,c).

o
Do d6 moi lan can S(a, ) ddu c6 vo sb diém chung véi A, nén a
14 didm dinh clia A, hay a € A. Vay, A 13 tap hop dong. [
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18. Gi4 st Fy, F5 C X 13 hai tap hop con déng va Fy N F, = 0. Lay

19.

z € Fy bat ky, thi z ¢ F,. Theo Bai 14, ta c6 p, = d(z, F3) > 0.
Tuong tu, 18y y € F, bat ky thi p, = d(y, F1) > 0. Xét céc tap

hop md:
A= Us(a2). G- Us(d)

TE€F] yEF,
=> F1 C Gl,FQ C GQ.
Ta chitng minh G1NGy = 0. That vay, gid st tdn tai z € G1NGY.
Do z € G; NGy, nén:

zEG1:>3m06F1:z€S<mo,£§9> ¢:>d(a:g,z)<£§3,

2 2
zEGgéﬂyoeFQ:zeS(yo,%‘l) @d(yo,z)<%.
Gid st pgy < py,» ta co:
Pay +
d(z0,Y0) < d(zo, 2) +d(2,50) < '39—2‘—'[@ < Pyo
= d(Zo,Y0) < Pyo- . (1.12)

Mgt khac, do zp € Fy va theo dinh nghia clia py,, ta cé:
p—g - i —_— i <
Pyo = d(yo, F1) xlél}ﬁl d(yo, T) mlgpfa d(z,y0) < d(zo, Yo)
= Pyo S d(xo, yO)

Didu nay mau thuin véi (1.12). Bing cach tuong ty, néu p,, <
pz, ciing ddn dén mau thuin. Vay Gi NGy = 0. O

o Gia st F' la mot tap hop dong bat ky cla khéng gian metric
X. Vi F doéng, nén theo Bai 14 ta co:

F-{zeX:dsF)=0)=) {xexzd(x,FR%}.

n=1

- . ”
~ Theo Bai 47, ta c6 cac tap hgp {m € X:d(z,F) < ;} la mé.

Vay F 13 giao dém dudc clia cac tap hop md.
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20.

e Gia st G 1a m6t tap hop md, suy ra F' = X \ G déng. Theo
(o]
trén ta c6: X \ G = [ Fn, trong d6 F,, déng. Vay ta co:

n=1

o]

G=X\(X\G) =X\ F=JX\FE),

n=

véi X \ F,, 1a céc tap hop md.
Vay G 13 hop dém dugc cla céc tap hop mé. O

Xét tinh lién tuc ctia cic anh xa sau:

a) F(z) = max o(6), € Clan
Véi z,y € Cla,p) b8t kY, gid st

f(z) = gslgggw(t) =z(t1), f(y) = gggggy(t) = y(t2), t1, 12 € [a, b)].

- Khong gidm tinh chat tdng quat, gid st z(t;) > y(t2). Ta cb

y(t1) < y(tz), nén:

|£(z) — f)| = z(t1) — y(ta) < z(t1) —y(tr) = |z(t1) — y(t1)]
< g%@(t) —y(t)]

= |f($) - f(y)l < d(m,y),\‘/’x,y € C'[a,b]-
Suy ra f lien tuc déu trén Cla, do dé f lién tuc.
b) g(z) = ({gglx(t)!,x € Coy)

Véi 7,y € Cloy bit k¥, gid sit g(z) = |z(t)], 9(y) = ly(t2)l-
Khong gidm tinh chét tong quét, gid sit [z(t1)] > [y(¢2)]. Ta co:

()] = ly(t)] < Jz(ta)| — ly(t)]

lg(z) —g(w)| = |z v
< lz(h) —y(t)] < max |=(t) - yol - -

= Ig(m) - g(y)l < d(mvy)’vm)y € C[a,b]'
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Suy ra g lien tuc déu trén Cl,y), do d6 g lien tyc.
¢) h(z) = arélt%]b:p(t),x € Clay

Véi z,y € Clo ) bt ky, gid st h(z) = z(t1), h(y) = y(t2). Khong
gidm tinh chit tong quat, gid st z(t;) > y(t2). Ta cé:

h(z) — hla)| = 2(0) — y(ta) < 3lt2) — y(t2) < max [o(0) — y(0)

= lh((E) - h’(y)l < d(CE, 9)7\/33,?! € C[a,b]°

* Suy ra h lién tuc ddu trén Clay), do d6 h lién tyc.

d) ]C(:C) = argtigblx(t)l’x € C[a,b]

Véi z,y € Clap bét ky, gid st k(z ) = |z(ty)], k(y) = |y(ta)].
Khong glam tinh chat tdng quat, gid s |z(t1)| > |y(t2)|. Ta co:
|k(z )“k(y)l = |z(t1)] — [y(t2)] < |z(t2)] — ly(t2)]

< laltz) = (&)] < max Ja(t) ~ (2

= “C(CL‘) - k(y)! < d(:]), y)7v-73>y € C[a,b]-
Suy ra k lién tuc déu trén Clqy), do d6 k lién tuc.
0, néu z(t) lay it nhit mot gia tri am
1 .
e) y(z) = 5 néu z(t) = 0,Vt € [a, b]

1, néuz(t)>0 va z(t)#0 tai it nhat mot diém ¢
Ta chiing minh y khong lien tyc tai zo(t) = 0, V¢ € [a,b]. That

vy, ton tai g9 = 7 520 cho:

(V6 > 0) (3:5(;) - ‘2—5,\# e [a, b]> <d(x, zo) = g- < 5) :

>

N =
o

ly(z) — y(zo)| =
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21.

Vay y khong lién tuc tai g = 0.

Bing cach tuong ty ta chiing minh dugc y khong lién tuc trén
tap hop {z(t) > 0,V € [a;b] va (Fty € [a;b])z(¢;) = 0}.

Tai céc didm con lai y lién tuc. U

Xét tinh lién tuc clia cAc 4nh xa sau trong Ds[a, b].
a) f(z) = z(a),z € Dya, b]

V6i moi z,y € Dsla, b ta co:

[f(z) = f@W)l = lz(a) —y(a)]
< max {|z(t) — y(@)], [='(t) — ¥/ (2)], |=" (¢) — " (2)}

a<t<bh

= [f(z) = f(y)| < d(z,y),Vz,y € Ds[a, ]

Vay f lien tuc déu trén Dsla, b], do d6 f lién tuc.

‘ b
b) g(z) = / V1+ 22(t) dt

a

St dung bat ding thitc:

la] + [b| |al |b]
< + < 2,
Vi+a?+vV/14+802 7 V14+a2 V1402

v6i moi z,y € Ds[a, b] ta cb:.

b b
9@) - 9)l = | [ Vo at - [VITvDas

b

| [ - ver azh
VI+EEOP +V1+ [y 0P

a
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22.

|z’ (t) — ’( )2 (t) +y'(t)]
VI+HZOR+ 1+ YO

"xm y()l(lz()lﬂy( 1)
VIt @P+ 1+

<2/|:1: — Y| dt

< 2(b —a)d(z,y),Vz,y € Ds[a,d]
Vay g lien tuc déu trén Dsla, ], do d6 g lién tuc. O
Trudc hét ta chitng minh tap hop f(X) trit mat trong X. That

vay, 1y mot phén tt bt ky a € X. Lap mot day {a,}52; C
f(X) € X nhu sau:

a’l=f(a)aa2:f(a’1))"')an:f(an-—l)a"'

Ta ching minh ton tai mot day con {a,,} 'C {a,} hoi tu tdi a.
Do X 1& compak, nén day {a,} chia mot day con {a,,} hoi ty,
do day {an,} hoi tu, nén nd 1a mot day Cauchy, nghia la:

(Ve > 0)(3ng, € N*)(Vng,ny > ng,) = d(@ny, an,) < €.
Theo gia thiét va dinh nghia ctd day {a,} ta cé:

d(a: a’nk_nko) = d(al’ ank~7lk0+1)

=...= d(anko,ank) < e, Vng > ngg.

Vay day {an, } hoi tu téi a.

Tit d6, ta c6: X C f(X) C X = f(X) = X. Mit khac, d& théy
f lién tyc-trén X. Do dé f(X) la mot tap hop compak, suy ra
f(X) déng va f(X) = f(X) = X, hay f la mot toan 4nh. Vi
vay, phuong trinh f (3:) = y ludn c6 nghiém vdi phan t& ty ¥
ye X. O
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23. Goi A= {z € R: f lien tuc tai z}, A, = {z € A : f(z) = n},

24.

dé dang thdy A = |J A,. Ta ching minh A, & cic tap hgp md.
nez

That vay, 18y zo € A, bat k¥. Do f lién tuc tai zo, ta cé:
(V0 <e < 1)(36 > 0)(Vz € S(z0,9)) | f(z) — f(zo)] <& (1.13)

Do f chi nhan gi4 tri nguyén va f(zp) = n nén f(z) = n,
Vz € S(zg,0). Vay Vzo € A,, ton tai S(zo,8) : f(z) =n, Vz €
S(zg, 8). Ta ching minh S(zg,d) C A,, hay f lién tuc tai moi
diém thudc hinh cau S(zo,d). Do f 1a ham hing trong S(zo, ),
nén né lién tuc trong hinh ciu ndy. Vay zo 14 diém trong clha
An. Do tinh bat ki clia 2o, nén A, md, do d6 A= |J A, latap’

neZ
hgp md.

Suy ra R\ A = {Tap céc diém gian doan cta f}latap hdp déng.
O

a) f(z)(t) = /zQ(s) ds,z(s) € Cp1, 0 <t < 1,
0

Dé dang chting minh duge véi méi z € Cy), thi f(z ( ) 1a mot
ham lien tuc theo ¢. Do d6 f é&nh xa C[m vho chinh né. Dé
ching minh f lien tuc ta lam nhu sau. Ly mot phan ti bat ki
Tp € C[(),l da,t M = &1% lIEo( )l

(Ve > 0)(38 > 0: 6.(6 + 2M) < )(¥z € Cpoyy) -
2(t) — zo(d)] < 6,VE € [0, 1].

Ta cé:

t

1F(@)(0) = f(m0)(t)] = / 2(s) ds - / 2A(s) ds

0

< [12%s) (o)l ds
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1
< / o2(s) — (e
. ‘
< / 8) + zo(8)] ds, (1.14)
0
|z(s) + zo(s)] = |z(s) — zo(s) + 2z0(s)|
: < |z(s) — zo(s)| + 2|zo(s)| < 6 +2M
Thay vao (1.14) ta dugc:
|F()() = f(zo)()] < 8(6+2M) < e,Vt € [0, 1],
Do d¢,
AF(@), £(z0)) = o 17()(6) ~ F@))] < e
Vay f lién tuc tai zo. Do zo bat k¥, nén f lién tuc.
b) 9(z)(t) = (t*),(t) € Clo,,@ 2 0.
Dé& thay g anh xa Clo,1) vao chinh né. Lay phan t& bat ki zo €
Clo,- Ta cd:
(Ve > 0)(36 = €)(Vz € Cpp,y)(d(z, o) < 6) :
_ _ a .
d(g(2), 9(20)) = max |2(t%) — 2o(t*)] < max |z(t) — zo(t)] <e.
Vay g lién tuc déu trén Cpy). O
25. Ban doc tu gidi.
26. Ban doc ty giai.
27. a) Kiém tra 3 tién d& metric.

Tien d3 1 va tien d& 2: Ban doc tu gii.
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5 t
Tién de 3: Vz,y,z € R. Do ham 1 don digu ting trén ntta

khoéng [0, +oc0) va do
d(z,y) < d(z, 2) + d(z,y)

ta co:

d(z,y) _ _d(z,2)+d(zy)
14+d(z,y) ~ 1+d(z,2) +d(z,79)
d(z, 2) d(z,y)

~14+d(z,2) 1+d(z,v)
= di(z,y) < di(z, 2) + di(z,y).

di(z,y) =

= d1<$7 Z) + dl(za y)

Vay M, = (R, d;) 1ap thanh mot khéng gian metric.

b) =) Gié st {z,} 14 mot day co ban trong Mj, suy ra:
<VE € (0, %)) (Ing > 0)(VYn,m > ng) : dy(zp, zm) <€

d(ZTn, Tm)
1+ d(zn, Tm)

Vay {z,} 12 mot day .co ban trong M.

<e=d(xp,Tm) < 2.

Do M day, nén ton tai lim z, = z, suy ra:
-0

(Ve € (0,1))(3ny > 0)(Vn > nq) : d(zn,z) <€

| d(zn, )

SR L S ) <
= di(zn, T) T d@na) = d(zp,z) <€
= dy(Tn, T) <€,Yn > ny. .

Vay {z,} hoi tu t6i = trong M, do d6 M; day.
<) Gid stt {z,} la mot day co bén trong M, suy ra:

(Ve > 0)(3ng > 0)(Vn,m > ng) : d(mn, xm) <e
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46
d(Zn, Tm) €
< < d1(Zn, Tm ; (Vn,m >
:>1+d($n,$m) T €= di(Tn, Tm) < € ;(Vn,m > ny)
Vay {z,} & mdt day co ban trong M.
Do M, diy, nén ton tai lim z, = z, suy ra:
1
(VE € <0, 5)) (Fns > 0)(VYn > n3) : di(z,,z) < €
d(Zyn, x) €
hay ————— < ¢ < d(z,, —— < 2¢ (VYn > n3).
ayl_}_(m)ve (z z)<1_5< e (Vn > n3)
Vay day (z,) hoi tu t61 = trong M, do d6 M day. O
28. a) Ching minh d 13 mot metric trén Z

Kiém tra 3 tién dé:
Tién dé 1 va tién dé 2: Ban doc tu giai ;
Tién dé 3: Véi moi z = (z,y),2' = (2/,¢),2" = (2",y") € Z ta
cé:
di(z,z") < dy(z, 2') + di(2', ")
‘. da(y, y") < doly,y) + do(y', ")
= di(x,2") + da(y, ") < dilz,2') + daly, ¥)+
+di(2’,2") + da (¥, y")

C=d(2,2") < d(z,2) +d(¢,2")

Vay M = (Z,d) lap thanh mot khong gian metric.

b) Gia s& M = (Z, d) la khéng gian day. Lay {x.}, {ya} 12
hai ddy co ban bat ky tuong Ung trong M, va M,. Ta co:

Ve > O)(Eino e N")(Vn,m = n,) sao cho:

dl(x )< d (}ﬂ’ylﬂ)< :>d(xn9 Ill)+d (ynvym)<8

Suy ra {zn}= {(xn,yn)} la mot diy co ban trong M= (Z,d).
Do M day nén tOn tailimz, = z=(x,y)€Z. Suy ra:

n - 0

(Ve >0)3n >0)(n<n) d(z,,z)<&
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= di(Zn, ) + da(Yn,y) <€

di(zn,z) <€ NP i trong M,
d2(ynvy) <¢g

= (‘v’nan){

yn — 1y  trong My

Do {zn}, {yn} 12 hai day co ban bét ki trong M; va My, nén M,
va M, day. :

«) Gi& stt M; vd Ms 14 cac khong gian day, ta phéi chiing minh
M = (Z,d) 1a mot khong gian day. That vay, &y mot day co
ban {z,} = {(Zn,Yn)} bét k¥ trong M. Ta co:

(Ve > 0)(Ing > 0)(Vn,m > ng) = d(zn, 2m) <€

dl (:Um mr;z) <eg

= (Yn,m > ng) {dz(y ) <&

Vay {:cn} {y.} 1a céc day co ban tuong tng trong M; va My,

suy ra ton tai: lim z, = =, hm y, = y. Dat z = (z,y), ta co:
N—r 00

dl(xTL: $) <

(Ve > 0)(3ns > 0)(Vn Z-ng) =
- | da(Yn, y) <

NI oM

= d(zn,z)'< e(Vn>ng)=3Jlim z, =2

Do {z,} = {(%r,¥n)} 12 day co ban bét ky trong M, nén M la
khong gian day. (R :

29. Viéc chitng minh d 13 mot metric trén X: Ban _c’[éc tu giai.
Dé chitng minh (X, d) 15 mot khong gian metric khong day, ta
xét day ham {z,(t)} C X xéc dinh nhu sau:

1 —
zo(t) = ¥ +1 n?+1
0 | néu |t| >n

néu [t] < n
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D& théy {z,} 1a day céc ham lien tuc va bing khong ngoai doan
[-n,n]. Véi moi n,p € N, ta co: .

A(Zntp; Tn) = max |Zn4p(t) — ( )| = 1528'25 |Zn4p(t) — za(2)]-
Mat khéac:
(1 1
- 61 |t <
Pl maprel O lsm
jenp(t) —za®) =4 L1 i n < Jt] <
2+l (n+pZ+1 viin<ll<n+p
o véi |t| >n+p
Do dé
ATntps Tn) = I?e%lx |Zn4p(t) — zn(t)] = |tI}I<1a§p |Zn4p(t) — Za(t)]
1 1 1

- < .
“n24+1 (n+p)2+1 n2+41

Vay {z,} 1&2 mét day co ban trong X.
Giad st X day, suy ra ton tai z € X sao cho lim d(z,,z) = 0.
00
Xét ham: )
z(t
Z(t) = AT ,t €R.
D& thay Z(t) lien tuc trén R va 0.< Z(¢t) < 1,¥t € R. Do
Z(t) # 0,Vt € R, nén Z(t) ¢ X. Mit khéc, ta co: VI € R

0 < [Z() — z(8)] < [2(2) — zn(B)] + |2a(t) — z(2)]

P+ mixloa(t) — 2(0)
1 .
= n2 + 1 + d(z‘m ) .
=0 < J5(0) — 3(0)] < L 7). (1.15)

+1
Tt (1.15) cho n — oo ta duge: V
|Z(t) —z(t)| =0, YVt e R=z(t) =Z(t) ¢ X
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30.
31.

mau thufn véi gia thiét.

Mau thufn ching t6 tén tai mot diy co ban trong M nhung
khong hoi tu trong khéng gian M, do dé khong gian M khéng
day. O :

Ban doc tu giai.

Gia st d 14 mot siéu metric trén X.

a) Ta chiing minh d 13 mot metric trén X. Kiém tra 3 tién dé
metric.

"Tién d& 1 vA tién dé& 2 dudc suy ra ti dinh nghia siéu metric d.

Tién d& 3: Véi moi z,y,z € X, do d 1a mdt sidu metric nén

d(z,y) < max{d(z, 2),d(z,9)} < d(z, 2) + d(z,y)
= d(z,y) < d(z,z) + d(z,y).

Tién dé& 3 vé metric dudc thdéa man, do dé d 1& mét metric trén
X.

'b) Néu d(z, z) # d(z,7), khi d6 khong gidm téng quat ta c6 thé

gid sit d(z, z) < d(z,y). Theo tién dé 3 vé siéu metric ta cé:

1

Néu d(z,v) < d(z,y), thi:
d(z,vy) < max{d(z, 2), d(z,y)} < d(z,y), mau thuan.
Vay d(z,y) = d(2,y) = max{d(z, 2), d(z, )}

c) Gia sit hai hinh cdu mé B(z, ;) v B(y, r2) c6 diém chung va
z € B(z,m,)N B(y,72). Khong méit tinh tong quét gid st ry < 7y,
ta co: o ’
d(z,y) < max{d(z, z),d(z,y)} <71.

* Ta ching minh B(z,7m) D B(y,r2). V6i moi t € B(y,rs) ta eb

d(y,t) < rp < 74, Suy ra d(z,t) < max{d(z,y),d(y,t)} < r. Vay
t € B(z,m1), do d6 B(z,71) D B(y,r2). :
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32.

Bing cach tuong tu, r; < 1o = B(z,m1) C By, r2).

Trudng hop B(z, 1) va B(y, 2) 14 hai hinh cau déng chitng minh

tuong tu.

d) =) Hién nhién.

<) Gid st d(zy, Zne1) — 0 (khi n — 00). Khi dé, v6i moi € > 0,
ton tai np sao cho d(z,,Zne1) < € v6i moi n > ng. V4 moi
n > ng,p > 0, bang phuong phap quy nap toan hoc, ta co:.

d(xmxn-i—p) S max{d(xmxn—i-l)’ d($n+lyzn+2)) ceey d(xn—i-p——laxn-m‘-p)}
<E.

Vay (z,) 12 mot day co ban. O

Ta ¢6 [0, 1] 13 mot tap hop con déng ctia R! v6i metric d(z,y) =
|z —y|. Do d6 [0, 1] cing v6i metric clia R! 1ap thanh mot khong
gian metric day.

Ta chitng minh anh xa

z:[0,1] —[0,1]
t s z(t)

14 4nh xa co. Théat vay, theo dinh 1y Lagrange:.
Vi1, ta € [0,1] = [z(t1) — z(t2)] = |2"()llt1 — t2|. € € (t1,22)

= la(ty) — (k)] < é-ul ~ b,

Do d6 theo nguyén 1y anh xa co, ton tai duy nhét ¢y € [0, 1] sao

~ cho z(tg) =to. O

33.

Ta c6 [1,+00) 1a mot tdp hgp con déng ciia R! v6i metric
d(z,y) = |z — y|. Do d6 [1,+00) cling véi metric ciia R! lap
thanh mot khéng gian metric diy. Gid st 4nh xa

A:[1,4+00] — [1,+00]
T — A(z)
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13 4nh xa co, suy ra tdn tai duy nhat zo € [1, +00):

: 1 1
Azg=1To & o+ — =20 — =0 (v0 1§).
. Zo Zo

Vay A khong c6 diém bat dong, do d6 A khong 1a anh xa co. [

34. Trudc hét ta chiing minh f 4nh xa S'(zg,7) vio S'(zo,7). That
‘ vay, voi moi z € S'(zg,r) ta co: '

d(f(z),30) < d(f(z), f(z0)) + d(f (z0), 7o)
< p.d(z,z0) + (1 —p)r <pr+ (1 —p)r
= d(f(z),z0) <1 = f(z) € §'(z0g, 7).

Do S'(zo,7) 1a mot khong gian con déng clia khong gian metric -
day X, nén S’(zo,7) 12 khong gian metric day v6i metric da cho
trén X. Suy ra anh xa:

f : SI(SC(),T') 3 SI(ZB(),T)

13 4nh xa co, do d6 f c6 diém bét dong duy nhét trong S'(zo, 7).
O

35. Xét khong gian RY vdi metric:
Vz = (.'L'1,332,. 7xn)7y = (yl;y?;- .o 7yn) & Rg :

d(z,y) = max |z; — il

D& dang chiing minh dugc R? cling v6i metric trén lap thanh
mot khong gian metric day. Xét anh xa:

fiRE — R
zr—y=Az+b ’

Vai Tz = (371)3:27""-’311)1 A = (a'ij)nX'lu b = (bla‘b27-"7bn)a

y = f(z) = (¥y1,%2,-.-,¥s). Ta ching minh f l& 4nh xa co.
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36.

That vay, v6i moi z,z’ € R? ta céb:
Y 0

1<i<n 1<i<n

d(f(z), f(z')) = max Iyz yil = max | }n:aif(%
j=1
< EE%Z !azjl |lz; —
1<1<n§:laﬂyl ggaggl% - |
= d(f(2), /(z') < (max Z Jass1).d

= d(f(z), f(z") < a.d(z, '), a = sz || < 1.

Vay f 1& 4nh xa co, nén tén tai duy nhit diém bit dong, suy ra
hé z = Az + b c6 nghiém duy nhat. O

Néu diéu kién A 13 4nh xa co thay bing didu kién
d(Az, Ay) < d(z,y),z # y.

thi sy ton tai diém bét dong khong dude ddm bao. That vay, xét

anh xa:
f:R' —R!

T — V22 1.

Ta co:

f(@) = f@)] = W2 + 1= V2 + 1] = | (©)llz ~ ],
L e ' ~
lf( )! - \/——ﬁ <l1
= |f(2) - fW)| < |z —yl.Vz #y
d(f(z), f(y)) < d(z,y),Vz #y.

Nén 4nh xa f thod man didu kién bai toin. Nhung dé thay f
khong c6 diém bt dong. O
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37. Ham sb
T
flz) = 3 +z —arctgz,z € R
V6i moi z,y € R, ta céd:
‘52
1+¢2

1F(@) - F@)] = |F©)llz — 9] = | e — gl

2
Chon o = % < 1 ta dugc:

+¢&
If(z) - fW)| S alz—yl,a< 1.

Tuy nhién phuong trinh:

f(z) =z & arctgz = g—
vo nghiém. [

38. Gid st A1, Ay, ..., A, 12 cic tap hop compak, dat A = |J A

i=1
Ta chitng minh A 14 mdt tap lggcompak. Gia stt (G;)ier 18 mot
phti mé cta A. Véi.'méi k = 1,n, do A; 1a tap hop compak va
(Gi)ier 13 mot phtt m6 clia Ay, nén:

Al hiwhan C I: Ay C | Gy,

i€},
A=Ja=AclY (UGi> .
i=1 k=1 \i€lj

Do d6 v6i moi phtt mé clia A déu tdn tai modt phd con hitu han.
Vay A la tap hop compakl.

Hop vo han cac t&p hop compak c6 thé 1a m@t”té,p hop compak
va ciing c6 thé khong 13 mot tap hop compak.

o Viduw
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+ Xét ho A, = [—n,n] 1 cic tap hgp compak trong R!, tuy
oC
nhién R! = (J A, khéng la mot tap hop compak.

n=1

2
Jf‘XéthOAO: Oal,Alz _,]—;An: _]:'71"’1— ,77/22
3 3 n n

14 céc tap hgp compak trong R! va [0,1] = (J A4, 1a mot
n=2
tap hop compak trong R!. O .
39. (a = b) Dinh Iy Heine-Borel

(b = c¢) Gia st moi phi m& dém duge clia M déu c¢6 mot pht

con hitu han. Néu (F,,) 14 day cac tap hop déng khac réng trong

M va '
FOoOFED..DF,D...

Ta chitng minh (F,) cé giao khéic rdng. That vay, gid st
() Fn=0.

n=1

Dit G, = X\ Fp,n=1,2,... (Gy,) 12 ho dém dugc cac tap hop
mé trong M. Ta c6:

UGn:U(X\El):X\(ﬂFn) =X

n=1 n=1

Vay (Gp) & mot phit md dém dugc clia M, theo gid thiét ton
tai mot phit con hitu han: Gy, Ghr,, .- ., Gn, € (Gr) sao cho

k k k
X c |G =UX\Fy) = X\[Foy = X\ Fy, = Fn, = 0.

Diéu nay trai véi gia thiét, do d6 (F;,) c6 giao khéc réng.
(c = a) Gia st trong M moi day céc tap hop déng khac rong
F, trong M ma:

ﬂ)&jmaﬂam
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40.

déu c6 giao khac réng. Ta ching minh M 14 mot tap hop compak.
That vay, gid st {z,} 1a mot day bét ky trong X. Dat F, =
{Zn, Tny1,- - -+ 12 bao déng cla bao tuyén tinh clia (Zy, Tni1, - - -)
(n=1,2,...). Tacé:

FioRD..DF,D>...vaF,#0,¥yn=1,2

[o 0] ’ o

Theo gia thiét ta c6 [ Fn # 0. Gidsta € [ F, va V la mot
n=1 n=1

lan can bt ky ctia a. V6i moi m, ta co:

a€F,=3n>m:z, €V (do ala diém gi6i han ctia Fy,)

Vay v6i moi 1an cgn clia a déu chifa it nh&t mot phén ti z, cla
day {z,}, do d6 a 1a diém giéi han cla {z,}. Suy ra ton tai mot
day con ctia {z,} hdi tu téi a trong X. Do day {z,} bat ky nén
X 1a tap hgp compak. [

a) Gia stt {z,} & mot day co ban trong M. Véi e = r, ta cd:
(3ng)(Vn > ng) = d(ng, Zn) <7 = Ty € S'(Tny. 7) (VN 2> 10).

Do S'(Zn,,r) 12 tap hop compak, nén ton tai {,,} C {z,} (véi
n > ng) hoi tu t6i zg € S'(Tn,, 7). Mat khéc: :

(V> 1) 0 < d(zn, ) < d(2n, Tny) + ATy, @0)  (1.16)

Tt (1.16) cho n,ng — oo ta duge lim z, = zo. Vay moi day cd

n-—0o0

ban trong M déu hoi tu, suy ra M 14 khong gian day.

b) Gid st A C X 1a mdt tap hgp compak, ta ching minh tap
B = {IB € X :d(z,A) < } 12 tap hop compak. Theo ching

minh cha Bai 47 thi B 13 mot tap hgp déng. Ta ching minh B

15 mot tap hop compak tuong déi. That vay, 1ay mot day bat ky L

{z,} C B tacé: , .

V6imbin=12,...,doz, € B=d(z,,A) = mf d(zn,z) <

l\Dlﬁ
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Theo tinh chét ctia can dusi dang ton tai a, € A sao cho:

d(zn,an) < d(zn, A) +

= Ia,} CTA:d(zn,an) < %7:-

<7‘+7‘
2 4

>3

Do A 1a t&p hgp compak, nén ton tai {a,, } C {a,} hoi tu téi
ag € A. Ta c6: ' ’

(Ve € (O, 2)) (Fng, ) (Vng > ng,)

d(an,,00) < € < g

o) < )+ < 4

>3

= d(zn,,a0) <T
= Z,, C S'(ag,7),Vn > ng,.

Do $'(ao,7) 1 tap hop compak, nén tén tai {zn,, } C {zn.} hoi
tu t6i zg € S'(ap, 7). -

Vay B la mot tap hop compak tuong dbi va déng, do d6 B la
mot tap hop compak. [J

41. M = (X,d), f 4nh xa M vao chinh né thod man diéu kién:

d(f(z), f(v)) < d(z,p), (Vz,y € X,z #y).
Lap ham
o: M—R

2 9(z) = d(z, {(2)).

Véimoiz#ye M taé:c’): | A

lo(z) — ()| = ld(z, f(2)) — d(y, f(y))]
< d(z,y) +d(f(z), f(y)) < 2d(z,y)
(B4t ding thitc tit gidc)
= [p(z) — e(y)| < 2d(z,y), VT #%.
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42,

Do dé ¢ lien tuc déu trén X.

Mt khac w(z) > 0,Vz € X va (X,d) la khong gian compak,
nén tdn tai zo € X dé (o) = I%l}I(l o(z) > 0. Néu ¢(zo) > 0,

thi d(zo, f(z0)) > 0 => zo # f(Z0)-
Theo gid thiét ta c6:
o(zo) < d(f(zo), f(f(20))) < d(Zo, f(20)) = ¢(z0) (méu thuén).
Vay o(zg) = 0, suy ra ton tai zo € X : f(zo) = Zo.
Tinh duy nhét: Gid st 3z € X : f(zg) = x5, T # zo. Theo gid
thiét ta co:

d(f(zp), f(z0)) < d(zh, T0) = d(, To) < d(p, To) (v0 1Y)
Vay diém bat dong cla f ton tai vd 13 duy nhat. O -

Do {f.} 12 mot day ham don diéu ting va f, — f (n — ©0),
nén:
folz) < f(z), Ve € K,Vn=1,2,...

Véi € > 0 (nhd tuy §), véi mbi n € N* dit:
Ap={z € K: f(z) — falz) Z €}

Do f, va f la cac liam lien tuc trén K, nén {A,} & déy céc tap.
hop déng. Ta ching minh A, C A,,Vm,n = 1,2,...,m > n.
That vay, ta co:
fn( ) < fm(2),Vz € K
= f(@) = fm(z) < f(z) = fu(z),Vz € K. (1.17)

L&y mot phan t& bat ki z € Ap, suy ra: F(z) = fm(z) > €. Theo

(1.17), ta c6: f(z) — fa(z) = € = z € Ap. Do tinh bét ki cla z,

nén A, C A,. Néu A #0,Yn =1,2,... thi v6i mdi n ta chon
mot phan t z, € Ap. Ta dugc mot day {a:n} CK.DoK la tap
hgp compak, nén:

H{zms} C {zn}: sl-if{.lo Tm, = Tp € K.
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43.

Véi mbi sb nguyén duong bat ki s, ta cé:
Trmaerp € Ameyp C Am, C An, VD >0, m, >n

Do A, doéng, nén:

oo
lim Zpm,,, = Zo €A, (Vn=12,...)=>x0 € ﬂAn.

p—0oo
n==1

Diéu nay 1a v6 1y, béi vi:
0= nlim [ fr(zo) — f(zo)| > € > 0.

Vay phai ton tai mot sb nguyén duong ng sao cho A,, = 0, khi
dé A, = 0,Yn > ng. T dinh nghia ctia 4, ta cé:

Nfalz) — f(2)] < €,Vn > ng,Vz € K.
Vay (f») hoi tu déu téi f tréen K. O

Gié st A, B 1a hai tdp hop con cta tap hgp X, trong dé A 1a tap
hop compak, con B 14 tap hop déng khac réng va ANB = (. Ta
chitng minh d(A, B) > 0. That vay, gia st d(A, B) = 0, suy ra
ton tai {z,} C A, {yn} C B : 7}{{1{}0 d(Zn,yn) = 0. Do A 12 tap hop

compak, nén ton tai {z,, } C {z,} sao cho: lim z, = zo € A.
T —00

Mat khac, ta co:
A(Ynpr To) < A(Ynys Tny) + A(Tny, To) (1.18)
Cho qua gi6i han trong b4t ding thite (1.18) khi & — oo ta dugc:

lim yn, = 0.
MO0

Do B la tap hop déng, nén 7o € B = AN B # (), mau thufn
v6i gid thiét. Mau thuin dé ching t6 d(4, B) > 0. O
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44. Theo gia thiét d 13 mot metric bi chin, nghia 14 metric d thoéa
man digu kién

sup d(z,y) < oo
T, y€X

Ki higu tap hgp tat, éé céc tap hgp con déng, khac rong éﬁa tap
hop X 1a X. Khi d6 d& dang thiy dudc d x4c dinh trén X.

Kiém tra 3 tien d& metric.
+ Tién dé 1: Véimoi A, Be X
Hién nhién d(A, B) > 0

d(A, B) = 0 < max {sup d(z, B),sup d(y,A)} =0

TEA yeB

iiégd(m,B) =0 " d(z, B) = 0,Yz € A L19)
supd(y,A) =0 d(y,A)=0,Yye B '
yEB

Ta chtng minh (d(z, B) =0,Vz € A) & A C B.

That vay, gid st d(z,B) = 0,Vz € A. Ldy z € A bat ki Do
d(z,B) = mf d(z, y) =0, suy ra ton tai (y,) C B: S

lim d(:z: Yn) =0 & hm Yn = T.

n—+0

Do B déng, nén z € B. Tt tinh bét ki clia z € A, s"u’y'.ra ACB.
Ngugc lai, gid st A C B. Khi d6 v6i moi z € A, thi z € B. Do
dé6 d(z, B) = iglg d(z,y) = 0.

y

- Tuong tu ta chu?ng minh duge (d(y,A) =0,Vy € B) & B - A.

Ta ¢6

ACB .
(1.19)@{B§A < A=B.

Vay d(A,B) =0« A= B.
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+ Tién dé 2: Véi moi A, B € X, ta cé:

d(A, B) = max {sup d(z, B), sup d(y,A)}

€A yeB

= max {sup d(z, A), sup d(y. B)} =d(B. A).

TEB YyEA

+ Tién dé 3: Gid st A, B,C € X bét ki. Gia st z,y 14 hai phan
t cd dinh tuy ¥, z € A,y € B, Vz € C ta co: '
d(z,y) < d(z, 2) +d(z,y)
<i z z = ] z)+1 z,
= d(z,y) < inf {d(z, ) +d(z,y)} = inf d(z,2) + inf d(z,y)
= d(z,y) < d(z,C) +d(y, C) < supd(z,C) +supd(y, C)

€A yeB

= d(z,y) < d(A,C) +d(B,C).
Do tinh chéxt thy y cha y € B, nén
int d(s,y) < dlz,y) < d(A,CY+d(B,C)
= d(z,B) < d(A,C)+d(B,C).

Do tinh chat tiy ¥ cha = € A, nén

supd(z, B) £ d(A,C) +d(B,C).

z€A

Bing cach hoan toan tuong ti, ta cé:

sup d(y, A) < d(A,C) +d(B,C)

yEB

= d(A, B) < d(A,C) +d(B,C)

Vay d 1a mot metric trén X. [J

45. Ban doc ty gidi.
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46.

47.

=) Gid st F 13 t&p hgp déng, khong dau tri mat trong M va
X \ F khong phai la tap hop trlt mat trong M. Do d6, ton tai
reXvae>0:

S(z,€) N (X \ F)=0= S(z,€) C F.

Diéu nay mau thufn véi gid thiét F khéng dau tri mat trong
M. Suy ra X \ F' tri mét trong M.

«<) Gid st F déng, X \ F tri mat trong M, ta phai ching minh
F khoéng dau tru mat trong M. Gid st F' khong phai 14 tap hdp

~ khéng dau trii mat trong M, suy ra tdn tai mot hinh cidu mé S,

sao cho moi hinh cAu mé S, C S ta c6: So N F # ).

Do X \ F tris mat trong M = S, N (X \ F) # 0, S, 1 (X \ F)
mé. Ly z € Sy N (X \ F), ton tai lan can S5 C SoN (X \ F). Ta
c6S3C Sy va S3C X\ F= S3NF =0. Suy ra F khong dau
trit mat trong M.

Néu F khong déng thi bai todn khong con ding nita.

Vi du: Tap Q khong déng trong R, Q trit mat trong R. Mat khac . |
R\ Q ciing trit mat trong R. O

Lay zo € G, suy ra: d(xO,A) < c bat r = ¢ —d(zg, A) > 0.
Xét hinh cdu md S <x0, 2) Ta chitng minh: S (:1:0, ;) c G.

2/.

- N T N P
That vay, lay phan tu bitkiz € S (axo, ——) vi a € A. Ta cé:

T
d —
(:E7v$0) < 2)

d(s,4) = inf d(z,y) < d(z,0) < d(@,30) +d(an,e) -

2

,. ' LT
Theo.dinh nghia d(zo, A) = igg d(zo,v), nén véi € = 3 Jag € A
’ Yy

< r + d(zo, a) (1.20) "
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sao cho: d(zg,ag) < %+d($0, A). Thay a béi ag vao (1.20) ta c6:

d(z, A) < g + -;i + d(zo, A) = d(z, A) < + d(z0, A)
=d(z,A) <c

Suy ra S (:1:0, g) C G, hay zp 1a diém trong cta G. Do zy bat
ky nén G md. | '
D& chitng minh F déng, ta chitng minh tap hop X \ F = {z €
X :d(z,A) > c} 1a tap hdp md tIIdng ty nhu ching minh G 1a
t&p hgp md.
Cach khéc: Chitng minh anh xa d(z, A) 4nh xa X vao R lién
tuc trén X va st dung:

G = d-1 ((—‘007 C)) ; F= d_l ((—007 C]) )
trong dé (—oo, ¢) 1a mot tap hogp md cta R, con (—oo, ] 1a tap
hop déng cia R. Tt d6 suy ra G 1a tdp hgp md, con F' 1a tap
hop déng trong R. [J

48. Tinh lien tuc: Véi moi z,y € Clo,y) ta co:

1

5@ - 1) = | [ Inte) et - [latt) ~ (o)

[ Ll

1

[ﬂw~mmw-+/wm—ywwt

1
2

1
3
< [1s9-v |m+/m o)
0

= [1st0) - )1

IA

o o
e N
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Suy ra f lien tuc déu trén Cp,y)-
V6i moi z € S5'(0,1) ta cé:
3 L 1
|f(z)] = /:c(t) dt — /m(t) dt| < /lx(t)[ dt < 1.
0 » 0

1
2

Suy ra f bi chin trén trén S'(0,1), vay ton tai sup f(z) v

zes’
sup f(z) < 1. Dé chtng minh sup f(z) = 1 ta x3y dyng mot
xS’ zes’
day {z.} € S’ nhu sau:
. 1
1, neull<it< - ——
n
n . 1 1 1 1
o(t) =4 —nt+—, nbu-—-<t<-+-=
(t) nt+ g, néug - St<o+ o
1
-1, neu -+—-<t<1

RG rang z,(t) € $40,1) va f(a:n) = 1-———71;, suy ra lim f(z,) = 1.
1.

Vay, ta c6 sup f(z) =
) zeS’

Dé chitng minh f khoéng dat can trén ding trén S'(0, 1), trude
hét ta ching minh cac bd dé sau:

B3 dé& 1. Gid st f la mot ham sé lién tuc, khong am trén [a, b]

b
vd ton tai g € [a,b] sao cho f(xo) > 0. Khi dé /f(z) dz > 0.
Chitng minh | | -

Do f lién tuc va f(zo) > 0, nén tn tai moét 1an can S(zo) clia zo
(hosic 1an can phai néu zo = a, lan can trai néu o = b sao cho:
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f(z) > 0,Vz € S(zg). Goi [, B] 12 m6t doan chita trong S(zo).

Khi dé:
b B
/f(fﬂ)alﬂC > /'f(z)d:z: > 0.

Bd dé 2. Gid st f va g la hai ham lién tuc trén [a, b] théa man:
f(z) < g(z),Yz € [a,b]. Khi dé:

(/f /g(w) dfﬁ) & (f(z) = g(z),Vz € [a,0]).

Chitng minh
=) Gid st /f(z) dr = /g(x) dz, ta chitng minh

f(z) = g(z),Vz € [a,b].

That vay, gid st ton tai o € [a,b] sao cho: f(zg) < g(zo),
hay g(zo) — f(zo) > 0. Do ham f v g lién tuc trén [a, b], nén

-hé,m g — f lien tuc trén doan ndy. Ap dung Bé d& 1 ta dugc

b

/[ (z) — f(z)]dz > 0, hay/g(z )dz > /f ) dz (mau thun

le gia thiét). Mau thuin nay ching t6 f (3:) = g(z),Vz € [a,b].

<) Hién nhién.

B d& 3. Gid st f la mot ham s6 lien tuc [a,b]. Khi do

= / |/ (z)] dz

khi va chi khi f(z) > 0 hodc f(z) <0 vdi moi z € [a, b].

z)dz
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Chitng minh

/b‘f(cv).dx =/b]f(z)}dac.

Néu ton tai z1,z2 € [a,8] : f(z1) > 0 va f(zs) < 0. Khi dé
>

(@) > f(2),Vz € [a,b] va |f| # £, | ()]
—f. Theo Bo de 2, ta c6:

/blf(m)ldz?/bf(x)dfv va /blf(x)ldx> —/bf(w)dfc

Dodo/lf |dm>/b(‘)d:c
(

thuin nay ching t6 f(z) > 0 hodc f(z) < 0 véi moi z € [a, b].

=) Gid st

va

(mau thufn véi gid thiét). Mau

<) Hién nhién.

Bay gio, ta trd lai bai todn. Gia sit f dat dugc can trén ding
trén S'(0,1), nén ton tai zo € S'(0, 1) sao cho:

3 - 1
/xo(t) dt — /xo(t) dt =1 (1.21)
0 3
Ta cé:
2 3
[aoat] < [Izotiar < 3 p
0
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49.

50.

Do d6 ta c6 (1.21) khi v chi khi

| / “o(t) dt

0

. ,
-—/ /1 zo(t)] di =
1

2

. 1
1 véi moi t € {O, iJ

?1}

Diéu nay mau thudn véi gid thiét zo € S'(0,1), mau thudn ching
t6 f khong dat cén trén ding tréen S'(0,1). O

N
o

Il‘o l dt =

\M‘_‘

\
r

c & zo(t) =4

DO =

—1 véimoite [

\..

Ban doc t giai.

Dé dang chitng minh dugc E la mot tap hop déng.
Tinh bj chin: Xét ham zo(t) = 1,V¢ € [0,1], 7o € E. V6i moi
z € F ta co: :

|2(t) — zo(t)] = |2(t) — 1] < |z(t)] + 1 < 2, V€ [0, 1]

= max o(t) — zo(t)} < 2

= d(z,70) < 2,¥z € E = E C §'(z0,2)

Vay E 1a tap hop bi chin.

E khong 1 tap hop compak. That vay, xét day {z,} C F xéac
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51.

dinh nhu sau:

4 . 1
1 nful<t<=-——
; n
1 .
(n+1)t+( ) néul—~l§t_<_l——————l
_ 2 T2 2 n+1
Zn(t) = 4
0 néul———i-< L
| 2 n+1 2
2t —1 néu-l-gt<1
. : 2
D& thiy z,(t) lien tuc trén [0,1] va max |Zn(t) — zm(t)] = 1,

Vm > n. Do d6 {z,} khong chita mdt day con nao hoi tu, suy
ra E khong 13 tap hop compak. [1
Tiéu chudn compak trong khéng gian RF k> 1

Mot tap hgp trong khong gian RF, k> 113 tap hdp compak khi
va chi khi né 1a tap hgp déng va bi chin.

Tiéu chudn compak trong khéng gian

Giast A= {z €lz=(z): |z < (> 1)}, trong do
¢; > 0(i > 1) cho trutdc Khi dé A 13 tap hop compak tuong doi

ichi v& chi khi chudt. Z c? hoi tu.
Tiéu chudn compak trong khong gian metric 1701 T@C

Mot tap hgp A trong khong gian metric roi rac 1a tap hdp com-
pak khi v& chi khi n6 gdm hiu han phan ti.

Tzeu chuam. compak t'rong khong gian Cly

D& thiét lap tieu chudn compak trong khong gian C’ab] trude
hét ta dinh nghia khai niém bi chén déu va lien tuc dong bac. *

Tap A C Clo,y dugc goi la bi chdn déu, néu ton tai hing sb ¢ >"0
sao cho:
Vz € AVt € [a,b] = |z(t)| < e
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Tap A C Cig,p dude goi 13 lign tyc déng‘ bac, néu véi moi € > 0,
ton tai § > 0 sao cho:
Vt,t' € [a,b], [t -t < 6;Vz € A= |z(t) — z(t)] <e.
‘Tiéu chudn cohipak |

Mot tap hop trong khong gian Ci,p 12 tap hgp compak tuong
d6i khi va chi khi né bi chéin déu va lién tuc dong bac.

Viéc chitng minh céc tidu chuin nay xin mdi ban doc ty giai. O



Chuong 2

Khéng gian dinh chuan

2.1 Tém tit Iy thuyét

2.1.1 Kién thic mé ddu vé khong gian dinh chuin
"1. Dinh nghia khong gian dinh chuin

Dinh nghia 2.1.1. Khong gian dinh chudn (hay khong gian tuyén
tinh dinh chudn) lo mot khong gian tuyén tinh X trén truong P (P
la truomg sé thuc R hay truong sé phitc C) ciing véi mét dnh za ti X
v&o tap hop s6 thue, ki hieu || - || (doc la chudn), théa man cdc tién dé
sau:

1) Vz e X) ||lz|| > 0, .
llz|l = 0 < z = 6 (ki hiéu phan ti khong cia X );
2) (Vz € X)(Va € P) [loz|| = |o.|l];

¥

3) (Vz,y € X) ||lz +yll < ||zl + llyll (bdt ding thitc tam gidc).

69
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S6 ||z|| goi 1a chudn chia vecto z. Ta ciing ki hieu khong gian dinh
chudn 1 X. Céc tien dé 1), 2), 3) goi 12 hé tién dé chuén.
Pinh li 2.1.1. Cho khong gian dinh chuédn X Doz vdi hai vecto bat
kKiz,y € X ta dit

d(z,y) = ||lz — yll
Khi do d la mot metric trén X. Vi vay, moi khong gian dmh chudn
déu la khéng gian metric.
Dinh nghia 2.1.2. Day diém (axn) ctia khong gian dinh chudn X goi
16 hoi tu tdi diém z € X, néu lim ||z, —z| = 0 va ki hiéu lim z, =z

00 00

hay z, — = (n — 00).

T dinh nghia dé& dang suy ra mét s6 tinh chat don gidn:

1) Chuén |- || 14 mdt ham gia tri thyc lién tuc theo bién z;

2) Néu day diém (z,,) hoi tu t6i z trong khong gian dinh chudn X,
thi day chudn (||z,]|) bi chan;
3) Néu day diém (z,,) hoi tu téi z , ddy diém (y,) hoi tu t6i y trong
khong gian dinh chuén X, day s6 (o) hoi tu t6i o, thi
Tn+yn = T+Y (n— 00), anZn— az (n— 00).
Dinh nghia 2.1.3. Day diém (z,) cta khong gian dinh chudn X goi

la day co bdn, néu

n}}lm |zn —zm| = 0.

Khong gian dinh chudn X goi la khong gian Banach, néu moi day co
bdn trong X déu hoi tu.

2. Chuén tuong duong

Dinh nghla 2.1.4. Cho khong gian tuyén tinh X va || - .|| - |2 la
hai chudn trén X. Hai chudn || - ||; va || - ||z goi la tuong duong, néu
ton tai hai s6 duong o, 3 sao cho

(Vz €X) allzll < llzllz < Bllzll
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Dinh 1i 2.1.2. Hai chudn || - || va || - ||2 trén khong gian tuyén tinh
- X la tuong duong khi va chi khi hai chudn dé sinh cing mot topo trén
X. :

3. Chudi trong khéng gian dinh chuin

Dinh Ii 2.1.3. Khong gian dinh chudn X 1a khong gian Banach khi
va chi khi trong khong gian X moi chudi hoi tu tuyét dbi déu hoi tu.

4. Khéng gian con

Pinh nghia 2.1.5. Cho khong gian dinh chudn X va tdp hop Xo C X,
Xo # ¢. Tap hop Xo got la khong gzan dinh chuén con (hay goi don
gidn la khong gian con) cla khong gian X, néu Xy la khong gian tuyen
tinh con cia X va chudn trén Xo 1o chudn trén X, néu Xy dong thoi
la tap hgp déng trong khong gian X, thi Xo got la khong gian dinh
chuén con déng cia khong gian X.

DPinh li 2.1.4. Néu X, la khong gian dinh chudn con déng clia khong

gian dinh chudn X va Xo # X, thi vdi moi s6 duong € cho trudc tuy ¥,

ton tai phan tiz € X, ||z|| = 1, sao cho d(z, Xo) = :g% lz—y| > 1—e.
-, . T ycAdo

5. Khong gian thuong

Dinh nghia 2.1.6. Cho khong gian dinh chudn X va khong gian dinh
chudn con déng Xo C X, X/Xo la khong gian tuyén tinh thuong theo
khong gian tuyén tinh con Xo. Ta goi la khong gian dinh chudn thudng
cla khong gian dinh chudn X theo khong gian con déng Xo C X khong
gian tuyén tinh thuong X /Xo cing vdi dnh za

(VF € X/Xo) 13| = i Ja].

Khong gian dinh chudn thuong ciing ki higu 12 X/ Xo.
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2.1.2 Toan t& tuyén tinh bi chin
1. Cac dinh nghia

Dinh nghia 2.1.7. Cho cdc khong gian tuyén tinh X va 'Y trén truong
P (P =R hoic P = (C) Anh za A tix khong gian X vao khong gian
Y goi la tuyén tinh néu dnh za A thda man céc diéu kien:

1) (Vz',2" € X) A(z' +z") = Az’ + Az”;

2) Vz € X)(Va € P) Aoz = aAz.
Ta, thuéng goi 4nh xa tuyén tinh 13 toan tit tuyén tinh. Khi todn tit A
thoa man didu kién 1) thi A goi 1a todn tit cong tinh, con khi A théa

man didu kién 2) thi-A goi 13 toan t& thudn nhat. Khi'Y = P thi todn’
tl tuyén tinh thudng goi 14 phiém ham tuyén tinh. :

Dinh nghia 2.1.8. Cho hai khong gian dinh chudn X va Y. Todn ti
tuyén tinh A tu khong gian X vao khéng gian'Y goi ld bi chin, néu

- (3C > 0)(Ve € X) || Az|| < Cllz]| (2.1)

Dinh nghia 2.1.9. Cho todn ti tuyén tinh bi chin tu khong gian dinh
chudn X vio khong gian dinh chudn Y. Héng s6 C > 0 nhd nhit théa
man hé thic (2.1) goi la chudn cta todn t& A va ki hieu la || Al|.

Tit dinh nghia d& dang nhan thdy, chudn ciia toan t A cb cic tinh
chéat:

1) (va € X) |Az]| < [|A]]ll2ll
2) (Ve > 0)(3ze € X) (A - &)llz]| < || Az
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2. Mt sd dinh 1§ quan trong vé toan ti# tuyén tinh bi chin
trén khong gian dinh chuan

Dinh 1i 2.1.5. Cho todn ti tuyén tinh i khong gian dinh chuin X
vao khong gian dinh chudn Y. Ba ménh dé sau day tuony duong:
1) A lién tuc;
2) A lién tuc tai diém nao dé o € X ;
3) A bi chin.

Dinh If 2.1.6. Cho todn @ tuyén tinh A tir khong gian dinh chudn
X wvao khong gian dinh chudn Y. Néu todn ti A bi chan, thi

Al = sup [|Az]| hay [A]l = sup ||Az].
i<t | lell=1

Dinh Ii 2.1.7. Todn t& tuyén tinh A dnh za khong gian dinh chudn
X lén khong gian dinh chudn Y, c6 todn td nguoe lien tuc A= ki va
chi khi A

(33: > 0)(Vz € X) ||Aa]| > allz]|-

Khi dg [|A7H] <

eI

3. S dong phoi tuyén tinh gida cic khong gian hivu han chiéu

Dinh nghia 2.1.10. Cho hai Ehéng gian dinh chudn X va Y. Néu
tudn tif tuyén tinh lién tuc A énh za khong gian X lén ihong pian Y
c6 todn ti nguge lién tuc A7, thi todn tit A goi la phdp c[ong phoz
tuyén tinh ti khong gian X lcn khong gian Y.

Pinh nghia 2.1.11. Hai khong gian dinh chudn goi la dong phéi
tuyén tinh, néu tén tai phép dong phoi tuyén tinh tu khong gian nay
lén khong gian kia.

Dinh Ii 2.1.8. Mo lJLong gian dinl chudn hitu han chuu ¢é cung so
chiéu déu dong phoi tuyén tinh.
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4. Khong gian cac toan t& tuyén tinh bi chin

Ki higu I(X,Y) la tap hop tat ca céc todn tit tuyén tinh bi chan ti
khong gian dinh chuan X vao khong gian dinh chudn Y. Véi hai toan
tt bat Ki A, B € I(X,Y) va v6i sb bat ki o € P ta dit:

1) (A+ B)x = Az + Bz, Vz € X
2) (aA)z = a.Az, Vz € X.

D& dang kiém tra cac toan t& A+ B € I(X,Y),cA € I(X,Y) va hai
phép toan trén thdéa man hé tién dé khong gian tuyén tinh. Do dé tap
hop I(X,Y’) cling v6i hai phép toan trén lap thanh khong gian tuyén
tinh trén trudng P.

V6i toan tt A bat ki A € I(X,Y) ta dit

|All = sup [|Az] (2.2)

zl|=1

D& dang kiém tra cong thiic (2.2) x4c dinh mot chudn va khong gian
I(X,Y) tré thanh khong gian dinh chuédn. Khong gian dinh chuin
I(X,Y) goi la khong gian toan t tuyén tinh bi chin.

Su hoi ty trong khong gian dinh chudn I(X,Y) goi la sy hoi tu déu cla
day toan t& tuyén tinh bi chan. Day toan ti (A,) C I(X,Y) goi 14 hoi
tu ting diém t6i toan td A € I(X Y), néu ||Ayz — Am[[ — 0 (n — o)
véi mbi xz € X.

Dinh 1i 2.1.9. Néu Y la khong gian Banach, tht I(X,Y) la khong
gian Banach. .
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2.1.3 Mot sb nguyén 1y citia gidi tich ham
1. Nguyén Iy anh xa mé Banach

Dinh nghia 2.1.12. Cho dnh za A dnh za khong gian metric M; =
(Xq, d1) vao khong gian metric My = (Y,dy). Anh za A goi la mé tai
diem zqg € X néu dnh za A bién méi lan can cta diém xg trong M
thanh lan can cia diém Azg trong My. Anh za A goi o md, néu dnh
za A bién mbi tap hop md trong M, thanh t@p hop md trong Ms.
Dinh Ii 2.1.10. Nguyén lj énh za md Banach

Néu A la todn tit tuyén tinh lién tuc dnh za khong gian Banach X lén
khong gian Banach 'Y, thi A la dnh za md.

2. Nguyén 1y dé thi déng Banach

Dinh nghia 2.1.13. Cho hai khéng gian dinh chudn X,Y va dnh za
A t@ khong gian X vao khéng gian'Y . Ta goi do thi cia todn ti¢ A, ki
hieu G(A), la tap hop

G(A) ={(z,Az): € X} C X x Y.

Néu do thi G(A) ctia todn ti A la tap hgp déng trong khong gian dinh
chudn tich X x Y, thi todn t& A goi la todn ti dong.
Dinh Ii 2.1.11. Nguyeén ly dé.thi déng Banach

Cho todn tit tuyén tinh A dnh za khong gian Banach X vdo khong gian
Banach Y. Todn ti A lién tuc khi va chi khi A la todn ¢ déng.

3. Nguyén 1y bi chin déu Banach-Steinhaus '
Dinh nghia 2.1.14. Cho ho (As)er gom cic todn ti tuyén tinh lién
tuc Ay dnh za khong gian dinh chudn X vdo khong gian dinh chuan
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Y, trong dé tap hop chi s6 T c6 luc lugng nao déy. Ho (Ay)ier. goi la
bi chin timg diém, néu vdi mdi x € X thi tap hop (Aiz)ier bi chan.
Ho (At)ier goi la bi chan déu néu tap hop (|| As|)ier bi chdn.

Dinh li 2.1.12. Nguyén 13 bi chdn déu Banach-Steinhaus
Néu ho (At)ier cdc todn @ tuyén tinh lién tuc dnh za khéng gian

Banach X wvao khong gz’and‘z’nh chuan Y bi chan ting diém, thi ho do
. bi chdn déu. '

4. Nguyén ly thac trién Hahn-Banach

Dinh i 2.1.13. Nguyén lj thdc trién Hahn-Banach

Moi phiém ham tuyén tinh lién tuc f zdc dinh trén khong gian tuyén
tinh con Xy cda khong gian dinh chudn X (X, # X) déu co thé thdc
trién lén toan khong gian X vdi chudn khong ting, nghia la c6 thé zdy
dung duoc phiém ham tuyén tinh lién tuc F zdc dinh trén toan khong
gian X sao cho: -

1) F(z) = f(z) (Vz € Xo);

2) IFllx = [ fllx-
T nguyén 1y thac trién Hahn-Banach d& dang suy ra:

e Cho khong gian dinh chudn X. V&i méi phén tit khac khong
Ty € X ton tai mot phiém ham tuyén tinh lien tuc f xéc dinh
trén toan khong gian X sao cho f(zo) = ||zo| v& || f|| = 1.

e Cho Y 13 khong gian tuyén tinh con ciia khong gian dinh chudn
X v o € X thoa man diéu kién:

d(z0,Y) = ;Ig, llzo —yll = d > 0.
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Khi d6 ton tai phiém ham tuyén tinh lién tuc f xac dinh trén
khéng gian X sao cho:

Fp)=0(weY), Ifl=3 flo)=1

2.1.4 Toan ti¥ compak

Dinh nghia 2.1.15. Todn ti tuyén tinh A dnh za khong gian dinh
chudn X wvao khong gian dinh chudn Y goi la todn t& compak, néu
todn t¢ A dnh za tap hop bi chdn bt ki trong khong gian X thanh tdp
hop compak tuong doi trong khéng gian Y.

Dinh 1i 2.1.14. Cho A la todn i tuyén tinh bi chin dnh za khong
gian dinh chudn X vao khong gian dinh chudn Y, B la todn ti tuyén
tinh b chin dnh za khong gian 'Y vdo khong gian dinkh chudn Z. Khi
dé, néu mot trong hai todn ti A, B la compak thi todn tif tich B o A
la compak.

Dinh 1i 2.1.15. Néu A va B la hai todn ti compak dnh za khong gian
dinh chudn X vdo khong gian dinh chudnY, thi vdi moi 6 «, 3, todn
té aA+ BB la todn ti compak.

Pinh 1i 2.1.16. Néu (A,)-la day todn t compak dnh za khong gian
dinh chudn X vao khong gian Banach Y hoi tu tdi todn t¢ A trong
khong gian I(X,Y), thi A la todn ti compak.

2.1.5 Khong gian lien hop
1. Khong gian lién hop

Dinh nghia 2.1.16. Cho khong gian dinh chudn X trén trudng P"

(P =R hay P = C). Ta goi khong gian 1(X, P) cdc phzem ham tuyen’
tinh lién tuc trén khong gian X la khong gian lién hdp cua khong gzan
X va ki hieu X*. , EEEE
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Khong gian lién hop cta khong gian X* goi la khong gian lién hop thi
hai cia khong gian X va ki hiéu X**.

Dinh 1i 2.1.17. Néu khong gian liéen hop X* cia khong gian dinh
chudn X 1a tdch duoc, thi khong gian X tdch dugc.

Pinh If 2.1.18. Tén tai mot phép ding cu tuyén tink ti khong gian
dinh chudn X vao khong gian lién hdp thit hai X** cia khong gian X.

2. Khong gian phan xa
Dinh nghia 2.1.17. Khéong gian dinh chudn X goi la khong gian
phdn za, néu X = X**.

Dinh li 2.1.19. Khong gian con déng cua mot khong gian phan za la
khong gian phdn za.

3. T6pd yéu

Dinh nghia 2.1.18. Cho khkong gian dinh chudn X. Day (z,) C X
goi 1 hoi tu yéu tdi phan ti z € X néu vdi moi lan can yéu U cla
tim dugc s6 nguyén duong ng sao cho vdi moin > ng thi z, € U, ki

. éu
hieu z, L5 z.

Dinh i 2.1.20. Cho khéng gian dink chudn X . Day diém (z,) C X
hoi tu yéu tdi diém x khi va chi khi f(z,) — f(z) vdi moi f € X*.

Pinh 1i 2.1.21. Cho khong gian dinh chudn X. Néu day diém (z,) C
X hoi ty yéu thi day dé bi chdn.

2.1.6 Khong gian L,(F, p)

Gia st F 14 mét tap hgp ndo diy, F 1a mot o- dai sb cac tap hgp con
clia F, p 12 mot do do trén F. L,(E, 1) 1a tap hop tat ca ham sb z(t)
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do duge theo dd do u trén F sao cho tich phan sau hoi tu

/ le(8)P dps, v6ip > 1.

B4t ding thiic Holder

/I:I: ()| du <

véi moi z,y € L,(E, p),

Q fe

@) / V(O i

+ =1vc’}ip>1,q>l.

Q] t‘]\

SRR

B4t ding thic Mincovxki
N : Y
[le0+vpan) <| [ lx(t)l”du) ' ( / Iy(t)l”du>
E E E

véi moi z,y € L,(E, u),p > 1.
Dinh li 2.1.22. Khong gian L,(E, 1) la khong gian Banach.
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2.2 Dé bai tap

1.

Tap hop A cla khong gian dinh chudn X goi 1a tap hop 181 néu
T,y € Athl az+(1—a)y € A (Va € [0;1]). Chitng minh tinh 161
ctia hinh céu don vi S[0,1] = {z € X : ||z|| < 1} tuong duong
voi tién dé tam gidc vé chudn ||z +y|| < ||z + ||yl (Vz.y € X).

Hay chudn hoa céc khong gian metric néu & céc bai tap hop 2
3, 4, 5, 6, 9 trong chuong 1. Chitng minh cac khong gian dinh
chudn dé déu la khong gian Banach.

Cho E™ (n € N*) 13 mot khéng gian dinh chuén n chidu. Ching
minh déy diém z(™ = ({™ (™, ... 3,51” NeE (m=12..)
hoi tu t6i phan t 6 = (0,0,...,0) (n sd khong)-khi va chi khi
v6i mbi j = 1,2;...,n day thanh phan toa do (z; (m )) hoi ty tdi 0.

Cho khéng gian tuyén tinh D,,[a;b] (m € N*) gdm céc ham sb
xac dinh va c¢6 dao ham lién tuc dén cdp m trén doan [a;b].
Chuén clia mbi ham s z(t) € Dnfa; b] cho bing cong thic

m
llz|| = 2 rgag

Chfmg minh D,,[a;b] 12 khong gian Banach.

Chting minh trong khong gian dinh chuén, bao déng ctia hinh
cidu md 13 hinh cdu déng cling tadm v ban kinh, phan trong cha
hinh ciu déng la hinh cdu md cling tam.va ban kinh.

. Cho X la mot l;:h(“)ng gian dinh chudn, X, 13 khong gian con

cta X, Xo # X, sao cho cing véi chudn trén X khoéng gian
con Xy 13 khong gian Banach. Chitng minh néu khéng gian dinh
chuan thuong X/X, la khong gian Banach thi X 1a khong gian
Banach.

Cho A, B la hai tap hdp con ctia khong gian dinh chuidn X.
Chtng minh:
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a) Néu tap hop A md thi tap hop A4B = {z+y: z € A,y € B}
ma.

b) Néu tap hop A compak, tap hgp B déng thi tap hop A+ B
déng. ‘ ’

8. Ki higu K 13 mot tap hop con cla khong gian [; gom tat ci cac

10.

11.

phdn t z = (z,) € [; sao cho chi c6 mot sb hitu han thanh phan
toa d6 z, # 0. Ching minh K 14 tap hop pham trit thit nhat
trong ;.

. Cho X 1a khong gian Banach va F 13 tap hop con déng trong

khong gian X thod mén didu kign: Véi mbi z € X tim duge sb
duong ¢ (néi chung phu thude z) sao cho tap hop {tz: 0 <t <
c}CF.

a) Chitng minh tap hop F chifa mot hinh cdu ndo dby.

b) Bing vi du (chdng han X = R?) hay ching to tap hop F
khong nhit thiét phai chita mot hinh cau c¢6 tam tai phan
tt khong. :

Cho toén ti A x4c dinh bing hé thic
Az(t) = aft)z(t), = € Clos .

trong d6 ham sb a(t) da cho xac dinh trén doan [0;1].

Tim didu kién cin va da dbi véi ham sb o(t) dé toén t A &nh
xa khong gian Co,;) vao chinh né. Véi diéu kign tim duge doi véi
ham s o(t) hay ching minh A 13 toan ti tuyén tinh bi chin va

tim || A].

Chiing minh cic toan tit dudi day déu 1 cac toan tit tuyén tinh
lien tuc anh xa Clgy) vao chinh né:

1
a) Az(t) = / e’ tz(t)dt, z € Cpp, 0 < s < 1.
0

- 1 . ;‘ N N .
b) Az(t) = / sin (s — £)z(t) dt, & € Ol 0< 5 < 1.
0
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Tim chuén cla cic todn ti ké trén.

12. Chitng minh cic phiém ham cho duéi day déu 1a céc phiém ham
tuyén tinh lién tuc trén khong gian Co,y):

8) f(z) = / tha(t) dt;

b) f(z) = /0 2(t) sin £ dt.

Tim chuan cla cic phiém ham dé.

13. Cho ham s6 a(t) € Clgp). Chitng minh phiém ham

f(z) = / a(t)a(t) dt, @ € Cluy

tuyén tinh lien tuc trén Clgp). Tim || f].

14. Ching minh phiém ham F(z) = z'(to),to 14 sb6 ¢ dinh thudc
doan [0;1],z € D1[0;1] 13 phiém ham tuyén tinh khong bi chin
trén Clo,1), nhung bi chin trén D4[0;1]. Tim || F|| trén D;[0; 1].

15. Trén khong gian dinh chudn ¢y cac day sb thuc hoi tu tdi 0, xét
tinh tuyén tinh, bi chin ctia cic phiém ham cho bing cong thiic
dudi day:

a) f(z) =1z, VT = (21,Z2,...,Tn,...) € Co;

b) f(z) = Zzn, VSE=(IE1,$2,..},IE“,...) € co;

n=1

¢) f(z) = an,V:c—(a:l,:cg,...,x ...) €Eco.

n==1

16. Cho phiém ham tuyén tinh f trén khong gian dinh chudn X.
Chitng minh néu f bi chéin trén hinh cdu S = {z € X : ||[z—al| <
r} thi f bi chin.
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17.

18.

19.

Cho hai khéng gian dinh chuén X v& Y trén cting trudng P (P
1a trudng s6 thyc hosic trudng sé phtic). Phiém ham

CfiXXY o P
x4c dinh trén khong gian tich X x Y goi 1a song tuyén tinh néu
f thod man céc diéu kién:
1) floz+ B, y) = af(z,y) + Bf (', y);
2) [z, 2y +py') = Af(z,y) + nf(z,9),
Ve, o' € X, Vy, v €Y, Vo, B, \,u € P

a) Chitng minh cdc ménh dé sau day tuong duong:
i} f lién tuc trén toan khong gian tich;
ii) f lien tuc tai didm (6,6) € X x Y3
ili) Ton tai sb duong C sao cho

|f(z9)| < Cllzllllyll, vz € X,Vy €Y.

b) Phiém ham f goi 13 lién tu theo ting bién néu véi médi z
- ¢b dinh tuy ¥ f(z,) = f; lién tuc theo bién y € Y va vdi
mdi y c¢b dinh buy ¥ f(-,y) = f, lién tuc theo bién z € X.
Chitng minh néu phlem ham f hen tuc thi f lién tuc theo
ting bién. ,
c) Gidstcoit nhét mot trong hai khong gian X va Y 1a khong
gian Banach. Chitng minh néu f lién tuc theo timg bién thi
nd lién tuc.

Cho hai chuén || - ||; v || - ||2 trén khong gian tuyén tinh X thoa
man cac didu kien: Khong gian tuyén tinh X ciing v6i mdi chuén
déu 1a cac khong gian Banach va khi Il = 0thi ||| — O véi

moi diy diém (:cn) C X. Ching minh hai chuan da cho 13 tuong

duong.

Cho E v& F 13 hai khong gian con déng clia khong gian Banach
X thod man didu kien: V6i phan t bat ki z € X déu cb bleu

dién duy nht ,
=u+7, uEE,’UE_F- '
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20.

21.

22.

23.

24.

Chuong 2. Khéng gian dinh chuin

Chitng minh céc todn tit chibu
X3z—ueE Xoz—veF

déu lién tuc.

Cho hai khong gian Banach X vA Y, toan tit tuyén tinh A tit

khéng gian X vao khong gian Y thod man cac diéu kién: véi
moi day diém (z,) C X hoi tu t6i khong va véi moi phiém ham
tuyén tinh lién tuc g trén khong gian Y déu c6 day (9(Az,)) hoi
tu t6i khong. Ching minh A lién tyc.

Cho day toan ti tuyén tinh lién tuc A, (n=1,2,...) tit khong
gian Banach X vdo khong gian Banach Y. Chitng minh day todn
ti (Ay) hoi tu ting diém tdi toan t tuyén tinh lién tuc A khl
va chi khi day toén ti (A,) thod man cac didu kien:

1) (3C > 0)(¥n =1,2,...) | Al < 5

2) Trén tap hop E tra mat khip noi trong khong gian X, véi
mbi r € E day diém (Az,) & day co ban trong khong gian
Y. : ' ‘

Cho X 13 khoéng gian Banach, I 13 toan tit ddng nhét trén khong
gian X, A 1a todn t tuyén tinh bi chin dnh xa khong gian X
vao chinh né sao cho [|A]| < ¢ < 1. Chitng minh todn tit ngugc
(I — A)~! tdn tai, bi chin vA bidu dién dusi dang

(I- A= iA".
’ k=0

Chitng minh moi toan tt tuyén tinh bi chin 4nh xa khéng gian
dinh chudn hitu han chidu X vao khong gian dinh chudn Y déu
14 toan tit compak.

Toan ti tuyén tinh bi chin A anh xa khong gian dinh chudn X
vao khong gian dinh chudn Y goi I3 todn tit hang hitu han néu
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25.

26.

27.

28.

29.

30.

31.

khéng gian Y hitu han chidu. Chtng minh toan t A c6 thé biéu
dién dudi dang:

Az = Z fk 61” T € KX,
trong dé e, (k = 1,2,...,n) 1a cdc vecto doc 1ap tuyén tinh

trong khong gian YV, fr e X* (k=1,2,...,mn).

Ching minh néu A 14 to4n t compak 4nh xa khong gian I, vdo
chinh né thi tén tai mot day toan t hang hitu han hoi ty t6i
toan ti A trong khong gian I(ls, o).

Chting minh toén tt compak 4nh xa day hoi tu yéu trong khong
gian Banach X thanh day hoi tu manh (hoi tu theo chuén) trong
khong gian Banach Y.

Cho toédn t1t A xéc dinh bdi cong thiic
AI(t) = &(t)l‘(t), TE C[O;l])

trong dé ham s6 da cho a(t) € Cjo,1). Toan ti A c6 phéi 14 toan
tt compak hay khong? Vi sao?

Tim cac khong glan hen hop cta cac khong gian R7, s,
bp(p>1),c

Chting minh trong khong gian Eukleides R”, syt hoi tu yéu trung
v6i sy hoi tu manh. '

Chting minh trong khong gian [;, mot day vécto hoi tu yéu thi
day d6 hoi tu theo toa dd, dong thoi ciing hoi tu manh.

Cho céc toan tt xac dinh bdi cong thitc
/Kst t) dt, :EEC[ab],

trong d6 K (s, t) 12 ham sb lién tuc trén hinh vudng

D={a<s<ba<t<b}
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b .
Anz(s) :/ P, (s, t)z(t) dt, = € Clay,
tr(‘)ng d6 Py(s,t) 1a da thitc hai bién s6 sao cho

mgle(s,t) — Po(s,t)] = 0, (n — o0).

Hay néu dic tinh sy hoi tu clia day toan t (A,) t6i toan tit A.

32. Cho hai toan t tich phan

b .
(Az)(s) =/ K(s,t)z(t) dt, z(t) € Clay)

(Bz)(s) = / H(s, )a(t) dt, o(t) € Ciagy.

Ching minh toan tit A o B ciing 1& todn ti tich phan véi hat
nhan :

R(s,t) = /b H(s,u)K(u,t) du.

2.3 Bai tap nang cao

33. Cho E va F la hai khéng gian tuyén tinh con déng ctia khong
gian dinh chudn X. E+F = {u+v:u € E,v € F} ¢6 la khong
gian tuyén tinh con déng cta khong gian X khong? Vi sao?

34. Tim dang t3ng quat clia cac phidm ham tuyén tinh lien tuc trén
chc khong gian dinh chudn E™, co, 11,1, (p > 1), Ly[0; 1] (p > 1).

35. Cho p la mot ham gia tri thyc khong am trén khong gian tuyén
tinh phitc X thod mén diéu kién:

- p(z+y) < p(z) +p(y), p(Az) = [Ap(2), V2,5 € X, VA E P,
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36.

37.

38.

39.

f 1a phiém ham tuyén tinh trén khéng gian tuyén tinh con
Xo C X.

Chittng minh t6n tai phiém ham tuyén tinh F xac dinh trén
khong gian X sao cho:

|F(2)| < p(z) (Vz € X), F(z) = f(z) (Vz € Xo).

Cho X 1a khong gian dinh chuén thyc, A, B 1 hai tap hop con
161 khéng giao nhau clia khong gian X. Chitng minh:

a) Néu tap hop A md thi c6 mot phiém ham f € X* sao cho
f(z) < a< fly) (Vr € A, Vy € B, o 1a mdt sb thyc ndo
day);

b) Néu A 1a tap hop compak va B la tap hop déng thi c6
mot phiém ham f € X* sao cho f(z) < a; < ay < f(y),
(Vz € A, Yy € B, oy, ag da cho). .

Cho hai to4n t1 tuyén tinh bi chin A, B 4nh xa khéng gian dinh
chudn X vao chinh né sao cho toan t& Ao B 1a compak. C6 nhét
thiét mot trong hai toan tt A, B 14 compak hay khéng? Vi sao?

Hay xay duyng thi du todn ti A khong compak nhung toédn t
A? = Ao A la toan tlt compak.

Ching minh trong kh()ﬁg gian L,(F, ) thue (1 < p < 00), day
phan ti (z,,) hdi tu theo chuén t6i phan ti z khi va chi khi day
dé hoi tu yéu va day chudn (||z,[|) hoi tu téi ||z]|.
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2.4 Hudéng dan giai

- 1. =) V6i moi z yEX neu:c—Ghoacy—chltacongaydleu
phai chiing minh.

Xét x # 0,y # 0 thé thi — 8,1
T ™ fj €500
z Yy
ar—+ (1 —a)— € 5[0,1],Va € [0; 1
Tl T4 @)y € S0 Vo € [051]
Chon o= _ el € S[0;1], tac6 1 —-a¥ gl nen:
B ‘ Tl + o]
el = . el v
. -+ S18. 1
Tl el Tl T Tl + ol Tg € 510 Y
z+y
IV cg0,1
el + el ]
Tty <1
EEAT

=z +yll < llell + Iyl

<) V6i moi z,y € S[9, 1] va Va € [0;1], ta cé:
az+ (1 -ayll<eclzl+(1-a)yl <a+(1-a)=1
=az + (1 — a)y € S[4,1]
=S5[6,1] 1a tap hop 161
Vay ta c6 diéu phai chithg minh. O
2. Ban doc tu giai.
3. Ban doc tu giéi.

4. Trong khéng gian Dy, [a;b] xét mot day cd ban bat ki (z,)2,,.
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Khi d6, (Ve > 0)(3ng € N*)(Vn,p > ng):

m
el — (k) (4 (k) €
27 — || 2 max |27 (t) — 5,7 (6)] < —

Tu dé, véi méi E=0,1,...,m;¥n,p>ng:
' £

m+ 2
€

(k)
ﬁ?ﬁ,lx (t) — =, (t)] <

= |z (1) — 2P (1)] <

——s1 Vit € [a; b] (2.3)

Suy ra véi mbi t € [a;b], day (:Cg”)(t)) la day co ban trong R nén
n6 hoi tu dén sbé () € R. T d6 ta nhan duge ham sb (1)
xéc dinh trén [a; b].

Chuyén (2.3) qua gi6i han khi p — oo ta dttdc

125 () — pi(t)] < — 2, Vt € [a;b], Vn > ng. (2.4)
Suy ra véi méi k = 0,1,2,... day ham (a:Sf“) (t)), gdm céc ham

lién tuc, hoi tu déu dén @ (¢) trén [a;b], do d6 (pk( ) lien tuc
trén [a;b]. Hon nita, véi mdi k = 0,1,2,... ta c6 thé chiing minh
dugc day ham (z ( )( t)) hoi tu déu dén ham o) (t) tren [a; ], do
d6 o (1) = pi(t) Vt & [a;b] va vk = 1,2,....

Tt d6 suy ra ham s g(t) c6 dao ham lien tuc dén cip m trén
[a; b], nén @o(t) € Dpla;b).

Cubdi cling ta con phai clnrng minh (z,) hoi tu v& ¢, trong
Dpa; ).

Tit (2.4) suy ra, v6i moi n > ny:

max | (1) — @é’“’(t)‘ <% WE=01,...m

a<t<h m+ 2
- ()
(®) (¢ ¢ t}
ék*oggfggw (t) —wo (B)| <e

=z, —z|| <€
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Chuong 2. Khong gian dinh chuan

Twu d6: lim z, = . Vay Dpla; b] 14 khong gian Banach. [

. Goi S(z,r), S|z, 7] tuong tng la céc hinh cau md, déng tam z,

ban kinh .
e Ta chiing minh

S(z,r) = Sz, 7] (2.5)
D& thay S(z,r) C S|z,r] 1a tap hop déng, do dé:

S(SE, T) - S[LE, T] ' (26) .

Bao ham thitc ngudc lai dugce chitng minh nhu sau. Lay phan ti
thy ¥ y € Sz, 7], suy ra ||z — y|| < r. Xét day (yn)ne; xéc dinh

1 1
bcn:ynz—x—f— 1——~ y. Ta co:

lon =l = |32+ (1- 1) v=s

-2)o-n

(1———-—) |Iy———xH<r Vn > 1

=yn € S(z,7), Yn > 1 va

(-

1
=lz—y|<-—0(n—o0
~llz yllf.n—* (n — o)

“yn - y” -

Tit d6 suy ra: lim Yn =Y, lai theo chting minh trén thi (y,) C
S(z,r) nén y 1a diém dinh cla S(a: r) titc y € S|z, r] Viyla
tuy y nén ta co:

S[x r] c S(z,7) N (2.7)
T (2 6) va (2.7) ta c6 (2.5).

e Tiép theo ta ching minh
int(S[z,7r]) = S(z,T) (2.8)
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Lay phén ti tiy 7 y € int(S[z,7]) = y € Slz,r]=|ly—z| <.

Néu ||y — z|| = r, xét déy (yn)®, xéc dinh nhu sau:
o1 ’ 1
Yn = ——Z + <1+—> y, Vn>1
n n
Ta cé:
1
I =l = (143 ) ly—al >, vn 21
= yn & S[z,7], Vn > 1.
Nhung lai cé:
. T : .
lgn —yll = — — O(n — o0) = lim y, =y.
2 00
Diéu nay mau thun véi viéc y 12 diém trong cta S [z, 7].
Do dé phéi ¢é: ||y — z]| < r hay y € S(z,r). Suy ra:
int(S[z,r]) C S(z,r) (2.9)
Mat khac, vi S(z,r) C S[z,r] va S(z,r) md nén:
-S(z,r) C int(S[z, 7)) (2.10)

T (2.9) va (2.10) suy ra (2.8).
Tu (2.5) v (2.8) suy ra diéu phai chitng minh. [J
6. Gid st (z,)2, 1& mot day co ban trong X.
Thé thi véi s6 € cho trude (nhéd tuy ¥):
, | ; | .
(Fno)(Vn,m > ng) : ||zn — Tm| < 3
Ta cling c6:

@7 = Eall < llan = 2mll < 2, Vo m > mo
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Chuong 2. Khéng gian dinh chuan

nén z, ciing 14 day cd ban trong khong gian Banach X /X, do
d6 n6 hoi tu vé T € X/Xo, nghia la:

(Fny > no)(Yn > ny) ||z, — T < %

€
h inf — < =.
ay ylell)(ollxn z+yll <
Theo tinh chét cta can dudi ding:

(V7 > 12) Ty € Xo) ¢ |z — & + 3] < % n g- =-§-

Ta sé ching minh (y,)2.,. 1a day co ban. That vay:

n—n1
“yn - ym” = “(mn —z4+Yn) = (Tm —T+ ym) + (mm - $n)”
< lzn — 2+ Yall + [l2m — 5’3.“" Yl + | Zm — Znl|

& [ £
<=—4+-+=-=¢g Vnm>n
3t3T3 !

Do d6 (y.) 1a day co ban trong khong glan Banach X nén né

- hai tu dén y € X, tic la:

. 9%
(Fng > ny)(Vn > n9) @ |lyn — ¥l < 0

Cubi ciing ta s& ching minh: z, — = — y (n — 00)."

That vay:

|lzn — (z — )l = “(-Tn —Z4+Ya) + (¥ — y)ll
< |z “$+yn” + ”y"yn”
e 2e
. <§+‘é'=€, Vn > ne

do dé: z, —» z —y € X(n — o)

Vay X 1a khong gian Banach. [

. a) Trudc hét ta sé ching minh tap hop y + A md véi mdi y cb

dinh tuy ¥ thudc B:
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ldy z € y+Asuyradzr € A: z = y+z. Vi A md nén
3S(z,r) C A. Ta can ching minh S(z,7) C y + A.

That vay, v6i moi 2’ € S(z,7) ta co:

|2/ —2|| <7
=|(z'—y)—z| <r
=z —ye S(z,1)
=>z'=2—-ye A
> =y+r ey+A
=S5(z,r) Cy+ A.

do d6 z 1a diém trong clia y + A. Vi z 13 bét ki nén y + 4 mad.

Ta cbé:

A+B=Jy+4),

yeB
nén A+ B mé.
b) Lay day (2,)%2; bat ki cia A+ B va héi tu v& z € X. Khi
doé:
(Vn=1,2,...) 3z, € A,yn € B) : 2, = Ty, + Yn

Ta nhan duoc hai day (z,) C A va (ya) C B.

Tap hop A 1a compak nén tit (z,) rat ra duge day con z,, hoi
tu vé z € A.

R6 rang ta ciing b z,, hoi tu vé z, do d6
Ynp = Zny, = Tny, 72—
Ma B déng nén
z-—-:vEB:>z=i-’i-‘(z—-'x)€A+B._

T day suy ra A+ B déng. [
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Chuong 2. Khéng gian dinh chuin

T

8 Véimoim=1,2,...,dit:

Kp={(zn)2, Cl iz, =0,Yn > m}

D& thay:
K= U K,
m=]

Tiép theo ta sé chiing minh (Vm) K, 1a tap hop khong dau tru
mat, nghia 13 v6i hinh cau md cb dinh tuy 7 S(z,r) C I

(3S(y,m1) € Sz, 7)) : S(y,m1) N Ky, = 0.

Goi z,, 1a toa do thit m cla z, ludn tim dugdc sb ¥, # 0 :
[ZTm — Ym| < 7.

Goi y € I4 14 phan t1 ¢6 toa do thit m 1a v, con cac toa do khac
tring véi toa do tuong tng cta z. Ta c6: y € S(z, 7).

Msit khéc:
t}i%%' tlym| =0,

(ato € (0’ 1)) : tOIym| + |zm - ym! <r
Hinh cau S(y, to|ym|) C S(z,r) vi:
2=zl < llz =yl + ly — =

< tolyml + lzm - yml
<7, VZ € S(y7t0|ym|)

Néu z € K, thi 2, = 0 va:
1z =yl = |2m — Ym| = [Yml| > tolym|

= S(yat0|ym|) N Km = 0

Vay K, 1a tap hop khong dau trit mat (vm). Tu day c6 didu
phéi chttng minh. UJ -
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9.

10.

a) Ban doc ty gii.
b) V6i X = R?, ta dat:
F = 8[(1;0),1] U S[(—1;0), 1]U
U{z = (z1; 72) € R*:z;=0,-1< 2, YS 1}.

Tap hop F' déng va khéng chita bat cit mét hinh cau ndo ¢ tam
3 gbctoado . O
Tim diéu kién cho a(t).
Diéu kién can: Gia sit A 1 toan tit 4nh xa khong gian Cig,1) vao
chinh né. Khi d6 véi moi z(t) € Cjo. ta deu c6 Az(t) € Cpy).-
Néi rieng voi zo(t) = 1, V¢ € [0; 1] thi:
Azo(t) = aft) € C[o;l]

Ngugc lai, néu o € Cjo;y) thi A 1a todn ti tuyén tinh tit Cg,y) vao
chinh né.
Vay diéu kién can vh di dé A 13 toan tt anh xa khéng gian
C[0;1] vao chinh n6 1& a(t) lien tuc trén doan [0; 1].
D& théy v6i didu kién trén clia ham s6 « thi A 1a toan tit tuyén
tinh. Ta chitng minh A bi chén va tim chudn clia né.
Goi M = tm{ax[a(t)[ . Vi moi z(t) € Cio; ta cé:

€

|Az(2)] = |a@®)z(t)] = |e@)||z()]
< M tem[c?%{] lz(t)], vt € [0;1]

A <M c(t
éfé}?"f’ z(t)] < A trg[%lx()l

= ||Az]| < M||z||.

Bat ding thitc ching t6 A bi chin va ]]AH < M. Mat khéc, ta
lai co: ;

Al = Sup. [ Azl = [|Azol| = max [Azo(¢ )l = max [a(t)] = M.

te[0;1] te[0;1]

Vay Al = M. O
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Chuong 2. Khoéng gian dinh chuin

11. a) Véi moi z € Clo;y), ham s6 f(s,t) = e*~*z(t) lién tuc trén hinh

vudng [0; 1] x [0; 1]. Do d6, theo dinh 1y vé tinh lién tuc cla tich
phan phuy thudc tham sb, ta c6 Az(s) lién tuc. Vay A 1a 4nh xa
tit khong gian Cig;y; vao chinh né.

D& thay A 1a toan. tt tuyén tinh. Ta sé chitng minh A bi chin
va tim chuan clia né. Véi moi z € Clg;y, ta co:

[ e etoyar]
< [ e ela

1
< &
_/0 . (trg[g%clx()o at

=e’(l—e” )tem[gﬁlﬂf(t)l

<(e~1)tm[axl:r:( ), Vs € [0;1]

= max [ As(s)| < (e~ 1) max [at £

= [|Az]| < (e - 1)]jz]|.

|Az(s)| =

Bét déng thic ching t6 A bi chin va ||A]| < e — 1. Mt khéc,
xét zo(s) = 1, ‘v’s € [0;1] ta c6 2o € Clgyy VA ||zo]| = 1. Do dé:

HAH SUP | Az > [|Azo| = max IAZEO(S)I
w ._.
B | 1
=max [ e tdt=e—1.
s€[0;1] /o

Vay || A =e—1.

b) Tuong ty nhu trén ta ciing cé A la toén t@ tuyén tinh tit
khong gian Clg;) vao chinh né.
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V6i moi z € Clo,j, ta co:

|Az(s)| = /01 sin ’R‘(S —t)z(t) dtl

< /1 |sinm(s —t)||z(t)| dt
0
< < /0 |sin (s — ¢)| dt) mas |z(t)]

te(0;1]

s 1
= (/ sinw(s —t)dt +/ sinm(t — ) dt> max |z(t)]
0 Js te(0;1]
_ (cos (s —1t)
- T
0 .

1
) mmax [(t)]
(1 cosms cosm(l—s) 1)
+

" cos 7(t —s)

™

8.

¢
max |z(t)]

T o ™ s

2
= — t)], vV 0;1
mrg[ggllm()l, s €[0;1]

2 ' 2
A < - )] = [|Az] < —|lz||-
= sIIle[gJIC]] z(s)| < 7Tt€In[gDIC} |z(t)| = [|Az]| < W”m”

Suy ra A bi chin va ||4] < %
Mt khéc, 1y zo(s) = 1 (Vs € [0;1]), thi ||zo]| = 1 va:

|A|l = sup ||Az]| > ||Azo|| = max |Azo(s)]
llzll=1 s€[0:1]

/O sin(s — 1) dtl

= max

5€[0;1)
_ cosm(s — )"
. se[0;1) ™ 1o

2
= — ImaxX COSTS
T s€[01]

2
s
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, 2
Vay [|All = -
T
3
2. ==
12. ) 7l = 2
b) |Ifll = 1 — cosl.
13. Csch 1: D& thy f la phiém ham tuyén tinh tren Clay).

Véi moi z € Clgy, ta cé:

1) = / () ()ldtl
/ j2(t)ll(t)] dt

<( / aft) dt ) max la( )

— M|z|, M= / o) .

Tt d6 suy ra f bi chin, do dé6 lién tuc va || f]] < M.

Ham o lién tuc trén doan [a;b] nén né lien tuc déu trén doan
dé. Suy ra Ve > 0,30 > 0 sao cho V&', t" € [a;b] : [t —t| < 6
déu c6 |a(t) —a(t’)| <e.
Chia doan [a; 8] thanh cdc doan nhé béi céc didm a =ty < t; <
c < tho1 < tp, = b sao cho max [t; —tj—1] < d, ki hieu A; =
<j<n

ti—ti-1 (j=1,2,...). Goi A}, AS, ..., Al 1a nhém céc doan nhd
sao cho a(t) chi c6 modt ddu trén mdi doan dé, goi tit ci nhimng
doan cdn lai thudc nhém thit hai A7, Ag, LA (l=n—1). Vi
trén mbi doan A, ham o d6i ddu nén tdn tal mot gia tri bang
khong, suy ra |a(t)| < e, t € A,.

Ta xay dyng ham z(¢) lién tyc trén [a;b] nhu sau:

z(t) = signa(t), t€d; (j=1,2,...),
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tréen mdi doan thudc nhém thit hai ta coi ham Z(¢) 1a -tuyén
tinh, néu a (hodc b) 1a mit ctia doan thudc nhém thit hai, ta coi
Z(a) =0 (hoac E(b) =0). D& thdy |Z(¢)| <1(a <t g b). Ta cb

/aa(t t)dt‘ . (t)Z(t) dt+Z/ a(t)z

/]a fdt——‘)Z/ (t)] dt

S / la(t)| dt — 26(b— a).

: b
Vie > 0nho tuy ¥, nen ||f]| > / la(t)] dt.
b
Vay 1711 = [ laol
Cach 2: Theo trén ta cé
b
< [ lalds
Dt z(t) = sign(a(t)), Vt € [a;b]. Do z 1a ham don gién nén né
_kha tich (L) trén doan [a; 8] v6i do do ki higu 4.

Theo dinh 1y Lusin:

1.

Vn=1,2,---,3F, C[a;b], déng: u([a;b] \ Fr) < Q—K,—T;

voi K = g.[g}b( ]a(t)l

Lai theo dinh 1y Titzo-Uruxon, tén tai mot ham s6 lién tuc

Zn ¢ [a; 8] = [-1;1]
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. Ta cé:

/ab |e(8)] dit — /ba(t)xn(t) dt‘

a

[ tatolete - sa(0) |

sa0 cho z,| m = Zn| -

IM - f(xn)l =

b

< / la(t)12(2) — wa(t)] dt

_ / la(t)]|2(t) — za(t)] dt
[a;b\Fn

< mesx |a(t) /[ o [0+ (o]

T tefa;h)

<K 2dt
[a;b]\Fn

= 2Kl ]\ ) < -
Suy ra

M < If @)+ S )]+
< I lleall + = < 711+ 5, .
Cho n — oo ta duge M < ||f]. -
Vay || fll = M = /ab la(t)] dt. O

14. F khoéng bi chan trén.C’[o;”. .
Xét z,(t) = sinn(t —to) € Cpyp, (0 =1,2,...) v6i to € [0;1].
Ta cé:

F(mn) = a:;l(tO) = nCOS’n(t o to) i =100
=g

||za|| = ex o) < L,Vn=1,2,...
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Tu day suy ra F' khong bi chan trén Cigy).
Nhan xét: Ta cing c6 thé ching minh F khéng lién tuc tai
zo = 0 € Clo) béng céch xét day (z,) C Clo,y v6i

sinn(t —1
xn(t)=-5—%——9z, n=12,..., t € [0;1].

do dé F cling khong bi chén.

F bi chin trén D,[0;1].
Ta 6, Yz € D4][0; 1]:

= "N > / =
1zl trgllgg]{lw(t)l,lw{)l}_tem[ggﬁlx(to)l | 7 (@)]l,

do d6 F bi chin trén D;[0;1].

Tit trén suy ra: ||[F|| < 1. Mat khéc, xét z;(t) = sin(t — to),
to € [0;1], ta cb:

I1F(z)l =1 va [|z1]] = 1,
nén
| F|| = lngl | F(@)| = [|F'(z)]| = 1.

Vay |F|l=1. 0

" 15. a) D& thiy phiém ham f dinh nghia nhu trén hoan toan dugc
xéc dinh va f tuyén tinh.

Véi moi z = (21, %g,...) € éo ta co:
£(@)] = loa] < max o] = fal].
Suy ra f bi chin va || f|| < 1.
Mit khéc, lay zo = (1,0,0,...) € ¢ thi
I1f1l = sup If @) = |If (o)l = |1] = 1.
lil=

|| = 1, do d6 "
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Vay |Ifll = 1.

b) Véi moi z = (zly,’xg, ...) € ¢, theo dinh nghia thi day (z,):2,
hoi tu téi khong do d6 bi chan. Tic la

AC>0:|z,| <C,Vn=1,2,....
=T
Xét chudi E 1'2—7;

n==1
bi chan, vi

gdm cac sb hang khong am c6 day tdng riéng

k
N Zn 1 _
Z‘I*Q'; <O - ) SO V=12,
n=1

o0
P s = T s ~
Do dé chudi néi trén hoi ty, suy ra chudi E -é% hoi tu. Vi vay
n=1 '

phiém ham f xé4c dinh trén co.

Dé& thiy f tuyén tinh. Véi moi = € cy:

=+ o0 oo
_ Tn Ty I
F@I= 3 2 < |2 < maxlanl 3 5 = e
n=1 n=1 ) /n:l
suy ra f bi chan va || f]] < 1. oS

Mat khéc, véi € > 0 cb dinh ty ¥, [ay

! 1
5“" 1+€’0-0’(1+E)n’~01 .

Ta c6

: 1
L N ST
nén z. € ¢y va ¢ H:c,s]] =,1_—~1;E < 1. Tu do
1
171 = g 10 2 Mol = 3
A

FEFRS




Bai tap Giai tich ham | 103

Chuyén qua giéi han khi € — 0 ta duge || f]| > 1.
Vay [|fll = 1.

(11 ‘ ST
c) Lay (1, CIRRRREmEE > € ¢g nhung chu@ Z - lai phan ki.

Do d6 f khong xac dinh trén cg. UJ

n=1

16. Ta.c() f bi chin trén hinh cidu S nén 3C > 0:
1£(@)| < Cll, Ve € S.
Ma Vz € S thi
el = li(z = a) + all < |l — al + llal] < Jla]l + 7,

do dé
|F(@)| < Clla|]| +7)= M, Yz € S

Lay z bat ki khac phan tt khong ctia X.Khi d6

Y= B ”+a65:>1f( Y| <M

vA 1o rang ta ciing ¢ If(a)l < M. Tudé

s (mu)’ ~ 1(6) = @) < @)l + 17 (@)] < 20,

suy ra

V@) < 2 el (21

Dé thiy (2.11) ciing ding véi z = 0. Vay
oM,
£@) < el va e x,

‘nghia 1a f bi chan. [J
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Chuong 2. Khﬁhg gian dinh chuin

17.

a)

i) = ii) Hién nhien. 1

ii) = iii) Gi& st f lién tuc tai (6,6) nhung khéng ton tai sb
duong C thod man dé bai. Thé thi:

(Vvn=1,2,..) 3z, e X,yn €Y  ||zn]| = 1, |ltnl = 1)
|f(Znsyn)| 2 10

T
Ditz, = —=, y, =

Yn
T

1/ )] = 1 )] 2 1

tacod z, — 0, y, — 6 (n — oo) nhung

mau thuln gid thiét f lien tuc tai (6,6). Vay phai ton tai sb
dwong C thdéa mén dé bai.

iii) = i) Véi (z, v) bat ki thudc X xY va v6i moi day {(zn, yn)} C
X x Y hai tu téi (z,7), ta co:
Tp = T, Yp — Y (N — 00)

va

lf(wmyn) - f(a?,y)l < lf(mmyn) - (xm )|+
- F1f(@ny) - f(z,9)]
<N (@ny g — ) + | (@0 — ,9)]
< Cllzallllyn — yll+
+ Cllzs — zllllyll — 0(n — o).

Vay f lién tuc trén toan khong gian tich.
b) Hién nhién

c) Khong mét tinh téng quét, gid st X la khong gian Banach.
L&y (zo, 7o) tiy ¥ thuéc X x Y, v6i moi day {(@n,yn)} C X xY
hoi tu téi (zo, yo) ta cb

Tn > Boy, Yn > Yo (n — OO)
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18.

Xét day phiém ham f, (z) = f(z,9a), Vz € X (n =1,2,...).
V6i mbi z € X ta co

lim fyn(x) = T}L%f(zvyn) = f($7y0) - fyo(x)-

n—o0

Do d6 day (f,,) bi chin ting diém trén khong gian Banach X.
Theo nguyén 1y bi chin déu thi day (|| fy.]|) bi chan, tic

AM > 0: ||fy. |l < M, Vn.
Xét € > 0 nhé tuy ¥, vi z, — xo nén

€
Ing,Vn > ny ||z, — 20| < TR

lai Vi fy, lién tuc tai yo nén
v €
dng,Vn > ny - lf:co(yn - yO)l < '2—

Khi d6, v6i moi n > max{n;,ns} ta cé
|f (2, yn) — f(20, v0)| < |f(Zn — o, yn)| + 1f (%0, Yn — Y0)|
= |fyn($n — xo)| + ]fmo(yn ~ o)

€ €
< e ——
”M2M+2 €

Vay f lién tuc. O
Xét anh xa: '
I (X0 M) — (X 0] - l2)
Tt gia thiét, suy ra [ lien tﬁc, do do bi chin. Tic la:
da>0: ||lz]lz < allz|:, Vz € X.

Mit khac I la toan ti tuyén tinh, 4nh xa 1-1 tit khong gian
Banach 1én khong gian Banach nén todn t ngugc:

I (X fl2) — (X0 )

z I z)=1z



106 Chuong 2. Khong gian dinh chuin

cling lién tyc, suy ra:

Hﬁ >0: ”513“1 < /3”.’13”2, Vx € X

Vay hai chuan da cho tuong duong. (I
19. Cach 1: Xét anh xa: |

P X —FE

T+ Piz=u
Ta s& chitng t6 P, lién tuc bing cach chitng minh
G(P) = {(z, Pz) : 7 € X}
déng trong X x E, nghia 1a, v6i moi {(zn, Piz,)} C G(P1) hdi tu

t6i (z,y) € X x E ta sé ching minh (z,y) € G(P;) hay y = Piz.
That vay, theo gid thiét:

(Vn=1,2,...)(3(tun,vn) € EXF): zp = tup+vp, V& PiT;, = Un

" Do dé, khi n — oo

(T, Pr2n) — (2,9)
=|(zn, un) — (z,y} — 0
=>(zn — z,un —y)[| — 0
=z — || + llun —yll = 0
=|zn — 2| = 0 va [lun — ¢l = 0
=T, D T VAU, =Y
=T —Up — T —Y
=Up =T —Y

(un) C F va hoi tu téiy nén y € F.
(vn) C Fv hoi tu téiz —ynénz —y € F.
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Tt d6 ta cé bidu dién:

rT=_Uu T —
NP Ys
€E cF

nén Pz = y. Do dé c6 P, 1a toan tit déng, hon nita né 14 4nh xé
td khong gian Banach vao khong gian Banach nén theo nguyén
1y dd thi déng Banach, ta c6 P; lién tyc.

Chitng minh tudng tu ta ciing ¢6 anh xa:

P.X —F

I
lién tuc. J

Cach 2: Xét anh xa:
AEXF— X

(uv)F—z=u+v

Ta c6 A l1a song 4nh tuyén tinh tir khéng gian Banach £ x F' lén
khong gian Banach X, hon nita:

1Az]| = llu+o]l.< Jlull + [loll = iz, )], ¥z € X

suy ra A lién tuc. Theo nguyén 1y 4nh xa md Banach ta c6 4nh
xa ngudc A™! cling lién tuc, nén ton tai C' > 0:

[A™ 2] = A7 (u+v)ll = [|(u, )| < Cllzll, V= € X

=|ull + [[oll < Cliall, ¥z € X
=|lull < Cllzll; llv]] < Cllzll, Yz € X

T day ta cé ngay diéu phai chitng minh. O

20. Ta chi can chitng minh A 13 todn tit déng. .
V6i moi {(z,, Az,)} C G(A) hoi tu t6i (z,y) € X x Y, ta cé:

T, — = v& Az, — y (n —-00).
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Theo gia thiét, v6i moi phiém ham tuyén tinh lién tuc g trén Y,
khi n — oo:

phén tit khong)

—~~

Tp— 2 — 0

trén Y:
g (Az —y) = || Az — y|| # 0 (m&u thuin).

Do d6 phai c¢6 Az —y = 0 hay Az = y, tic (z,y) € G(A). Vay A
14 todn tir déng tirkhong gian Banach X vao khong gian Banach
Y, nén A lién tuc. o

21. Gia st day toan ti tuyén tinh lién tuc (A,) hoi tu timg diém
dén toan tt tuyén tinh lién tuc A. Thé thi theo nguyén ly bi
chin déu ta c6 didu kién 1), con didu kién 2) 13 hién nhién.

. Ngugc lai, gid sit day todn t& tuyén tinh lien tuc (A4,) thoa man
hai diéu kién 1) va 2). V6i moi z € X, ta sé ching minh day
(Ayz) 1a day co ban trong Y.

That Vay, v6i moi € > 0 cho trudc nhé tuy ¥:

g
(el |z-yl < 30

Theo gid thiét, ta c6 (Any) 12 day co ban trong Y, suy ra:
(Fng € N*)(Vn,m > ng) || Any — Anyll < —g—
Tu doé
[Anz — Amz|| < [[Anz — Anyll + [|Any — Amyll + [|Amy — Am|]
< [Anlllz = yll + |Any — Anyll + [[Amllllz — ¥

e € €
< — —_ g = V >
_C3C’+3+CBC’ e (Yn,m > nyp)
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Diéu d6 chiing t6 (Anz) 12 diy co ban trong khong gian Banach
Y, do d6 né hdi tu. Goi Az € Y 1a giéi han cta day trén. T
d6 ta nhan dugc 4nh xa A tit khong gian Banach X vio khong
gian Banach Y. R& rang day toan tt (A4,) hoi tu ting diém tdi
toan tt A, nén A 13 toan tit tuyén tinh lien tuc. O ‘

22. V6imoin=1,2,..., tacé:

__ntl

¥ n ) - n- 1 q
A SIAPFE < S g =
k=0 k=0 k=0

1—gq

Cho qua gidi han khi n — oo ta dugc
o0 1
> lAM <
k=0 q

o

titc chudi Z | A¥|| hoi tu. Lai do X 14 khong gian Banach nén
k=0

khong gian (X, X) cing 1a khong gian Banach, do dé chubi

oo

> AF hoi tu trong I(X, X).

k=0

Véimbéin=1,2,...

n n O

(= A)S A =3 (1 = A)A* = [ — A,

k=0 k=0
Chuyén qua giéi han khi n — oo, v6i cht ¥ ring
A< A" <qd"—0(n— o) = A" -0 (n— 00),

ta duge (I—A)ZA"' =1.

k=0

oo »
Tuong tu ta cling c6 {Z AF| (I — A) = I. Tt d6 suy ra ton tai
k=0

toén t nguge (I — A)™! va

oo -

(I-A)t=> 4~

k=0
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23.

24.

Vay ta c6 diéu phai chitng minh. O

Gia st f 1& toan tr tuyén tinh bi chin 4nh xa khong gian dinh
chudn hitu han chiéu X vao khong gian dinh chudn Y. Goi E la
tap hop bi chin bat ki trong X, ta sé ching minh f(FE) la tap
hop compak tuong ddi trong V.

That vay, do X 1a hitu han chidu nén E 13 tap hop compak
trong X. T f lien tuc suy ra f(E) compak trong Y. Vi moi tap
hop con clia tap hgp compak 1a tap hgp compak tuong déi nén
f(E) C f(E) la tap hgp compak tuong déi trong Y. Vay f 1a
todn t1t compak. O

Gia stt dimY = n vA {e1,e2,...,e,} 1A mdt cd sG clia Y. Do Y
ddng phoi tuyén tinh véi E® nén c6 thé gia thiét chudn trong
khong gian Y xéc dinh nhu sau:

lyll = llyier + yaea + - - + ynen|| = max |yx|,Vy € Y.
1<k<n

Xét toan ti tuyén tinh bi chin A tit khong gian dinh chudn X
vao khong gian dinh chudn Y. Thé thi, véi-moi z € X ta c6
Az € Y nén dbi véi co s da cho clia Y, Az c6 thé biéu dién

~dudi dang:

Az = Z fr(z)es.
k=1 :

Bay gio ta sé chiing minh f, € X™
D& thay fi, 13 phiém ham tuyén tinh trén X. Hon nita, vi A bi

chin nén
3C > 0: ||Az|| < Cll=]|,Vz € X.

Ma . :
|Az]| = max |fy(z)|

1<kL<m
suy ra
[fx(2)] < C|lz||,YVz € X,Vk =1,2,...,n.
Vay fi € X*,Vk =1,2,...,n. Tit d6 cé didu phai chiing minh.
D .
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25. Ban doc ty giai. -

26. Gid sit A 13 todn ti compak anh xa khong gian Banach X vao

- khong gian Banach Y.
Véi mbi (z,)22, C X hoi tu yéu t6i zo trong X, ta cb

na==1
Az, LN Yo = Azg trong Y. (2.12)
That vay, Vg € Y*, tacd go A € X*, nén
lim go A(z,) = g o A(xzp)
= lim g(Az,) = g(Azo)
Tit d6 c6 (2.12).
Gia stt || Az,, — yo|| - 0 khi n — co. Khi d6 ton tai e > 0 v day
(Tn,) C (Tn): S
|Azn, — wol > €, VE=1,2,... (2.13)

Day (z) hoi tu yéu nén bi chin, do dé (z,,) bi chan. V1 A
compak nén day (z,,) chita mot day con (mnkj) héi tu trong YV

A:Bnkj — Y (.7 - OO)

:>A:z:nkj yeu, v (j — o0).

Tit (2.13) suy ra |jy1 — woll =€ = 1 # yo. Nhumg tit (2.12) ta
lai c6: ' '

Ay, = 1o (j — 0)

Day (Accnkj> hai tu yéu t6i hai gi6i han khéc nhau, vo ly. Vay
phé:i co : : "

| AZn — goll — 0 (n — o0) |
hay day (Az,) hoi tu manh téi yo = Azo. O
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27.

28.

Xét hai truong hop: _
e o dong nhét khong, thé thi A = @ (toan tit khong) nén A

compak.
e o khong dong nhét khong.
Khi d6 ton tai to € (0;1) : a(to) # 0. Xét day (z,)22, C S, S la
hinh c8u don vi déng trong C[0; 1], x4c dinh nhu sau:

on(t) = (1+t—t)" néul<t<ip
" (I+tg—t)" néuto<t<l1

Déay ham (Az,) hoi tu ting didm dén ham z(t), véi:

(1) ;{O néu t # tg

1 néut=t

Ham z(t) gidn doan va moi day con ctia (Az,) déu hoi tu ting
diém dén ham nay nén khéng hoi tu déu. Do d6 tit (Az,) khong
rit ra duge day con hoi tu, nghia 1a A(S) khong 1a tap hop
compak tuong dbi. Vay A khong compak. [ .

Khéng gian lién hgp cia R”

"Ta xét khong gian R” véi chudn Eukleides vA goi {e1, e2,...,€n}

14 mot co s clia néb.
V6i mbi u = (ug, Uy, ..., u,) € R?, ta xac dinh mot phiém ham
f. nhu sau: néu z = (1, Ta, . . ., T) € R™ thi

n

i=1

Dé thiy f, tuyén tinh, hon nita né bi chin, vi

n
Zuixi
i=1
1 1
n 2 n 2
-<—<Zlui|2> X(Z!wiF) = llullllzll (2.14)
=1 i=1
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Vay f. € (R™)*. Ngugc lai, v6i moi f € (R")* ta déu ¢6

f(@) = > i
: i==1

trong dé u; = f(e;),i=1,2,...,n khéng phu thudc vao z. Déng
thitc ching td, v6i mbi f € (R")* déu ton tai u € R™ sao cho
f = f us

Ta ¢6, anh xa , , '

ueR" = f, € (R")*

13 tuyén tinh, lap luan trén chitng t6 né la toadn &nh, vi néu
fu = 0 thi u = §. Nén anh xa d6 1a mot song anh tuyén tinh.
Suy ra (R™)* 1a mot khong gian dinh chuén n-chiéu, do d6 déng
phodi tuyén tinh véi R”. Hon nita, ching con dang cAu véi nhau.
That vay, tit (2.14) suy ra

| full < ]l

Mat khac, néu lay = = (21, To, . . ., Tn) € R™ Vi
£ - |’u‘l|2 2 -
z;=0néuu; =0, z;=—néuwy;#0(i=12,...,n)
thi i 12
=l = (Z luiP) = Jlul,

i=1

va ta cb

lulllz] = ul? = 3 ws: = ful@) < Il
. i=1

suy ra [lul| < [lfull

Do d6 ||fu|| = ||u||, khong gian R™ va khong gian lién hgp véi né ~
ding ciu véi nhau, vi vay khong gian lién hgp clia R™ la chinh
no. : ‘
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V6i chudn khac ban doc tu gidi.

Khong gian [,(p > 1)
Ta s& chitng t6 ring, khong gian [} déng ciu tuyén tinh véi khong
gian l,;, trong d6 sb g thda man diéu kien

1 1
I+ =1
p g

V6i mdi u = (un) € Iy ta xac dinh phiém ham f, trén khong
gian [, nhv sau: néu z = (z,) € [, thi

fulz) = Zunmn.
n=1

Chubi & vé phai hoi tu, vi theo bit ding thitc Holder ta cd

@) €S fuallzal < (Z w)q (Z If{nl”)p = Nl

n=1 n=1

Ro 'rang f. tuyén tinh, va bit ding thic trén ching tb ring

fu€ly i

I full < llullg-

Ngugc lai, 1ay f € I tuy ¥, thi v6i moi z = (z,) € [, ta déu c6

f(l') = Zunmm
n=1]

trong d6 u, = f(e,) khong phuy thudc vao z. D& khio sit tinh

chét ctia ddy sb u = (uy), v6i moi sb nguyén duong N, ta xét
YN = (:C%N)) € I, x4c dinh nhu sau.

[un]? néun < N va né £0

2 = gun < N vanéu u, # 0,

0 - dbi v6i cac trudng hop con lai.
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29.

Ta cb

N 1/p N 1/p
ol = (Dzw) _ (z w) |
n=1 n==1

N i/p
S lual? = fun) < I Hllynlly = 1171 (Z W) ,
n=1 . n=1 -

do d6 '

, 1/q
(Z Iunl"> < [I71-

n=1

Cho N — oo ta dudc u € Iy va
llully < [I£1-

Vay moi phiém ham f € L déu c6 dang f = f, v6i u € l;, hon
nita || full = [lull-
Tt dé ta thiét lap dugc mot anh xa

uElg fu€ll

tit I, 1en 7. RO rang anh xa nay tuyén tinh va ding thic vita
chitng minh cho ta thiy ring d6 12 mot phép ding chu tuyén
tinh clia khong gian [, lén khong gian [;.

Khéng gian lién hop clia khong gian [, 14 khong gian [,.

Dic bigt khong gian lién hop:cia I, 1a chinh né. |

Lap luan tuong tu nhu trén ta duge khong gian lién hgp cia ¢
la ;. O

Cach 1:

Goi {e1, e2,...,e,} 1a mdt co sd clia khong gian R™, v6i

ejz(0,0,...,l,O,...,O), j=1’2’.._’n.

~
vi trf thit j bang 1
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Khi d6 ton tai hé fi, fs,..., fn cAc phiém ham tuyén tinh lién
tuc trén R™ sao cho

1 néui=j
Hes) = .
Jiles) {0 néu i # j

lemcnz]-12 , M.

That vay, goi L; 1a khong gian con cla R" sinh béi ey,. .., €1,
€itls- -+, En- Ta c6 L; déng va e; ¢ L; nén ton tai S(e;, )ﬂLi =0
suy ra d(ei, L;) > r > 0. Khi d6 theo nguyén 1j théc trién Hahn-
Banach tdn tai phiém ham tuyén tinh lién tuc f; xac dinh trén
R™ sao cho '
file:) =1, fily) = OVy € L.

8 {fi :i=1,2,...,n} 1a he phai tlm Chii ¥ ring v6i moi

y=(®,...,y™) ta co

fiy) = FyDer + -+ +yPeq) =y, i =1,2,.

Ly day bat ki (zx)32, hoi tu yéu t6i phan ti zo trong R™ va gid
stt ¢6 biéu dién

sz = (2., (n)) k=0,1,2,.

" V6i e > 0 nhd tuy ¥, xét mot 1an can yéu U cla zo xac dinh nhu
" sau :

U={yeR": |fily) - filzo)l < —j—ﬁ i=1,2,...,n}

Khi d6 (Jko € N*)(Vk > ko) ta c6 zx € U, tic la

Ifz(a:k) - fz($0)l < %7 7’ = 17‘2) e ,Tl; .

€ .
—,1=1,2,...,1n
V/n

= |z — g’ <

Tt dé ta cé

lzi — zoll = Z 1z“’ 2P| < e.

i=1




Bai tap Giai tich ham - . 117

30.

Do dé day (z;) hoi tu manh t6i zo.

Céach 2:

Xét toan t1 dong nhat I x4c dinh trong khong gian Eukleides
R™. D& thay ring I 13 toan tt compak, hon nita R" 1a khéng gian
Banach nén, theo bai 26, I s& bién moi day hoi tu yéu thanh day
hoi ty manh. Tit day c6é didu phai ching minh. O

Ta chi cin chtng minh ring néu day (z,) hoi tu yéu dén phin
ti z trong I, thi né hoi tu manh dén z.

Gid st 7, 222 g, khi dé Yn = Tp — T —— 0. Ta cin ching
minh ||yy| |l - 0, khi d6 tén tai mot sb
e > 0 va day con (yn,) clia (yn) sao cho ||yn || > &, Vk. Tuy
vay, khong mét tinh téng quét ta c6 thé coi ||y.|| > e. Véi
mdi n, phiém ham z*(z) = z,,Vz = (zx) € [; tuyén tinh

lien tuc. Dit Un = (£ni)2y. VI 2y YN, 7 nen véi mbi i ta cb
lim a:’f‘(yn) = z;(0) = 0, tic la lim &ni = 0,Vi. Do dé v6i moi

m: lim Z |énil = 0. Lay my sao cho Z|§hl > ¢, lay n; sao

i=1
m2
cho Z |€nyil < , TOi 1a1 18y mg > mq sao cho Z |Enyil > € va
5 i i=1
Z Ifmzl < . Khi d6 Z |€n1i| > ’Z
i=1mo i=mi1+1

Ctt tiép tuc nhu vay ta sé nhan dudc hai day s6 nguyén duong
tdng nghiém ngit (ng) vA (my) sao cho

Mit1 ' [ors]

mg : .

€ 3¢ €
Z Ign“[ < zl') Z ‘|€nki| > Z’ Z |€nkil < zl'
i=1 i=my+1 i;mk+1

Dt n; = sign&,,; v6i my + 1 <@ < mypr, k= 2,3,... Thé thi
(n;) bi chin va phlem ham

angu V= (&) el
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tuyén tinh lién tuc, hon nita

oo me4a mi oo ‘
lx*(ynk) = Z 772'&1' > Z lénk'il - Z lénki, - Z tgnkil
i=1 . i=my+1 i=1 T=TMg4
>

] m

fr o L yéu
v6i moi k, mau thuan véi y,, — 0.

Vay c¢6 diéu phéai ching minh. O

31. V6imdin=1,2,...Vz € Cla;b] va Vs € [a;b] ta co

/ab Pﬁ(s, ) (t) dt — /ab K (s,t)z(t) dtl'h

b

|Anz(s) — Az(s)| =

1R (s11) - K (s, <t>dfl

/ | Po(s, t K(s,t)||z(¢)| dt
—a) ma.x[K(s t) — P, (s,t)[ggilécblx(t)]
= (b—a)max|K(s, 1) = Pa(s, t)|[|]-

Tt db suy ra

HA@ — Al <(b—a) mg,le(s,t) P.(s,t)], n=1,2,....

Chuyén qua gi6i han khi n — oo ta dugc

nl_l_’nc}o ”An - A“ =0.

Vay day toan t& (A,) hoi tu theo chudn tdi toan tit A. O
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32. Theo dinh Iy Phubini ta cé

BlAz(u)] = /abH(s,U) li/ab K(u, t)z(t) dt] du

_ /ab [ / é.H(s,u)K('u, t)du} o) dt
_ / " Ris,0)2(t) dt, Va Cla |

Tt day ta c6 diéu phéi chitng minh. [
33. Trong khong gian [y, ta goi

- E={(zn)pz1 €2 Ton1 = 0,n = L,2,...}

F = {(mn)go:l € l2 Lo = NTgp—1, N — 1,2, .. }

Dé thay ring £ v F 13 nhiing khong gian tuyén tinh con déng
trong lp. Ta sé chiing minh F + F' tr mat trong ls.

Véi moi x = (z1, T, . . .) € lg, ta xét day {m(k)}ﬁl C Iy x4c dinh
nhu sau

) = (111,172'3;,.«_. . Tx,0,0,...), k=1,2,....
Dé thay I}Lngo z®) = g vé. ta c¢6 thé phan tich
2 = (0,25 — 21,0,%4 — 273, .-, 0, Tap — kT24-1,0,0,...)+
+(é:1,m1,a:3,2:23, veeyZopo1, kTop—1,0,0,. ) eEb+ F .
hoic
zZE+1) — (’0, Zg — mi, 0,24 — 2':1’53,‘. o3 0, Tk — k29t1,0,0,.. )+

+(z1, 71, T3, 223, - - ., Tog—1, kTop—1, T241,0,0,...) € B+ F.
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34.

Do d6 ta c6 {x(k)}i‘;l C E+F.Vay E+ F tru mat trong l5, nén

E+F=1 : (2.15)
1

Mat khac, ta thiy phan tit (1 0, 9,0, 3 0,.. > € I, va né viét

duge mot cach duy nhét dudi dang

11
1,0,-,0,-,0,...) = (0,—1,0,—1,0,—2, ...
<,0,2,03 ) ( )+

Tu cach viét tren day ta suy ra (1,0, 1,0,
doé

0,...) ¢ E+F, do

E+F #1, (2.16)

Tit (2.15) va (2.16) suy ra E + F khong phai 1a tap hop déng.
D

Khoéng gian E"
Goi {e1, es,...,e,} 12 mot co s6 cha E™.

Thé thi v6i moi = = (z1,23,...,2,) € E™, ta cb
T = I1€] + To€y + -+ Tpey

va voi moi phiém ham tuyén tinh lién tuc f x4c dinh trén E"

thi: ,
= f (Z :1:161) = Z f ez Zulel
i=1] i=1

trong d6 u = (u;) = (f(e;)) € E* khong phu thudc vao z. Cong
thic :

n
= Zuiei,‘v’z = (z;) € E"
i=1
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chinh 1& dang téng quét cha f € (E")*. -

Khoéng gian [;

Dit e, = (6y;) thi vi méi = = (z;) € I; ¢6 biéu dién duy nhét

o0
T = E erLT-
k=1

Giast felf, fley) =cx (k=1,2,...), suy ra

lek] < Nl llexll = N1 Ny VE
= sup lek] < 11 flly

flz) = Zf(ek)a:k = ch:vk, Vz el
k=1 k=1
= I fll;, < Sliplckl = |lclleor €= (ck)

Tt d6 c6 || flln = llclloo-
Ngudc lai, gid st ¢ = (cx) bi chén, thé thi
oo

le|loo < 4o0. Véi mbi
o

z € [y, chudi chzk hC)i tu tuygt déi. Do d6 f(z) = cha:k
k=1 o k=1
cho mét phiém ham tuyén tinh trén [;,

- |
@) < Y ladlel < (supleal) ol
k=1 .

suy ra f bi chén va

I flle < sup ek = llelloo = 171l = llcllco-
Vi vay dang téng quat ciia f € I} 1a

fl@) =" cxme, Vo = (z1) € zl',

k=1
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3
=

trong dé6 ¢ = (ci) € lo VO

o = {¢ = (&) sup Jes] < o0}, lefleo = sup Jex.

Khoéng gian [, (p > 1)

Gid stt f € I3. Day (ex), ex = (d1n) 1a c0 58 clia Ip. Do d6 véi moi
z = (z1) € [, ddu c6 thé biéu dién duy nhit dudi dang

o0
I = E TyCp.
n=1

Nh¢ tinh bi chén ctia phiém ham f, ta ¢

Dit f(en) = ¢, thi (c,) dude xac dinh duy nhét bsi phiém ham

fva

f(z) = Z Cnn-

n=1

Ta xét cic phan t& dang z®) = (z{), trong dé

®) lca|9"tsigne,, néun<k
o) =

0, néun > k,

. . ... 11 e
v6i g 1a sb thuc thoéa man dieu kién 5 + a == 1, Khi dé

k
FE®) =) el
n=1
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Mat khac

=

k P
FE@®) <17 =Bl = 171 ( Icnl(q'l)”>
’ 1

N
) (Zlcnlq> |
n=1

Do dé, Vk = 1,2,. ..

1

k [k % k q
D leal? <1 (Z l@il") = (ZI%I") <7

n=1
T dé éuy ra (¢,) € l,. . ‘
Ngugc lai, néu (d,) € l;, thi dé dang kiém tra phiém ham cho
bdi cong thiic "

¢(z) = Zdnxna Vi = (z,) € lp,
n=1

12 phiém ham tuyén tinh bi chin trén khong gian I,.

Vi vay, dang tong quét, clia phiém ham tuyén tinh bi chin trén
l, xac dinh bdi cong thitic

F@) = can, Yo = (z0) € by, () € Iy,
Nho bét ding thitc Holder ta duge

00 k k
> enta| < (ZI%I") (Z !$n|p>
i e\

= (Z lcn|q> [lz]lp-

1.

o0 [l
o=

|/ ()] =
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" 11
trong d6 a € Ly[0; 1], v6i ; + - =1

" Do dé

0

11 < (fjw) .

n=1

k
/1l = ( Icnlq>
n=1

Khoéng gian L,[0;1] (p > 1)

Vi vay

af

Dang téng quat cia phiém ham tuyén tinh lien tuc f xéac dinh
trén khong gian L,[0;1] 1a

flz) = /bq a(t)z(t) dt, Yz € L,[0; 1],

q

Khoéng gian ¢

Dang tdng quat ctia phiém ham tuyén tinh lién tuc f x4c dinh

* trén khong gian ¢y 13

35.

f(a:) = ch:cn, Vz = (z,) € ¢,

n=1
trong d6 (c,) € l;. O

Ham thyc p x4c dinh trén khong gian vectd X dugc goi la so
chuan néu: ' ‘

e p(Az) = Ap(z), Vz c X,YA >0,
o p(z+y) < p(x)+py), Vz,y € X.

Ham thuc p xdc dinh trong bai dude goi 13 mot nita chudn, dé
thdy né cing 13 mot so chudn. Sau day ta sé ching minh bai
toan vi gid thiét p 1& mot so chuan.
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Trudc hét, xét X 1a mot khong gian tuyén tinh thyc. Ta s& chi ra
ring, néu f 13 mot phiém ham tuyén tinh x4c dinh trén khéng
gian con X ctia X théa man

f(z) <p(z), Vz € Xq

thi ton tai mo6t phiém ham tuyén tinh F xéc dinh trén X sao
cho V
F(z) = f(z), Vz € Xo; F(z) <p(z), Vz € X.

Ta goi mot suy rong clia f 13 mot phiém ham tuyén tinh g XAcC
dinh trén mot khong gian vectd con Dy O Xj thda man:

o g(z) = f(z),Vz € X,
e g(z) < p(z),Vz € D,.

Goi T 12 tap hop tat c& cac suy rong clia f. Vi f € T nén T # 0.
Ta hay xac dinh mdt quan hé thit ty bd phan trén T nhu sau: v6i
91,92 € T thi g1 < gy néu Dy, C Dy, va g1(z) = ga(z), 7 € D,.

Gid st N 14 mot tap hop con ctia T. Tap hop

:UDg

gEN

14 mot khong gian cont cia X va D* D Xo. Néu z € D* thi ton
tai mot g € N sao cho z € Dy, khi d6 dit ¢g*(z) = g(z) thi ta
dugc mot phiém ham tuyén tinh ¢g* c¢6 mién x4c dinh 13 D* va
g > g v6i moi g € N. Vay moi tap hop con sép thit tu tuyen
tinh clia N déu c6 mot can trén trong T

Theo b3 d& Zorn, tdn tai trong T' mot phan ti cuc dai F. Dé
ching minh F 13 phiém ham tuyén tinh phai tim, ta chi can
ching minh mién xac dinh D cla F 13 toan b khong gian X .
That vay, néu D # X thi tdn tai 2o € X v6i zo ¢ D. D& thay
T # 0, ki hiu [zo] 1& khong gian vecto con mot chidu cta X,
sinh béi zo. Moi vectd z € Z = D + [zo] déu cb b1eu dién duy »’
nhét dudi dang

z2=x+ A9, TE D (2.17)
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L&y z,z' 13 hai phan tt tiy 7 cta D, ta c6
F(m)——F(m'):F(x——x')§p(a:-$') ,
< p(z + 20) + p(—2' — o)

hay
—p(—2' — o) — F(2') < p(z + z0) — F(z).

Bét ding thiic nay ding véi moi z,z’ € D, do dé

sup [=p(=2" = 20) = F(2)] < inf[p(z + z0) — F(2)]

Vi vay ton tai mot hing sb ¢ sao cho
—p(—z' —x39) — F(z') <¢, V&' € D (2.18)

N

va
¢ < plz + zo) — F(z), Yz € D. (2.19)

Véi moi z € Z biéu dién dudi dang (2.17) ta dat
G(z) = F(z) + Ac.

R6 rang G 13 mot phiém ham tuyén tinh xac dinh trén Z va néu

~z € D thi G(z) = F(z) < p(z).

Néu z € Z\D thi A # 0. Xét hai trudng hop:
e A>0. »
B4t déng thitc (2.19) ding cho moi z € D, nén
c < plz/A+zo) — F(z/N).
Nhan ca hai vé véi A ta dudc
Ac < p(z + )\zb) — F(z)

hay
F(z) + Ac < p(z + Azo)

~

titc 1a
G(z) < p(2).
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e A <0.
Tuong ty nhu trén vi sit dung bat déng thitc (2.18) ta cling -
co ‘

G(z) < p(2).

Suyra G €T,G > F vd G # F, trai véi viec F 13 mot phan t&
cuc dai ctia T. Vay phdi c6 D = X.
Cubi cling ta chitng minh bai todn véi trudng hgp X 1a khong
gian tuyén tinh phitc. Dé ¥ riing néu trong tap hop cic phin
t clia mot khoéng gian tuyén tinh phtic ta dua viho phép nhan
vecto véi sb thyc thi ta duge mot khong gian tuyén tinh thac.
Goi Xg v& Xggr 1& céc khéng gian tuyén tinh thyc thu duge ti
X vd Xg theo cach d6. Goi u(z) va v(z) tuong tng la cic phan
“thyc va phén 4o cla f(z), thi f(iz) = if(z) = iu(z) — v(z) nén
v(z) = —u(iz), do d6 f(z) = u(z) — iu(iz). R rang u(z) la
phiém ham tuyén tinh thyc trén Xog va

w(z) < |u(z)] < [f(z)] < p(2),Vz € Xor
Do dé theo chiing minh trén u(z) c6 thé khuéch thanh mot
phiém ham tuyén tinh thyc U(z) trén toan khong gian Xz sao
cho U(z) < p(z),Vr € Xg. Dat
F(z) =U(z) — iU (iz),

ta dugc mot phiém ham tuyén tinh phic trén X, thda mén digu
kién bai toan. That vay, véi moi z € X ta cod

F(z) = u(z) — iu(iz) = f(z).
Hon nita, diit F(z) = re™® ta co:

|F(z)] = ' F(z) = F(e’z) = U(c*a)
< p(e?z) = |e”|p(z) = p(z)

Vay cé didu phéi chitng minh. [
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36.

a) Codinh ag € A, by € B, dit zg = by—ag v2 goi ¢ = A— B+xo.
Vi A mé nén C md. _
Xét phiém ham p trén X xac dinh nhu sau:

p(z) =inf{A >0:z € AC}.

- Tac6 0<plz) <1, Vz € C,p(z) > 1,Vz ¢ C, hon nita, né 1a

mot so chudn tréen X vatt ANB = () suy ra o ¢ C, do d6
p(zo) > 1.

- Goi M = {tzg : t € R}, thé thi M 1a khong gian con clia X.

Trén M xét phiém ham tuyén tinh f xéc dinh nhu sau -

fltzg) =t, Vtzg € M.

Néu t > 0 thi f(txo) =t < tp(zg) = p(tzo), con néu t < 0 thi
f(tzo) < 0 < p(tzp). Do d6 f < p trén M, theo chiing minh Bai
35, ta c6 thé khuéch f thanh phiém ham tuyén tinh F xac dinh
trén X sao cho F' < p trén X.

Dacbiet F < 1trenC,suyra FF > —1trén —C = {—z: 2z € C}.
Tt d6 ta c6 [F| < 1 tréen C N (—C). Vi C md nén —C mé, do
dé C N (—=C) md. Nhu vay tap hop nay chita mét hinh cau nao

- d6 va F cling bi chin trén hinh ciu nay. Theo Bai 16, F bi chin

trén toan khong gian X hay F lién tuc.
Véi moia € A,be B, taco

F(a)—F(b)+1=F(a~b—F:co) <pla—b+z) <1

Vv suy ra F'(a) < F(b), do d6 F(A)N F(B) = 0.

Vi A mé va F la phidm ham tuyén tinh lien tuc nén F(A) md
(trong R). R rang F(A)-bi chin trén, khi d6 sb a = sup F(4)
chinh 14 sé can tim. :

b) Tt gid thiét suy ra, ton tai U D A vd U m3 trong X sao cho
UNB = (). Theo phén a), ton tai F' € X* sao cho F(U)NF(B) =
¢ hon nita F(U) “ndm bén trdi” F(B) trong R (sup F(U) <
inf F'(B)). '
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37.

Do A compak nén F(A) corhpak (trong R), do dé tén tai ¢ =
max F'(A) va F(A) 14 tap hop con thyc sy ctia F(U). Khi d6
trong F(U ) c6 thé lay dugc hal sb a1, o sao cho: ¢ < oy < Q.
D6 13 hai sb can tim. [

Trong khong gian [y xét hai todn ti A, B xac dinh nhu sau:

A: lgé —*>’ lg

(mla T2,T3,.. ) — (xlv 0,5133, 07 .- )

B Iy - ly

(1, T9,x3,...) — (0,22,0, T4, ...)

Toan tit A khong compak.That vay, xét day (en41)2%, C S-hinh
cau don vi déng trong khong gian lo-xac dinh nhu sau:

62n+1==(0,0,...,1,0,0...),7’&20,1,...

sb1dvitri2n+1

Ta cé:

Aegni1 = eans1, I =0,1,...

khi dé, tu day (Aegn,,_'i ) khéng thé rit ra duge day con hoi tu vi:

”Aegn+1 - A€2m+1” = H€2n+1 - 82m+1“ = \/Z Vn 7’9 m.

Vay A(S) khong 13 tap hep compak tucng dbi, titc A khong
compak. ,

Chitng minh tuong tu ta ciing c6 toan ti B khong compak.
Nhung ta lai c6 Ao B =0, nén A+ B 1a compak. T dé rat ra
két luan cho bai toan. O

Nhan xét:

»

- Néu them gia thiét X la khong gian Banach v A 1a 4nh
xal-l1tdt X lén Y thi B compak
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That vay, theo nguyén ly anh xa md Banach thi A~' 14 toan
t tuyén tinh lién tuc. Suy ra

Ao (Ao B) = B la toan ti compak.

- Tuong tu néu X la khong gian Bananch va B la &nh xa 1-1
tt X lén Y thi A compak.

38. Trong khoéng gian I, xét toan tit:

A: lQ —3 lg‘

(1,9, 3, ...) — (0, 21,0, z3, . )
TUQng tu nhu bai 37, ta cd toan ti A khong compak. Nhung
A? =AoA=9¢
1@ toan tit compak. [

39. Ban doc tu giai.




Chuong 3

Khong gian Hilbert

3.1 Toém tit 1y thuyét
3.1.1 Kién thidc mé dau vé khong gian Hilbert |
1. Tich vb6 huéng

Dinh nghia 3.1.1. Cho khong gian tuyén tinh X trén truong P
(P la truomg sé thyuc R hodc truong sé phic C). Ta goi la tich vo
hudng trén khong gian X moi dnh za i tich Descartes X x X wvdo
truong P, ki hiéu (-,-), théa man cdc tién dé:

1) (Vz,y € X) (y,2) = (z,9);

-2) (Vz,y,z€ X) (z+y,2)= (a":,z) + (y, 2);

3) (Vz,y € X)(Va € P) (az,y) = a(z,y);
(

4) (Vz € X)
(z,z) >0, néuz # 0 (8 1o ki hieu phdn i khong),

(z,7) =0, néuz = 0.

131
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Céc phan ti z,y, z, ... goi la cdc nhan ti cla tich vo hudng, sé (z,y)
got la tich v6 hudng cia hai nhan t¢ T va y, cdc tién dé 1), 2), 3), 4)
goi la hé tién dé tich vé hudng.

2. Bt ding thic Schawrz

DPinh 1i 3.1.1. Bdt dang thu'c Scha,w'r'z

(Vz,y.€ X) |(z y)] <+Vl(z,z \/(y Y)- (3.1)

Vé6i mbi z € X ta dit ‘
zll = v/ (=, z) ,, (3.2)

Nh¢ bat ddng thitc Schawrz, cong thic (3.2) xac dinh mot chudn trén
khong gian X va tich vd huéng 1& mot ham lién tuc ctia hai bién z va
y theo chudn (3.2).

Dinh nghia 3.1.2. Khong gian tuyén tinh X trén truong P cing vdi
mot tich vé hudng trén X goi la khong gian tién Hilbert.

3. Dinh nghia khéng gian Hilbert

Dinh nghia 3.1.3. Ta goi mot tap hop H # ¢ gém nhiing phan ti
T,Y,z,... ndo ddy la khéng gian Hilbert, néu tdp hop H théa man cdc
diéu kién:

1) H la khong gian tuyén tinh trén truong P;

2) H dugc trang bi mot tich vo hudng;

3) H 1o khong gian Banach vdi chudn ||z|| = \/(z,z), z € H.

Ta goi khong gian tuyén tinh con déng cla khong gian Hilbert H la
khong gian Hilbert con ciua khong gian H.
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3.1.2 Tinh tryc giao

1. Hai vecto truc giao .

Dinh nghia 3.1.4. Cho khong gmn Hzlbert H. Hai phén t¢ y € H
goi la truc giao, ki hiéu zly, néu (z,y) =0.

Dinh nghia 3.1.5. Cho khong gian Hilbert H va tdap hop A C H, A 74
é. Phan t& x € H goi la truc gzao vt tap hop A, ki higu T LA, néu
(Vy € A) (z,y) =0. -

Dinh i 3.1.2. Pinh li Pythagore
Néuz,y € H va zly, th ||z +yl* = ||lz|* + llylI*.
Dinh 1f 3.1.3. Pinh li hinh chiéu lén khong'gian con _
Cho khong gian Hilbert H va Hy la khong gian con cia H. Khi dé méi
phan t¢ z € H biéu dién mot cdch duy nhét dudi dang:
' T=y+z2 y€ Hy,zLHy.

Phin tit y trong biéu dién goi la hinh chiéu cia phan ti < léen Hy.

2. Hé truc chuin

Dinh nghia 3.1.6. Cho khong gian Hilbert H. Mot tap hgp (con goi
la hé thdng) gom hiw han hay dém dugc phan tk (en)n>1 C H goi lo-
hé truc chudn, néu

(€)= 85,
trong dd 6;; 16 ki hiéu Kroneckes, 6;; = 0 vdii # j, 6 =1 vdii =]
(3,7=1,2,..). -
Dinh Ii 3.1.4. Bét ddng thitc Bessel

Néu (en)n>1 la mot hé truc chudn trong khong gian Hilbert H, thi
vz e 1) Y I(o,en)P < ol

n>1
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3. Cd sé truc chuin

Dinh nghia 3.1.7. He truc chudn (en)n>1 trong khéng gian Hilbert
H goi la co s0 truc chudn clia khong gian H, néu trong khong gzan H
khong ton tai vecto khdc khong ndo truc giao vdi hé dé.

Dinh Ii 3.1.5. Dinh li vé ddng thic Parseval

Cho (en)n31 & mot hé truc chudn trong khong gian Hilbert H. Nam
ménh dé sau tuong duong (t& mot ménh dé suy ra bén ménh dé con

lag):
1) (en)n>1 1o co s6 truc chudn cia khong gian H;
2) (Vre H) z=73,5,(T,en)en; -
3) (Vz,y € H) (z,9) =D _,51(z,€x)(en,y) (ddng thitc Parseval);

4) (VJJ, y € H) (33,%) = ZnZl I(MQ (phzm‘ng tT"ZTLh déng):

5) Bao tuyén tinh ctia hé (en)n>1 t% mat khdp foi trong khong gian

H (nghia la tap hop tit cé cdc t6 hgp tuyén tinh cia mot s6 hiu

. han bit ki cdc phdn ti thudc hé (en)n>1 tri mat khdp noi trong
khong gian H ).

Dinh 1i 3.1.6. Khong gian Hilbert c6 cd sd truc chudn khi va chi khi
khong gian dé tdch dugc.

Dinh 1i 3.1.7. Hai khong gian Hilbert tdch dugc cé cung sé chiéu
ding cdu va ding cu vdi nhau.

3.1.3 Toan t{ tuyén tinh bi chin trong khéng gian
Hilbert | |

1. Dang téng quat ciia phiém ham tuyén tinh lién tuc

Dinh Ii 3.1.8. Dinh i Riesz
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Moi phiém ham tuyén tinh lién tuc trén khong gian Hilbert H déu cé
thé biéu dién duy nhét dudi dang

f(@)=(z,a), z€ H, ,
trong dé phan tta € H d'wdc zdc dznh duy nhét bdi phzem ham f va

£ = llall-

Nh& dinh li Riesz, ta dong nhat khong gian lién hgp H* véi khong
gian H.

Dinh 1i 3.1.9. Moi phiéin ham tuyén tinh lién tuc trén khong gian .
L,[a,b] (p > 1) déu cd thé biéu dién duy nhét dudi dang

b ..
f@) = / £(t)y(t) dt, 2(t) € Lyla, b,

fum—

trong dé ham s6 y(t) € Lyla, b] + - = 1) dvoc zdc dinh duy nhdt

TN
RS
)

bdi phiém ham f v || ]| = Iyl

2. Toan ta lién hgp

Dinh nghia 3.1.8. Cho A la todn ti tuyén tinh bj chin dnh za khong
gian Hilbert H vao khong gian Hilbert H'. Todn t¢ B dnh za khong
gian H' vio khong gian H goi la todn tik lién hop vdi todn ti A, néu

(Az,y) = (z, By), Yz € H,Yy € H'.

Toén tt lién hgp B thudng duge kl hiéu la A*.

Dinh 1i 3.1.10. Cho A la todn t tuyén tinh b chdn dnh za khong
gian Hilbert H vao khéng gian Hilbert H'. Khi dé ton tai todn ti A*
lién hgp vdi todn t& A dnh za khong gian H' vio khong gian H.

Dinh 1i 3.1.11. Cho todn i tuyén tinh bi chin A dnh za khong gian
Hilbert H vao khong gian Hilbert H'. Khi dd todn ti lién hop A* vdt
todn t A ciing la todn i tuyén tinh bi chin va || A*| = HAI[
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3. Toan t& ty lién hgp
Dinh nghia 3.1.9. Todn t tuyén tinh bi chin A dnh za khong gian
Hilbert H vao chinh né goi la tu lién hop, néu

(Az,y) = (z, Ay), Vz,y € H.

Toén t& ty lien hop con goi la toan ti déi xtng.

Dinh 1i 3.1.12. Todn ti tuyén tinh bi chin A dnh za khong gian
Hilbert H vao chinh ndé la tu lién hgp khi va chi khi tich v hudng
(Az,z) la s6 thuc doi véi moiz € H.

Dinh 1i 3.1.13. Néu A la todn ti tu lien hop dnh za khong gian
Hilbert H vao chinh né, thi '

A= sup |(Az, z).

4. Su hoi tu yéu

Dinh nghia 3.1.10. Cho khong gian Hilbert H. Déay diém x, C H
goi la hoi tu yéu tdi diém z € H, ki hiéu z, Y2, z, néu vdi moi diém
yeH )

Nim (zn, y) = (2, 9).
Dinh li 8.1.14. Néu day diém (z,) trong khong gian Hilbert H hgi
tu yéu tdi diém x € H va lim ||z,| = ||z||, tht lim ||z, — 2] = 0.

. T—00 n-—0Q

Dinh If 3.1.15. Cho khong gian Hilbert H. Day diém (z,) C H hoi
tu yéu khi va chi khi ddy dé théa méan cdc diéu kién:
1) Day diém (z,,) bi chdn theo chudn trong khong gian H;

2) Day $6 (zn,y) (n=1,2,...) héi tu véi méiy thudc tap hop tri
mat khdp noi trong khong gian H.
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~ Dinh nghia 3.1.11. Cho khong gian Hilbert H. Tap hop K C H
goi la tdp hop compak yéu trong khong gian H, néu moi day vo han
(zn) C K déu chita ddy con hoi tu yéu trong khéng gian H.

Dinh Ii 3.1.16. Néu tdp hdp K bi chan trong khong gzan Hzlbert H,
thi K la tap hdp compak yéu trong khong gian H.

Dinh 1i 3.1.17. Cho todn ti tuyén tinh bi chin A dnh za khong gian
Hibert H vao khong gian Hilbert H'. A la todn ti compak khi va chi
khi todn t A dnh za day hoi tu yéu bat ki trong Ahong gian H thanh
day hdi tu manh trong khéong gian H'.
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3.2 De bai tap

1. Cho X 1a tap hop tét ca da thiic bac khong vugt b tit nhién n
da cho. Déi véi hai da thic p(z),¢(z) € X v6i cac hé sb tuong
tng a;,0; (j=0,1,2,...) ta dat

(pg) =) asb;.
j=0

Chitng minh t&p hop X cling v6i phiém ham trén day lap thanh
mot khéng gian Hilbert.

2. Cho Ly(R) 1a tap hop tét ca cac ham sb gia tri thye z(¢) do duge
theo nghia Lebesgues trén toan tap hop sb thuc R sao cho ton
tai giéi han (hitu han):

1T,

trong dé T 1a sd thuc duong tiy §. Déi véi‘hai ham sb6 bt ki
z(t), y(t) € La(R) ta dit -

(z,y) = lim = / " () de.

T—e0 T -T

Chitng minh tap hgp Lo(R) cling véi phiém ham trén day lap
thanh mot khong gian Hilbert.

3. Ching minh trong bit déng thitc Schwarz ddu déng thiic xay ra
khi v& chi khi 2 vecto phy thuéc tuyén tinh.

4. Cho khong gian Hilbert H. Chitng minh bét dng thic
lz —ulllly — vl < llz = yllllu— vl + ly — ullllz -

Vz,y,u,v € H.
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10.

. Cho khéng gian Hilbert H va cac vectd x1,zs,...,2, € H. Ki

higu a;; = (zi,2;), 4,7 = 1,2,...,n. Ching minh dinh thitc
Crame det a;; # 0 khi va chi khi cac vectd z1,2s,...,z, doc lap
tuyén tinh.

. Cho khoéng gian Hilbert H v M la khéng gian con cla khong

gian H. Ching minh H © (H & Hy) = M.

. Cho day sb duong (c,) va tap hop

M={z=(z,) €ly: |z, <cn,n=1,2,...}.

Chiing mmh M 1a tap hop compak khi va chi khi chudi Z ch
n=1

hoi tu.

. Cho F la mét tap 16i déng trong khong gian Hilbert H va z la

phan ti c¢b dinh thudc khong gian H. Chitng minh tdn tai duy
nhét phan tit y € E sao cho

Iz~ gl = mig |1z - u].

Cho Hj la khéng gian 'c;on clia khéng gian Hilbert H va z la
phan t cb6 dinh thudc H. Ching minh

min ||z —ul| = ﬁe&’;{‘) |(z, )l
yll=1

Cho day (e,) 12 mdt hé tryc chuan trong khong gian Hllbert Vo

han chiéu H, H, 14 khong gian con sinh béi cic vectd e, s, ..., €n
(n = 1,2,...). Ching minh véi moi z € H ta déu co vectd
n, .

Y = Z(:v,ej)ej 132 hinh chidu clia vecto z lén khéng gian

j=1
con H, va néu (e,) la co sd truc chuén ctia khong g1an H thi
hm |z — yn|| = 0.
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11. Chtng minh trong khong gian Ls[0; 27], khi 4p dung qua trinh
truc giao héa Hilbert-Schmidt déi véi cAc ham sb sinmz, cosnz
(m=1,2,..;n=0,1,2,...) ta nhan dugc mot co s3 tryc chuin.

12. Cho day (z,) la mot hé vecto doi mot tryc giao clia khéng gian
Hilbert H. Chting minh cac diéu kién sau 13 tuong duong:

a) Chubi Z T, hoi tu manh;

n>1

b) Chudi Z T, hoi tu yéu;

n>1

¢) Chudi » _||zn||* hoi tu.

n>1

13. Trén kheng gian Hilbert I cho cac phiém ham:

a) f(z) = Z :rk sign(k —n);

trong dé = = (z,) € ly,n 13 sb nguyén duong cb dinh: Phiém
ham ndo trong cic phiém ham trén day 1a tuyén tinh, lien tuc
vA tim chuén cfia chiing (néu ton tai).

14. Trén khong gian Hilbert L»[0;1] cho cdc phiém ham:

a) F(z)= /01 z(t) sign <t - %).xdt;
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b) F() = / l2(8)] dt;
c) F(z) = /1 z(t?) dt;

d) F(z) = sup |z(t)|;
t€[0;1]

) Flo)= | 20 ds

f) F(z) =z (%)

Trong cac phiém ham trén day, phiém ham nao 13 tuyén tinh,
lién tuc va tim chuén clia ching (néu tdn tai).

o
15. Cho day (d,) thoa méan diéu kién: chudi sb Z dnz, hoi tu véi
n=1

moi z = (z,) € lz. Chitng minh day sb (d,,) € l.

16. Cho f la phiém ham tuyén tinh lién tuc trén khéng gian con Hy
clia khong gian Hilbert H, Hy # H. Chiing minh t6n tai mot
phiém ham tuyén tinh lién tuc duy nhét thac trién ham f tir
Hy 1én toan bd H véi chuan khong ting va triét tiéu trén phan
bu tryc giao H © Hy. . .

17. Cho day sb phic (a,). V6i mdi z = (z,,) € l; ta dit Az = (anZn).

a) Day sb (a,) phai théa man didu kién gl dé Az € Iy, Yz € 57
Véi diéu kien tim duge, ching minh toén t& A tuyén tinh,
bi chin va tim || A].

b) Véi diéu kién tim dugc & muc a), ddy sb (a,,) phai théa mén
them diéu kién gi dé A 1a toan tit ty lien hop?

18. Cho A la toan t{ tuyén tinh lién tuc 4nh xa khong gian Hilbert
thie H vao chinh né. Todn t& A goi la x4c dinh duong néu véi
moi z € H déu ¢6 (Az,z) > m(z,z), trong d6 m 1a s6 duong
cb dinh ndo d6. Chtng minh todn t& A 13 mot song &nh va
A7) <m :
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A

19. Cho Hy la khong gian con ctia khong gian Hilbert A, P la toan
tt chidu H len Hy, A 13 toan tt tuyén tinh lién tuc, anh xa
khong gian H vao chinh né. Chitng minh:

a) Khoéng gian con Hy bat bién dbi véi toan t& A, nghia la
AHy C Hp, khi va chi khi PoAoP = Ao P.
b) Céc khong gian con Hy va H & H, bat bién dbi véi toan tit
A khi vichikhi AoP=PoA.
20. Cho A la toén tit tuyén tinh bj chin anh xa khéng gian Hilbert
H vao chinh né. Chitng minh:

kAk

) V6i moi s6 phitc A, chubi Z hoi tu trong khong gian

I(H,H), trong d6 A% = I [ 13 toan tit dong nhat. Tong
cta chudi do6 ki higu la exp(AA), hay chitng minh:

[exp(AA)] ™} = exp (~AA).

b) Néu A 1a toén ti tu lien hgp va A 1a s thyc thi exp()\A)
cling 1a toén tit tu lién hgp.

21.. Cho A 1a toan tit tuyén tinh bi chiin anh xa khong gian Hilbert

H vao chinh né thdéa man diéu kién ||A — I|| < 1. Ching minh:

) Chudi Z I) h01 tu trong khong gian I (H, H).

Téng clia chu01 doé ki hleu la logA. Ching minh:
b) exp(log A) =

c¢) Néu thay toén tit A bing toan tlt tuyén tinh bi chdn B anh
xa khong gian H vao chinh né, thi cdc két luan § muyc a),
b) trén day con dang khong? Vi sao? '

22. Tim céc toan ti lién hgp véi cac toan tit cho dudi day:

a) Az = (0,21,Z2, ..., Zn,...), T = (Tn) € lo;
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b) Az = (va1:07$27"')5 T = (xn) € l2,

c) Az = (0,0,..., %k, Tpt1, -+ - )y T = (Tn) € Iy, k 12 s6 nguyen
duong da cho;

d) Az = (0,0,alxl,sz.z,...), z = (z,) € Iy, (a,) 1a day sb6
phiic da cho;

Tim céc toan ti lien hop trén day (néu tdn tai).

23. Tim céc toan ti lién hgp véi céc toan ti cho d_ufc’ji day trong
khong gian Ly[0; 1]: -

a) (A:c)(t) = /Otx(s) ds, 0 <t <1,z € Ep[0;1];

z(t), 0<t< A

b) (Exa)(t) =
) (Bxa)(?) { 0, A<t<LA€R,ze Ly0;1];

c) (Az)(t)

d) (Az)(?)

P), z € Ls[0;1],p € R da cho;
= 1
dinh va bi

z(t
a(t)z(t), € L2[0;1],a(t) 1 ham s da cho xac
chén trén doan [0; 1].

Tim cac toan ti lién h(jp véi cAc toan tif trén day (néu tom tai).

24. Cho céc toan ti tuyén tinh bi chin A4, A, (n = 1,2,...) 4nh xa
khong gian Hllbert H vao chinh né. Day (A,) goi la héi tu yéu

t6i A, ki hieu A, Y%, A, néuVz € H ta ddu c6 A,z = X, Az
Chiing minh, néu day toan ti (A,) hoi tu yéu ti A va

lim ||Anz|| = ||Az]), Yo € H,
n—oo

thi day (Anz) hoi tu t6i A:c theo chuan trong khong gian H véi
moiz € H. : :
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3.3 Bai tap nang cao

25.

26.

27.

28.

29.

Cho khéng gian dinh chuén X trén truong P (P = R, P = C),
trong dé chuin théa man céng thitc hinh binh hanh

Iz +yl* + |z = ylI* = 2 (Il* + 1y1I%) , Vz,y € X.

Chiing minh c6 thé dua vao khong gian X mot tich vo hudng

sao cho chuan sinh béi tich vo huéng triung véi chudn da cho

trén khéng gian X.

Ching minh trong khong gian L,[—1;1], khi 4p dung qué trinh
true giao héa Hilbert-Schmidt déi véi céc don thic 1, z, 22,
ta dugc céc da thic Legendre

mn

P,(z) ="cnggl~ [(x2 -1)"] (n=0,1,2...),

trong dé c, 1a cac hing sb, va cac da thic do lap thanh mot co
s8 truc chudn.

Hay tim phén.bil trye giao trong khong gian Ls[0; 1] clia céc tap
hop sau:

a) Céc da thic cla z;

b) Céac da thic clia 2%

c) Céac da thtic véi cic sb hang ty do béng 0;

d) Céc da thiic véi tdng céc hé s6 bing 0.

Chitng minh néu A 13 toan t tuyén tinh bi chin &anh xa khong
gian Hilbert H vdo chinh né sao cho todn td tich A o A* 13

compak thi A 13 todn t& compak.

Chitng minh néu A 13 toédn ti tu lién hgp 4nh xa khong gian
Hilbert H vao chinh né sao cho A™ (véi n la mot sb nguyén
duong nao d6) 14 toan 't compak, thi A la toan ti compak.
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30. Cho khoéng gian Hilbert H vé6i co sd tryc chudn (e,) v toén ti
A

A@i = Zaijej (Z = 1, 2, ) .

o0 o>
Chitng minh, néu Z Z lai;|> < +oo thi A 13 toan ti compak.
i=1 j=1 )
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3.4 Huéng dan giai

1. Ban doc tu gii.
2. Ban doc tu giai.

3. Khi: Gia st z vA y phu thudc tuyén tinh, tic 1 ton tai A € P :
z = Ay. Thé thi:

I 9)] = 1w, 9) = lyll® = ]yl
Chi khi: & |(z,9) = llzllllyll-
Néu y = 0: c6 ngay diéu cin ching minh.
Néu y # 6: Ta cb

() -

e @R, @y, @eEY,
= (z,z) (y,y)(fﬂ,y) (y,y)(y, )+ =" (1. 1)? (y,vy)
- (y,ly) (CRIOMEC y)m]
(y m [zl = (2, 9)I?] =
_(zy)
T )Y T 0

suy ra z v y phu thudc tuyén tinh. O
4. B3 dé: Véi moi z,y,z € H, ta cb
(z-y,z—2)+(@—2z-y) = lz—yl>+ |z - 2]* — lly — =I>

Ban doc tu chiing minh bd dé tren.

Véi z = u hodc £ = y hodic z = v, bat dzzmg thitc hién nhién
ding. :
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Véi z ¢ {u,v,y}, ta dit:

T—U T—y T—v

a= ——m5 b=t—p5, c= 77—,
e -~ llz -yl [z —lf?

Ta ¢6

Mla—bl* = (@—b,a-1b)
= llal* = (a,) — (b, a) + [lo]®

_ 1 1 [(
“Te—ulP  To—uPle —gEl® ~weY)
1
+(:E—-y,a:~—u)]+————-,—
| EEE

1 .
= =Pz —gpp 17~ b=l
o = 4P+l =l + o = 7]
_ lu—ol?
[

suy ra
Bl = lu =yl
z — ull||z -yl

Ha‘f

Bing cach tuong tu, ta co:

 lle—all =

ly — 2l
I =

16—
Iz —yllllz =l

lz —vllllz —ull’
Cudi cting, tit bit déng thite tam giac:
|6 —cll < lla = bl + llc — al],
ta suy ra diéu phai ching minh. O
5. Xét A1, Mg, . .., A 12 nhiing sb théa man:

)\'11;1 + AgZg + ...+ Ay = 0.
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Thé thi ta c6:

)\1(1‘1, ZEJ') -+ )\2(.’1,‘2, SCj) R /\n(a:n, l‘j) =0, J= m (33)
Dinh thitc Crame chinh 13 dinh thic clia hé phuong trinh tuyén
tinh thudn nhéit (3.3) (4n 1a cac 6 A1, Az, ..., An).

Khi: Gia st cac vectd zi,Ts,...,T, doc lap tuyén tinh nhung
dinh thitc Crame bing khong, khi dé hé (3.3) c¢6 nghiém khéng
tdm thuong (A1, Az, ..., An)
n
(33) => Z /\iCE.L', /\jil?j) = 0,] = m
i=1
n n
= (S h Z/\j%) o
) i=1 j=1
n 2
= 1 Z /\iIEi ={)
i=1
n
=> Z Aiz; = 0,
iél
suy ra hé z1, s, ..., T, phu thudc tuyén tinh, mau thudn. Do
vay dinh thic Crame phai khéc khong.
Chi khi: Néu dinh thic Crame khéc khéng thi hé phuong trinh
(3.3) chi c6 nghiém tam thudng, tic Ay = Ay = ... = A, = 0,
suy ra hé z,,%s,...,z, doc lap tuyén tinh. O
6 .

. Véimoiz € M,tacozl(HOM)nenz € Ho(HoM). Tu doé

McHeoe(He M). (3.4)
Ngudc lai, v6i moi x € HS (H 6 M), ta cb bidu dién

r=y+z yeMze Ho M.
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Tacd zlznén 0 = (z,2) = (y+ z,2) = (v,2) + (z.2) = ||2]|*.
suyraz=0ttdézr=y¢€ M. Vay )

He(HeM)C M - (3.5)
Tu (3.4) va (3.5) suy ra didu phéi chitng minh. OJ

o>
7. Néu chudi Z 2 hoi tu.thi

n=1

(Ve > 0)(3ng > 0) Z tn < 3

n=nop

Goi A= {z = xll,mz,.. s Tng, 0, 0 ) m| € gy =T1,ng}, ta
c6 A la tap hgp compak va "

Ve M)(3z' € A): ||z —2||<e (3.6)

That vay v6i moi z = (z,,) € M, ta chon z' € A sao cho ng toa
do dau tién trung véi cic toa do tuong ing cla z, con cac toa
do tiép theo déu bang 0. Thé thi

lz — 2|l = Z:v < Zc <—~
“’n—ng n=ng

Tap hop A compak, do dé né hoan toan bi chin, suy ra tdn tai
k e N*:

k , .
AcC U S (m(i), g) , trong d6 z9 € A
i=1
Tit day va t (3.6) ta suy ra:

k
MC U'S(m(i), €)

i=]

nghia 1& t&p hgp M hoan toan bi chan hon nita né déng. Vay
M compak.
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o0 ] .
Ngugc lai, gid st A compak nhung Z cz = +4o00. Thé thi chon
n=1 ' )
duge day (ng)s2, C N* sao cho:
Npegi1— 1
ST d>1,VE=12,.
i=ny
Goi z(®) = (0,...,0,Cnpr- -+ Crpyy—-1,0,0,...) € M, Yk =1,2,...
Khi dé
[z® — 2| > V2, Yk #£ K.
Day (x(k)):o:l khong chita d&y con nao hoi tu nén AL khoéng 1a
tap hop compak, mau thuin. [J
8. Néu z € F thi chon y = z, ta dudc diéu phai chimg minh.

Néuz ¢ E, goid =d(z, F) = inf |z — u||. Vi E déng nénd > 0.
Theo tinh chét clia can dudi c’[unU ta tim duge day (u,) C E :
|z — ug|| — d khi n — oc.

Theo déng thitc hinh binh hanh:

2z — wll? + 2z — wnll? = .-
= ”(1‘ - un) + (I - um)”2 + ”(33 - Un) - (:II - um)llz

= dfle = ST 4y —

1 :
=(un +um) € E, do dé:

Vi E 13 tap 16i nén 5

> d.

H tnttm

T d6 nhan duge lim ||up—um||=0, suy ra (u,) la day Cauchy

trong E. Nén, ton tai y = lim u,, hon nita £ déngnén y € E
n—oo

S

e il = lim [}z — wll = d
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Dé § ring y € F, nén ding-thiic trén din t6i

llz =yl = min ||z — uf|.

Phan t y 1& duy nhat, that vay, gid st cé6
yeE:|z—yl=lz—yl
Theo déng thic hinh binh hanh:

4d® = 2|z — y|* + 2|z — ¥'|?

1]

~ 4| A—

> 4d* + |ly — ¥'))?

=ly-yIIP=0=y=y
Vay ta c6 didu phai ching minh. OJ
9. Néu z € Hy, ta c6 ngay diéu phai chitng minh.
Néu z ¢ Ho, khi d6 ta c6 biéu dién: T = ug + yo v8i ug € Ho,
Yo € H © Hp, hon nita .

ol = llz "}UOH = min [lz — ul| (3.7)

D& thay yo # 6, khi d6 dat y; = Ta c6 y3 € H © Hy,

‘ [lwoll 0”
lyall = 1 va véi moi y € H © Ho, |lyl| = L:

1@ 9)] = (o + 90, )] = (30,1 < lwolllyl = lloll = I(z,90)]

Suy ra
ol = (2, 31 :yﬁn;lf?é}%{‘) (z, )] (3.8)
yl=1

Tt (3.7) va (3.8) suy ra diéu phai ¢hiing minh. [
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10. Ta c6:
n
(me) = O _(z,e5)e5,01) = (z,e0), Vi=T,m,
i=1
suy ra
(z~Yn,e;)=0Vi=T,n)=>z—~y, € HS H,
Tit d6 ta c6 biéu difn: = = y, + (T — y), VO yn € Hp, T —yp €
H © H,. Vay y, l1a hinh chiéu cta z lén H,.
Néu (e,) 1a co s6 truc chudn thi:
T = Z(x, ej)e;
=1
va ¢, chinh la tdng riéng thd n cla chudi.
Do d6, lim y, =z hay lim ||z —y,|| =0. O
0O n—oo .
11. Ta chitng minh hé sinmz, cosnz (m = 1,2,...;n=10,1,...) 1

hé tryc giao day du.

~ That vay, Véi.m=1,2,..,.;n=0,1,...vé,m;£n

29
1
/ sinmz sinnz dz = 5/ [cos(m — n)z — cos(m + n)z] dz
0 .
- 2w
_1 sin(m —n)z _ sin(m + n)z P
2 m-—n m+n . -

véim=1,2,...;n=0,1,..., néum # n thi

2 S . 1 27 :
/ sinmz cosnz dr = 5 / [sin(m + n)z + sin(m — n)z] dz
0 0
2

1 [cos(m +n)z + cos(m — n)z
2 m+n m-—n

=0,

0
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12.

néum = n, do d6 m # 0, thi

2

2 2
. . - cosdmzx
sinmzcosmzdr = - sin2mzdr = ————| =0;
0 2 Jo 8m
cubi cing, véim =1,2,...;n=1,2,... vd m # n, thi

2w 27
LT 1
/ cos Mz cos Nz dr = — / [cos(m + n)z + cos(m — n)z] dz
0 0

2ar

2
1 [sin(m +n)z n sin(m — n)x
2 m+n m-—n

Nén hé da cho tryc giao. Tinh diy di ctia he dudc suy ra tit dinh
1 Weierstrass vé xap xi mot ham tuan hoan lién tuc bdi cic da
thitc lugng giac (titc 1a cac ham sb clia hé néi trén). TU dé suy
ra didu phéai chitng minh. O ~

a) = b) Hién nhién.

n
b) = c) Xét tong riéng thi n cla chudi da cho: S, = Z zp. Vi
k=1
chudi héi tu yéu nén v6i mdi z € H, day {(S,, )} hoi ty, suy ra
day {(z,S,)} cling hai tu, do dé bi chin. Dit

falz) = (z,5,), Vz € H,

thé thi f,, 13 mot phiém ham tuyén tinh lién tuc va bi chiin ting
diém trén H. Hon nita, theo dinh li Risez: || f,|| = ||S||- Lai theo
nguyén lf Banach-Steinhaus, thi day toan ti (f,) bi chin déu,
ttc 13 t0n tai M > 0: || full = ||S:|| £ M, ¥n. T dé

15012 = (Ss S) = > llz4ll? < M, ¥n.
k=1

o -
Vay chubi lexnllz hoi tu.

n=1
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~ ¢) = a) V6i moi n, p nguyén duong:
p 2 P
[1Sntp = Sull* = Zﬂfkﬂ' = Z lzx5]1%.
k=1 k=1
(o0}
Tu day va tit gid thiét chudi Z H.rn“2 héi tu suy ra (S,) la day
n=1
co ban, ma H la khong gian diy nén Z a:n hai tu manh. O
n==1
13. a) f khong x4c dinh trén /[o.
< 1 1 .
That vay, lay ¢ = <l, DI > € ly nhung f(z) = +oo.
b) f khong tuyén tinh.
¢) f khong tuyén tinh.
d) f khong tuyén tinh.
e) f khong ttiyén tinh.
f) D& thay f tuyén tinh va |f(z)| = |z,| < ||z]), Vz € l5. Do dé
f lien tuc va || f]] < 1. M4t khéac, lay z = e, = (0,0,...,1,0,...)
(s6 1 & vi trf thi n) thi e, € ly-va |le,]| = 1. T d6 || f]| >
,f(en)] =1
Vay [If]l=1.0
14. a) D& thiy F tuyén tinh va

/-1 %(t )81gn(t~— 1/2) dt‘

\// (0 dt\// s (1= 1)

= llall, ¥z € La[o, 1]

|F(z) =
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T d6 suy ra F lien tuc va ||F|| < 1. Mit khac, 18y zo(t) =
| ,
sign <t - —2-> thi 2o € Lo[0,1] v [|zo|| = 1. Ta c6
. 1. 1
1712 1P = | [ e (1 3) a| =1
0 2
Vay ||Fll = 1. )
b) F khong tuyén tinh.

c) F khong xéac dinh trén L,[0;1]). That vay, xét ham sb

| 1
, 0<t<1
()= V1t :
0,. t=1

" Ta sé chitng minh z € L,[0;1] nhung F(z) = oo.
Xét day ham {z,(t)} xac dinh nhu sau

» 1
2(t), 0<t<1—~—
_ n
: 1
0, 1-—<t<1
. . . n -
Ta c6 {z,} 13 diy ham khong am, do dugc va hoi tu dén z® trén

[0;1], hon nita

. , | 1__%2 1 ' .
mntdt=/- zé(t)dt = [~ - dt
[ea= [ soa= [T i
-1 ‘ -
=-mh—40"=2—2¢ggg

, 1 » o j
do d6 day tich phan / z,(t) dt bi chin béi 2. Suy ra ham z°
0 v -

kha tich va ta cling cd s - .

AZ%Q&:hmA:ﬁﬂﬁzz



156.

Chuong 3. Khong gian Hilbert

Tit day suy ra z € L,[0;1].
Bay gio ta xét tich phan

LR e

Gi4 st tich phan nay ton tai hitu han va célgié tri 1a M, thé thi

_taco

m(t2 dt =

0= | i

Thuyc hién phep ddi bién ¢ = sinu, ta dugc

s
/ 1 1 t2 / VCOsU d’U, véi 7 = arcsin s
0’ —

o1 usmudu
= u+/cosu

+ .
< ri/cosT 3

<M, VSE[O 1).

0 -2 Jp +/cosu

1 " :
inud
5 cosr/ usinu du
= r/cosT + ,__(smr — T COST)

sinr — rcosr) — —!—do,

- 2\/30’?
khi 7 — g-, tng v6i s — 1 (mau thuén).
Do dé F(a:) = 00, tifc F khéﬁg',xéc dinh trén Lo[0;1].
d) F khc“)ng' tuyén tinh. |
e) F khong fuyén tmh.
f) Xét day (z,) C Ls[0; 1] xéac dinh nhu sau
n, néut=

To(t) = '
_ 1, néut#

[NSRE ORA
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15.

véi moi n =1, 2

Ta ¢6 |F(z,)| = n, ||a:n|| =1, Vn = 1 2 , suy ra F khong bi
chan. OJ .

Véi mdi m = 1,2,;.., xét phiém ham fn, xic dinh theo cong
thic: , :
' (z) = }: dyzy, Vo = (xn) € ly.

k=1

" Dé thay fm tuyén tinh, ta se chimg mmh fm bi chan va tim

chuan cua nob.

Véi moi z = (zn,) € la: .

| fm(@) = D dime| < sz \]Zmlz < Mgz,
E=1 k=1 k==1 : - . o

> 1dif?. Do d6 f | < M.

_ k=1
Miit khac, 18y = = (1,02« + 1 dm, 0,0,...) € lg, ta ¢6 ||z|| = M
va

lfm = 3" 1del® < el
2 |

~ Suyra ||fm| > M,,. Do d6 Hfmll —M
 Véi mdi z € lz thi day {fm(z)}m h01 tu, nghia 13 day (fm)

hoi tu ting diém trén Iy, nén day nay bi chin timg diém trén
l. Theo dinh li Banach-Steinhauss, day (fn) bi chgn déu, tic 1a
ton tai mot s6 M > 0 sao cho . ‘

ufmn,alzldkwszvf,m S
\ k=1 o . "

T dé suy ra (d,) € lp. O
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- 16. Sy tdn tai.
‘ Goi P : H — Hjp la toan ti chleu tit H len H,. Phiém ham
F = f o P chinh 13 phiém ham tuyén tinh cin tim. That vay

- V6i moi z € Hy : F(z) = f(Pxo) = f(xo).

- V6i moi z € H@Ho F(z) = f(Pz) = f(0) =0.

- - Tacé
Pl = o) 2 a2 7121 = o 1761 = 1
' mé,tbkhéc,
EI =170 P < 17PN = 1

Do d6 [|F|| = [|£-

Tinh duy nhét

Gid st ¢6 mot phlem ham tuyén tinh F’ ciing théa man bai toan.
Theo dinh li Riesz ton tai a € H : F(z) = (z}a), Yz € H va ton
tald' € H: Fl(z) = (z,d), Ve € H. Ta c6

F(z) = (:z:), Yz € HyU (HGHO)
sﬁy ra :
(z,a—a') =0, V:EEHOU(HeHo)
.Vayphé,i éoa=a hay F=F'tren H. O
-17. a) Néu (a,) bi chén thi dé thdy Az € Iy, Vz € lo.

Néu (a,) khong bi chin thi tdn tai day con (a,,) ctia (a,) théa
man {ankl >k, Vk. . '

Goi z = (z,) théa man -

0, néun#ny

T, = 1 ) .
' —, néun=ng
Qn,
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18.

Thé thi z € I nhung Az € .

Vay diéu kién cdn va di dé A la anh xa tit I, vao chinh né 1a
day (a,) bi chin.

Azl = l D lanflzal? < M, ’ > (2l = Mllall

v6i M = suplay. Suy ra A bi chan va ||A]| < M.

Ta ¢é:

Mait khéc, v6i moi € > 0 nho tuy §, tn tai n : Ianl >M—¢eva
do dé : _

14l = sup [lAz]] 2 || Aenl] = lan| > M —¢.

‘Suy ra ||A|| > M. Vay || Al| = sup |ax).

b) Day (a,) 1a day sb thyc bi chin. O

Chitng minh A 13 song &nh.
Véi moi z € H ma At = 6, ta co-

0= (Az,z) > m(z,z) > 0= (z,2) =0=>z = 0.

Do d6 A la don 4nh. Sau day ta s& ching minh A 13 toan 4nh
bing cich chimg minh A(H ) = H . Truéc hét, ta s& chitng minh
A(H) déng trong H. ,

That vay, v6i moi day (y.) C A(H) vA Y, — y € H ton tai
(zn) C H sao cho y, = Az,, Yn = 1,2,.... V6i moi n, m nguyén
duong S

llym — yml”lmn — Tl = (Yn = Ym, Tn — Tm)- - |
z m(mn - Tm,y Tp — mm) = meUn - me2 '
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suy ra . _
| v~ mll > iz — 2l
, T day nhan duge (z,,) 14 day co ban trong H, do d6 né hoi tu
~ t6i phén t& £ € H nao dé6. D& thiy y = Am titc y € A(H); suy
ra A(H) déng trong H. _
Hon nita, néu z_LA(H ) thi
0= (A‘,,z) >m(z,z) = m[]z[]2 = z=40. _
Suy ra A(H y=HvaA la toan anh. Tuf dé A la song anh nén
ton tai-anh xa nguoc A~'. D& thay day ciing la tosn tu tuyén
tinh tit H vao chmh nob. .
le moiz € H
- N Azllllzll = (Az,z) = m(z,z) = m|lz]]?,
do d6 . -
lAsll > mllall, Vo € .
Tt 46 nhan duge ||A7Y < m~L. O
- 19. a) =) Gid sit-c6 A(Hp) C Hy, véi-moi z € H, goi y = Pz,

2= Ay. Ta c6 y € Hy vh do gia thiét nén cling c6 z € Hy. T

do -’
(PoAo P)(x)_: (P o A)(Pa:) P(Ay) P(z) =z

(Ao P)(a:) A(Pz)=Ag =2z .

| VaysuyraPvoP Ao P.

¢:)G1asufcoPvoP AoP, vdlmmzeHo,taco
A(z) = (Ao P)(z) = (POAOP)(ﬂ?) P(Az) € Hy.
Vay suy ra A(Hp) C Ho.

'b) =) G sit c6 A(Ho) C Ho, A(H © Ho) C H © H. Véi moi

r € Htacdoz = y+ 2 trong d6 y € Hyp,z € H S Hy, suy
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ra Pz =y. Ta cling ¢6 Az = Ay + Az vi theo gid thiét thi
Ay € Hy, Az € H © Hy, suy ta P(Aa;) Ay.

Tit d6 ta nhan duge _ ,
(PoA)z) = P(Az) = Ay = (Ao P)(z).

Vay Ao P = Po A o

<) Gidstted AoP=PoA.

 V6i moi z € Hy : Az = A(Pz) = (Ao P)(z) = (Po A)(z) =
P(A:v) € Hy, suy ra A(Ho) C Hy. '

V6i moi z € Ho Hy : P(Az) —A(P)——zA(G) =0= Az e
H © Hy, suy raA(H@Ho)CHeHO .

Vay c6 dleu phéi chu’ng mlnh o
20. a) Taco
/\’”A’“

Z IAV””A”'” el

k=0

i

-0

hoi tu. Do khong gian I(H, H) day nén

k=

do d6 chudi z
=0

k

’”A
chu01 kz o hoi tu '
Véi A = 6 (ki hiéu toan ti khong) ta duge exp(9) = I. V6i moi
AN, taco
' ) °°>\kAk°°XkAk‘
exp(A) exp(NA) = )y —=
v E! k!
k=0 k=0
i}’i Ak AR )\ln~kAn~ '
n=0 k=0 n k)‘
_ i A+ /\’)”A” '
‘n=0

»"'='-exp[(/\'+)\)A] 3
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Cho N = —X ta dugc exp(AA) exp(—AA) = exp(d) = I, tit d6

suy ra v
[exp(AA)] ™! = exp(—AA).
b) Ta cé V
00 L Ak Ak "
(exp(/\A (Z A A ) Z (Al;:,l (x),y)
; = k=0
= R =S Xl A)
k_O . k=0 o
kpk . :
_ (;c y A4 (y)) = (2, exp(\ ) (1))
k=0 :

Vay c6 diéu phéi ching minh. O
21. Ban doc ty giai. |

22. a) D& thay A 1a toan tit tuyen tinh bi chan nén tdn tai toan ti
lién hop A*.

Véi moi z = (z1,%3,...), ¥y = (¥1,Y2,.-.), ta cd

(A-T;y)=Om+$1y§+"'+$nyn+l+---
=x1-'g§+"‘+aznyn+1+---
= (z, A™y)

T dé suy ra A*y = (y2,¥s,. - .)-
b) Ta cb

(Az,y) =071+ 215+ - + Ozt + ZpTon + . - -
=ziPz+ + TP + - .
= (z, A%y)

T d6 suy ra A*y = (Y2, ¥4, Yans - - -)-
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23.

c) Ta cbd

(Az,y) = Om+..'.+0yn~1+mng;{+_,’, o
=20+ -+ T a0+ Ty + ...
= (z, A"y)

Tit d6 suy ra A*y = (0,0,...,Yn: Yns1,- .- ) = Ay. Vay A 13 toan
t ty lién hop. '

d) Tuong tu nhu trén ta dude
A*y,: (Eiy37 @ylia o 1a;l~yn+2, .. ) ]

a) D& thay A la todn tit tuyén tinh trong Lo[0, 1] va V¢ € [0, 1:

m(s) ds (/ ]:1: |ds> < /01 Im(s)i’zds:lllmHQ,
Suy ra

2
dt < ||z||?

/01 /m(s)ds

hay ||Az||? < ||z||% nén ||Az|| < ||z||. Vay A 1a todn ti tuyén
tinh bi chin, do d6 tn tai toan ti lién hgp A*.

V6i moi z,y € Ly[0, 1], ta cb

(Az,y) = / I(Am)(t)@‘(ijdt= ( >
// (s)y(t) dsdt = / ()(/1()dt>ds

= (z, A%y) = / o(s)(&9)(3) ds

(A™y)(s) = / (b dt, ¥s € [0,1],



164 IR Chu’dng 3. Khong gian Hilbert

b) D& théy E, 1a toan tit tuyen tmh bi.chdn trong Lo [O 1], do

d6 ton tai toan tit lien hgp E,\
Véi moi z,y € Lo[0,1], ta c6

(Exa,y) = / (Bac) ()5 (D) dt

: 0 : : '
:/o x(t)y(t) dt+/\ O;u(t) c.it
A L 1 }

— \,
/0 w(t)y(?)dtl+/A z(t) - 0dt
= (¢, By) = / () (BL) ) dt
Tt ds |

o y(t), 0<t<A |
(Bxy)(t) =
: 0, A<t<l, yelL)0.1]
. Vay Ej la toan t ty lién hop.
c) Tacé Alx toéniti’r' tuyén tinh bi chin trong khong gian L[0; 1]
nén ton tai todn ti lien hop A*.

Véi méi z,y € Lo[0;1], ta co

(Az,y) = /0 (7)) dt




Bai tap Giai tich ham . - ‘ o 165

Tir doé suy ra

=

~—

)@ =) e oo,
L ptPA

d) (A*y)(t) = a(t)y(t), y € Lo[0,1]. O

id

24, Ban doc tu giai.
25. ’I‘ru’dng hgp P=R
\G trudng hdp nay, tich vo hlidng trong X xéac dmh nhu sau:’

(z,9) = -(Hw +yl* - Iz - yHZ), Vo,yeX.

That vay, ta se ching minh né thoa man bon tlen dé vé tich vo
‘hudng. -

a) D3 théy (y,z) = (z,7), meEX
b) Véi moi z,y,z € X, ta co: -
@+v= |
= 2yt~ o +y—2P)
= sty 2P~ e - g+ 2IP)
N e =g+ 2l + iz +y— 2]
= 2 s+ 217 + 1) - P+ =17}

%(H-’E-F 2= flel®~ 121 + 5 (llyl!2+HZH2~Hy zH)

|

= a2l = o= 2IP) + 30y 2P = =)
@) +@ B

c) Véi mdi z,y € X ham s6. (blen sb cx) fla) = V(oAza:,y) lien
tuc trén R vA cong tinh (suy ra tit b)). Do d6 f phai cb
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dang: f(a) = Ca,C 1a hing s6. Thay a = 1 vdo ta dugc
C=fQ1)=(z,y)
Vay (az,y) = a(z,y).

d) Ta c6 (z,z) = ||z||® nén (z,z) >0, (z,2) =0z =6.

Trudng hop P=C
Tich vd hudng trong X xac dinh nhu sau:

1 . . . . ‘
(2,9) = 7(lz+yl*=le—yl*+éllz+iy|* illz—iyll*), Vz,y € X.
Ta kiém tra céc tién d& vé tich vo hudng.
a) V6i moi z,y € X:
1 . . . .
(v, 2) = 7(lly + zl? = lly — zl® + illy + iz|® — illy — iz]®)
1
T

| +illite = ) = illiCz + i)l
= 2o+l = llz — vl +illz — igl]* = il + igl)

= (z,9)-

b) Chiing minh tuong tuy nhu trudng hgp dau.
¢) Tuong ty nhu trén ta xét ham sé f(a) = (az,y) lién tuc
va cong tinh. Do d6 f(a) = Ca,Va hoic f(a) = Ca, Va.
Thay o = 1 ta duge C = (z,y) va tit ddng thic (iz,y) =
i(z,y) ta suy ra (az,y) = a(z,y). .
d) Tuong ty nhu trén. O
26. Tacéhél,z,7?,...doclap tuyén tinh trong khong gian Lo[—1;1],

nén nhd qué trinh tryc giao héa Hilbert-Schmidt, hé nay sé trd .
thanh mot hé tryc chudn va ki higu 13 '

€0y€1,€9, 4.



Bai tap Giai tich ham ‘ : 167

‘D& thiy ring env,- n=0,1,... 14 da thic bac n v& e = —. Tiép

N

theo ta ching minh hé (Qn)o, v6i -

Qn(m) = -

- ( $2 o 1)11
tryc giao trong khong gian Lz[ ; 1], do d6 13 mot hé doc lap
tuyen tinh.

That vay, xét hai phan ti bat ki khéng trung nhau Qny, Qm va
glasum<n Ta c¢6

¢ —1)" =0,k=01,...,n~-1

g% —1)"

r=—1 d }“( .
nén khi 4p dung phuong phép tich phan ting phan ta dudc

1 1 dmtl & dn——l :
[ @n@Quie) e = - | ol -0 - e

d’*(

T=1

Tt d6 suy ra hé (Qn)nzo truc giao.

Sau day ta s€ chufng minh @, vA e, phu thudc tuyen tinh véi
moi n = 0,1,.... Ro rang diéu nay dang v8i n = 0. Gia su
né diing dén n, ta ching minh né ding dén n + 1. That vay,
trong khong gian E™! bao gdm tit ci cac da thic bac n + 1
thi hé {ep, €1, .., ent1} 12 hé doc lap tuyén tinh t6i dai. V8i mbi
kE=0,n thi Qi1 v Q doc lap tuyén tinh, ma Qy va ey phu
thudc tuyén tinh, nén Q.1 vd e, doc lap tuyén tinh. Nhung vi
Qn+1 € E™! nén ta phai c6 Qny1 VA e,y phu thude tuyén tinh.
Theo nguyén Ii quy nap ta nhan dugc khéng dinh trén.

Tit d6 bing cach 1y ¢, sao cho |c,| = , ta c6 he (P ) trung

”Qn”
v6i he (e ) Nén nhd-qué trinh tryc giao hoa. Hilbert- Schmidt he-’

1,z,z2, ..., ta nhan dugc hg tryc chudn (P,).
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Khong gian E C Ly[—1;1] bao gdm tat c& cac da thic xac dinh
trén doan [—1;1] tri mat trong khéng gian C C Ly[—1;1] bao
gdm tat c& cdc ham sb lién tuc trén doan [—1;1], con C lai tra
mat khép ndi trong Ly[—1; 1] (ban doc tu chitng minh diéu nay).
Do d6 E trit mat khap noi trong Lo[—1;1]. He 1, z, 22, ... 12 mot
hé sinh ctia F, suy ra hé (P,) cling 12 mo6t hé sinh cha- F. Tt d6,

véi mbi z € Ly[—1;1] ta cb thé xAp xi = bdi mot t6 hop tuyén -

tinh nhitng phan t clia he (P,) v6i do chinh xac tuy ¥, vi vay

. ta c6 thé ddng nhét ching véi nhau. Suy ra (P,) 1a mot hé tryc

chudn dd, nén (P,) 1a mot co sd truc chudn cta Ly[—1;1]. O

a) Tap hop P tét cd cac da thic clia z lam thanh mo6t khong
gian con ctia khong gian Ly[0;1]. Hon ntta P tru mat khdp noi
trong Lo[0;1]. Gid sit y € Ls[0; 1] truc giao véi P, thé thi y cling -
tric giao véi moi z € L[0;1]. That vay, ton tai (2,) C P va
lim 2, = z. Khi d6 (z,y) = lim(z,,y) = hmO 0. Do d6 y cung
truc giao véi Y, ttdéy=46.. :

Vay phan b tryc giao clia P 1a {6}.

b) T‘ap hop P, cac da thiic ctia =2 1ap thanh 'mot khong gian con
clia L,[0;1]. He 1,cos 7z, cos 27z, ..., cosnwz,. .. (1) 1a mot he

. tryc giao du trong L[0;1] (ban doc tu ching minh diéu nay).

Hon nita tit khai trién ham cos thanh chudi liiy thira, ta suy ra
mbi phan ti clia hé (1) déu 14 gidi han clia mot diy cac phan ti
ndo d6 trong Pi. Tit d6 néu y € L,[0;1] truc giao v6i P; thi nd

-cfing tryc giao v6i he (1), vi thé ciing tryc giao véi- Ly[0; 1]. Suy

ray=0.
Vay phan b tryc giao clia P, 1a {6}.

c) Tap hdp P, céc da thic véi sb hang tu do bang 0 lam thanh
mot khong gian con clia Ly[0; 1]. Hé sin 7z, sin 27z, ..., sinnnz, ..

(2) 13 mot he tryc giao di trong L[0; 1]. Hon nita i khai tridn -
ham sin thanh chudi liy thita, ta suy ra méi phan t clia hé (2)
déu 1a gidi han clia mo6t day cac phan ti nao d6 trong P,. Tit
dé néu y € L»[0; 1] truc giao v6i P, thi né cling truc giao véi he

(1), vi thé ciing tryc giao véi Ls[0;1]. Suy ray = 0.
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28.

29.

30.

Vay phan bu tryc giao clia B, 1a {9}
d) Ban doc tu giai. D

Gid stt (z,,) 1 mot day phan tif bat ki trong hinh cdu don vi déng
clia khong gian Hilbert H. Theo gi4 thiét, Ao A* 1 todn t com-

" pak nén tit day (A(A*z,)) liy ra dugc mot day con (A(A*z.,))

hoi tu trong H. Do d6 (A(A*z,,) cling & mot day Cauchy va

”A*xnk - *‘4:|:5[3'rnk||2 = (A*(:Enk - mmk)’ A*(:Enk - mmk))
= (T, — Ty A(A"(Tny, — Tmy)))
< ”mnk - mmk”“A(A*(znk _—'zmk))” ' .
< 2||A(A*zy,) — A(A%Tp, )| — 0,khi k — oo

Tt d6 suy ra (A*z,,) & mot day Cauchy trong khong gian day
H, do d6 n6 hoi tu. Suy ra A* 14 todn tt compak, nén A* o A
ciing compak. Lap lai qué trinh twong ty nhu trén ta nhan dugc
A la toan t& compak. [

Trudc hét ta thiy ring néu A 13 toan t tu lien hop thi AF
ciing 13 toan t tw lién hop v8i moi k& = 1,2,.... Lai theo bai
28 ta suy ra néu A 13 mot todn ti ty lien hgp bét ki thi tu
A? = A o A* compak ta s& c6 A compak. Bay gid gid s v6i
n € N* ndo d6 ta c6 A™ compak, trong dé A ty lién hop. Thé thi
AT = A™o A?" 7" ciing 14 todn tt compak. Theo nhan xét & trén

. , 9
thi toan t A%"" tu lién hop va (AQ"”I) = A?" compak, do dé6

A% compak. Lap luan tuong tu, sau 7 budc ta nhan duge A
13 todn t compak. [J :

Véimdi n=1,2,..., xét toén t& A, %ic dinh nhu sau:

oo ‘.
E aiej, 1 <i<n ’ _
Anei o= j~"'—-1 . R . . . ‘ o

a, i>n
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Dé thiy A, 12 toan tit tuyén tinh lién tuc hitu han chiéu, do dé

[e e}
né la toan t compak. Véi moi z € H ta cb Z(m, e;)e; va

i=1
Az = Z(:c, e))Ae;, Anz = Z(x, e;)Ae;,
i=1 ‘ i=1 :

suy ra

i=n+1 i=n-+1

= Z { Z (33, ei)aijJ €5

j=1 li=n-+1

Apz — Az = i (z,e;)Ae; = i (z,€) iaijej
. j=1

<> [Z (z,e)* ) ‘laijlg}

i=n-+1 i=n-1

<P S Jayl?

j=1i=n+l

= llel® Y > layl®

i=n+1 j=1

= [[4, — A <, Z Z la;[? - (3.9)

i=n41 j=1
Chuyén qua gi6i han trong (3.9) khi n — oo ta duge
lim ||A, — A = 0. ‘
n—od

Vay A la gi6i han theo chudn clia day toan tit compak (A,), do
dé A 1a todn t& compak. [] .



Chuong 4

Pho ctia toan t& tuyén tinh
bi chan

4.1 Tém tat 1y thuyét

4.1.1 Phd ctia toan t& tuyén tinh bi chin trongi
khoéng gian Banach

Cho khéng gian dinh chudn“X trén trudng P (P la trudng sé thyc R
ho#c trudng s6 phitc C), toan t tuyén tinh bi chin A anh xa khéng
gian X vao chinh né (hay todn t A téc dung trong khong gian X),
phuong trinh

(A- Az =y, (4.1)
trong d6 z,y € X, y 13 phan tit d& cho, z 1a phan ti¥ can tim, A 1a
tham s6 thuge P, I 1a toan tif dong nhét.

Dinh nghia 4.1.1. S6 A € P goi la gid tri chinh quy (hay diém chinh
quy) cia todn t& A, néu ton tai todn t Ry = (A — M)~ zdc dinh
va bj chdn trén toan khong gzan X. 56 X goi la gid tr phd (hay diém
phd) cia todn t A, néu sé \ khong la gid tri chinh quy ctda todn ti
A. Tap hop tét cd gid tri phé cda todn t& A goi la pho cia todn ti A.
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Dinh li 4.1.1. Cho cdc todn tif tuyén tinh bi chin A, B tdc dung trong
khong gian Banach X sao cho todn ti A cé tocm tz nguoc bi chdn A™1
va todn ti B thod man diéu kién HBH < A

Khi d6 toan tit A + B ¢6 toan tit nguge bi chin.

T dinh i trén suy ra ménh dé sau:

Néusdb \g € P la gié'tri chinh quy clia toan t A, thi VA € P théa
man diéu kién: X

(A= XoI)Y|

déu 14 gia tri chinh quy clia todn tit A.

I)\o--/\l < ”

Dinh li 4.1.2. Cho todn t1 tuyén tinh bi chin A tic dung trong khﬁng

gian Banach X vd s6 A € P théa man diéu kién |\| > ||A]|. Khi d6 sb
A la gid tri chinh quy cta todn t A va todn t gidi Ry cd biéu dién
dang:

Ry = (A=Al = —i- i 4 (4.2)

Dinh li 4.1.3. Néu todn t compak A téc dung trong khong gian
Banach X, thi vdi moi s6 o > 0 todn t A chi cé hitu han vector Tiéng
déc lap tuyén tinh tuong ung vdi gid tri Tiéng A ma [A| > a.

4.1.2 Phd chia toan ti¥ tuyén tinh bi chin trong
khéng gian Hilbert
Cho toén t& tu lien hop A tac dung trong khong gian ‘Hilbeft H.

Pinh li 4.1.4. Cdc gid tri riéng ctla todn it tu lién hop A déu la sé
thuc. .

Dinh 1i 4.1.5. Hai vector riéng ctia todn ti tu lién hop A tuong ing
vdi hat gid tri riéng khdc nhau thi truc giao vdi nhau.
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Dinh Ii 4.1.6. 56 X la gid tri chinh quy cia todn t tu lien hop A khi
va chi khi

(3a > 0)(¥z € H) ||(A~ Aal| = allall. (43)

T dinh i suy ra: S6 A thudc phd ciia toan ti tu lien hop A khi va
chi khi 3(z,) € H,||jz,|| =1 (n=1,2,...) sao cho

Jim 14 = ADzal| = 0. (44)

Dinh If 4.1.7. Moi $6 phic X = a + bi vdi b # 0 déu la gid tri chinh
quy cia todn ti tu lién hop A. :

Dinh 1i 4.1.8. Phé cta todn tit tu lién hop A la khdc réng.

Dinh If 4.1.9. Phé ciia todn tik tu lién hdp A ndm trén doan [m; M),
trong dé

m = inf (Az,z), M= Sui) (Aa:,:v)
Hzll=1 Jlzfj=1

Dinh 1i 4.1.10. Phé cia todn t& compak tu lién hop tdc dung trong
khong gian Hilbert H chi gom gid tri riéng.

Tu dinh If suy ra: Néu toén;tfx compak tu lién hgp A tic dung trong
khong gian Hilbert H c6 vo sb gia tri riéng, thi tap hop gia tri riéng 1a
dém dugc va s6 0 13 diém gidi han duy nhét cla tap hgp gia tri rieng
dé. '
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4.2 Deé bai tap
1. Tim phd clia toan tit Voltere
(Az)(t) = / z(s) ds, 0<t< 1,z € C[0;1]
S Jo -

téc dung trong kh(‘)ng gian C[0;1].
2. Cho toan t
Az = (zg,xg,...), T = (1,22,...) €, 1 <p < H00.
Hay tim phd cia toan tit A. |
3. Cho toan ttt
Az = (0,z1,29,...), T=(21,Z2,...) €lp, 1 < p < Fo0.
Hay tim phd cia todn tit A.

4. Tim phd cla toan tit Volterre
_ o ,
(Az)(2) :/ 2(s) ds, 0<t <1,z € Ly[0;1]
0 4

tac dung trong khong gian Lo[0;1].

5. Tim phd clia toan t& chiéu khong gian Hilbert H 1én khong gian
con Hy C H vA céc vecto riéng clia toan tir dé.

4.3 Bai tap nang cao

6. Tim phd cls toan t budc nhay:
(Az)(t) = z(t + h), = € L2(R), h = const

tac dung trong khong gian Lo(R).
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4.4 Hubng dan giai
1. Ki higu phd ctia A 1a 0(A). Xét phuong trinh Az — Az =y, hay

/ t 2(s) ds — Az(t) = y(t) ©(4.5)
0

Néu A = 0, phuong trinh (4.5) khéng c6 nghiém néu y lien
tuc trén doan [0;1] nhung khong kha vi trén doan dé. Suy ra
0eo(A).

Xét A\ #£ 0, dat
(Fz)(t) ==.~ [-——-& /Ot:c(u)e“'% du+ :1\11:(15) ,

troﬁg dé t € [0;1],z € C[0; 1].

Ta c6 F 13 toan ti tuyén tinh bi chin tac dung trong khong gian
C[0;1]. Bay gio ta sé chiing minh F' chinh 13 todn t1f gidi cta A
(tng v6i A), tic la ching niinh

[F(A=AD)(z) = [(A= ADF](z) = z, Vo € C0; 1] (46)

That vay
[F(A - A)z|(t) = F(Az)(t) — M(Fz)(t)
= -—%ei‘/o [/Ou m(s) ds] e du — :1\~/0 z(s) ds
+ ~/1\—e§ /Otm(u)e"§ du + z(t) :

i
e

t Uoum(s) ds] d(e”%) - ‘}{/Otm(sj s

. t i t u
/ z(s) ds + lei/ z(u)e™* du + z(t)
0 CA 0

S~

»

>
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1 " u=t 1 :
= —e§6“§/ z(s) ds ———ei/ z(u)e™ du
A L,
t 1 B t N .
z(s)ds—i— eA/ z(u)e™ du + z(t)
)\ AT S

t
/\/ a:(s )ds — §6§/0 z(u)e 3 du

)\ z(s) ds+ }\6§ /Ot z(u)e > du + z(t)
= z(t), |

va

[(A = AD)Fz|(t) = A(Fz)(t) - M(Fz)(t)

__ / t{ ek /0 ux(s)e'id‘er:l\-a:(u)] du

+ -eX / z(u)e™> du + i(t)
AT Jo .

- [[[ o]t

>/

u=0

1t 1. [t
=-X6X/O z(u)e“.?du—kj/o z(u) du | |
t
/x(u)e X du+ z(t)
0

|
>
O\'\H’
8
—~
&
~—
au
N
+
>l
>—1n

Tit d6 suy ra (4.6) duge thdéa man véi moi z € C[0;1], do d6 F
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13 todn ti gidi cia A. Vi thé X\ # 0 1a gi4 tri chinh quy cla A.
Vay o(A) = {0}. O

2. D& thay A 1a todn t tuyén tinh bi chan va ||A|| = 1. Khi d6 moi
gid tri A : |A| > 1 déu la gié tri chinh quy, do dé
o(A)c{reC: |\ <1} (4.7)
Gia st A 13 mot gi tri rieng cla A. Khi dé tdn tai
T = (T1,T2,...) Elp, TH#8
sao cho
Az = Xz

hay
(£E2, I3, .. ) = (/\CEl, )\IEQ, - )

Tit day nhan dugc 2,41 = Azp,n=1,2,..., suy ra

n

Tp ="'z, n=1,2,....

Va do d6 z = z1(1, A\ A%...). Tacé = € I,,z # 6 nén suy ra
|A] < 1.

Nguge lai, néu |[A] < 1.thi phuong trinh Az = Az sé c6 nghiém
T # 6, chdng han =‘(1, A\ A2,..0). Do dé tap cac gia tri riéng
cia A la , ,

{(AeC: )< 1} (4.8)

Nhung vi 0(A) 1a tap déng nén tit (4.8) suy ra
{Ae C: |\ <1} Co(A). " (4.9)
T (4.7) va (49) tasuyrac(A) ={A e C: [\ L1}. O

3. Tuong tu nhu bai trén ta ciing c6 A 14 toan tt tuyén tinh lién
tuc va ||A]| = 1. Do dé

c(A)Cc{AeC: <1} (4.10)
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4.

Léy mot s6 A c¢6 dinh tly § théa man |A| < 1 va xét phuong
trinh
Az — Az =y, y € lp.

Chon y = (1,A,A%,...) € L, ta s& chiing minh phuong trinh da
cho khong cd nghiém trong I,. :

Gié st ngugc lai, x = (21, T2, .. .) € [, 14 mdt nghiém cta phuong
trinh da cho. Thé thi ta c6

(0,21, %9, . ..) — (AT1, ATa,...) = (1, A, A%, ..,

suy ra |
“/\xl - 1,277;, - )\3311—!-1 =\" (n = 1, 2, .. )

Bing phuong phap quy nap ta ching minh dugc

_ ll_-)‘in S 1 — l)\]?n
IAIP[L = 22] 7 AR[L = A%

1 1-— )\Zn’
2l = l_)\”(l %)

suy ra lim |z,| = 400, mau thuin véi z € [,. Lap luan trén day
n—r00

chiing t6 A khong phai 1a gié tri chinh quy cta A, tic né 1a gié
tri phd ctia A. Tit dé va tit tinh déng clia o(4), ta suy ra

{AeC: |\ <1} co(4). (4.11)
Tu (4.10) va (4.11) ta nha?n dugc
c(A)={ e C:|N\<1}.0O

Xét phuong trinh Az — Az = v, hay

/Ot z(s) ds — Az(t) = y(t). (4.12)
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Vé6i A = 0, phuong trinh (4.12) khong c6 nghieém néu y kha
tich trén doan [0; 1] nhung khéng lién tuc trén doan dé. Suy ra
0€a(A).

V6i A # 0 cb dinh tuy 7, ta dit

(Fz)(t) = — Hg-e% /O z(u)e 3 du+§x(t) ,

trong d6 t € [0;1],z € Ly[0; 1].

Ta c6 F 1 toan t tuyén tinh bi chin téc dung trong khong gian

L»[0;1]. Bay gi® ta sé ching minh F' chinh 1a toén ti giai cia A

(ng v6i A), tic 1a ching minh
[F(A=AD)(@) = [(A— A)F(z) = 2, Yz € Ly[0;1].  (4.13)

Do tap hgp cac ham s6 lién tuc trén doan [0; 1] tril mat kh&p noi
trong khéng gian L,[0; 1] nén ta chi can chitng minh.(4.12) théa
méan v6i moi ham z lién tuc trén [0; 1]. Theo bai 1 ta ¢6 diéu nay
ding. Tit d6 suy ra (4.13) dugde théa man véi moi z € L,[0;1],
nén F 1a todn tit gidi cia A. Vi thé X # 0 la gi4 tri chinh quy
cia A. Vay o(A) = {0}. O

. Ki hiéu toan t chiéu ctia H lén Hy 1a P. Khi dé v6i mbi z € H,

t6n tai duy nhét
ueHo,veH@Ho a:=u+v

va ta c6 Pz = u. Xét phuong trinh
Pz — Az =1y, y € H. (414)

V6i A = 0, (4.14) trd thanh Pz =y. Phuong trinh nay khéng c6
nghiém khi y ¢ Hp. Do d6 0 € o(P).

Véi A = 1, (4.14) tr6 thanh Pr —z =y. V1 Pz —z € H © Ho,
Vz € H nén phuong trinh nay khong c6 nghiém khiy ¢ H © Hy.
Dodé1l e U(P) D& kiém tra ring 0 vd 1 cling chinh 1 nhing
gla tri riéng cta P.

Vi AN£0,A#1vaye H tuy ¥, khi dé ta c6 biéu dién duy -

‘nhét
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y#U0+Uo, Ug & Ho,'l)o c H@Ho
Gié sit (4.14) ¢6 nghiém z vi ta c6

z=u-+v, u€ Hy,v€ HES H,.
Thay vao (4.14) ta duge

u—Au+v)=u+v=(1—-Nu—v=uy+ 1

Ug Vo
= Y == , —_—
TN TTA
Thit lai ta thiy ring z = %Y théa man (4.14) va d6 cing

I1—A A
13 nghieém duy nhit clia phudng trmh nay Do d6 P—AI c6 4nh

‘xa ngugc F xac dinh nhu sau | Flz) = + Vz € H,

1-—)\ /\

trongc’[()xzu#—'u uEHvEH@HO

Dé thdy F la mot todn tit tuyen tinh, ta sé ching mm_h n6 bi
chin. That vay

P = |5+ 3
5

g
Jlul]

DY

L 1 2 2
S\/ﬁ‘?ﬁ?’*ﬁ al?+ T

‘ 1
:\/( v 3 lall

" do d6 F bi chan.
Ti day suy ra moi A khac 0 va khac 1 déu la gia tri chinh quy
ctia P. Vay o(P) = {0;1} va phd clia P cling la tap tit ca cic
gia tri riéng cua P. -

+I
ol

)

+

6. Ban doc tu giai.
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