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Loi n6i d§.u 

Trong chuang trlnh dao tt;to ctl' nhan nganh tmin, giai tfch ham la 
m<;>t mon hQC kh6 d6i voi ca nguoi dt;ty Ian nguoi hQC. Cling voi cu6n 
"Giiii tich ham' cua PGS.TS. Nguy§n Phv Hy, chung toi bien so9-n 
cu6n "B ai tfJ,p giiii tich ham' nh~m tt;to di~u kiGn thu~n l<;Ji cho bt;tn 
dQc khi hQc t~p ly thuy@t k~ tren . 

.. 
Cu6n s1ich chi d~ c~p tai nhling ki@n thuc c§.n thi@t, khong th~ thi@u 
dU<;Jc v~ giai tfch ham va phu h<;Jp voi chuang trlnh dao tt;to hiGn ?anh. 

Cu6n s1ich dtr<;Jc c§.u true thanh 4 chuang: 

Chuang 1. Khong gian metric. 

Chttong 2. Khong gian dinh chu§.n. 

- Chuang 3. Khong gian Hilbert. 

- Chu:ang 4. Ph6 cu~. ~min tl! tuy@n tfnh bi chi;i,n. 
' 

N<;>i dung moi chu:ang bao gam: 
'• 

- T6m tilt ly thuy@t. 

- D~ · bai t~p. 

- Bai t~p nang cao. · 

- H uong dan giai. 

Cac tac gia mong mu6n nh~n du<;Jc nhling y ki@n d6ng g6p qu§ bau 
cua cac bt;tn dQc d~ cu6n sach ngay cang hoan thiGn trong nhling l§.n 
taiban. 

iii 



iv 

Tac gia chan thanh cam on Nha xu§.t ban Khoa hQc va Ky thu?,t da 
nhi~t tlnh giup dB dEl Cl,lBn sach som dtr<;!C xu§.t ban va d§n tay bc;tn 
dQC. 

HaNoi, thang 9 nam 2007 
Cac tac gia 
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Chudng 1 

Kh6ng gian metric 

1.1 Tom t~t ly thuy~t 

1.1.1 Ki~n thuc mo d§.u v~ kh6ng gian metri~ 

1. Dinh nghia khong gian metric 

Dinh nghia 1.1.1. Khong gian metric la m(Jt tQ,p h(Jp X i= 0 c1/,ng 
v{Ji m(Jt anh X{], d tit tich Pescartes X X X vao tQ,p h(Jp sfJ th'(tc lR thoa 
man cac tien de sau day;: . 

1} (Vx, y E X) d(x, y) 2: 0, d(x, y) = O<:=>x = y (tien de d6ng nhfit}; 

2} (Vx, y EX) d(x, y) = d(y, x) (tien de dfJi xung}; 

3} (Vx, y, z EX) d(x, y) ~d(x, z) + d(z, y) ('tien de.tam giac). 

Anh X~ d dU:<;jc gQi la metric tren X, d(x, y) gQi la khoang each giUa 
hai ph§.n tU: X . va y' cac ph§.n tU: cua X gQi la cac di~m, cac tien d~ 
1), 2), 3) gQi la h~ tien d~ metric. Khong gian metric du<;1c ki hi~u la ,,, ,:-' 
!vi= (X, d). . 

1 



2 Chudng 1. Khong gian metric 

D!nh nghia 1.1.2. Cho khong gian metric !vi= (X, d). M(Jt t(Lp h(fp 
con Mt ki X 0 =I- 0 cua t(Lp h(fp X dmg voi metric d tren X g9i la 
khong gian metric con cua khong gian da cho. 

2. Sv hqi tv trong khong gian metric 

Djnh nghia 1.1.3. Cho khong gian metric Af = (X, d). Day diim. 
(xn) c X du(fc gQi la h()i t'l), toi diim x EX khi n .~ oo, ntu 

('lie> 0)(3no E N*)(Vn 2: n0 ) d(xn, x) <· c 

va ki hi¢u: 
lim Xn = x hay Xn -t x (n -too). 

n-+oo 

Diliim X con gQi la giOi hg,n cua day diElm (xn) trong khong gian !vi. 

Nhiiin xet: N~u hai day di§m (xn), (Yn) hQi tl,l tm:mg (tng tdi X va y 
khi n -t oo th! 

.lim d(X711 Yn) = d(x, y). 
n-+oo 

3. Cac kh6ng gian metric dfuig cv 

D!nh nghia 1.1.4. Cho hai khong gian metric lvi1 = (X, d1), lvi2 = 

(Y, d2). Anh X(L A tit khong gian 1111 vao khong gian 1112 gQi la diing 
' c'IJ, neu 

('1/x,x' EX) d2(Ax,Ax') = d1(x,x'). 

Djnh nghia 1.1.5. Hai khong gian metric lvh = (X, di), 1112 (Y, d2) 
g9i la diing c'lf, ntu t8n t(Li m(Jt anh x(L diing c'lf tit 1111. len lvf2. 

Hai khong gian metric dling qr dtt<;Jc coi la nhtt nhau. 
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1.1.2 T6p6 trong khong gian metric 

l.Lanc?n 

D!nh nghia 1.1.6. Cho khong gian metric !vi= (X, d), a EX va s6 
r > 0. Ta gQi: 

- T{jp h(Jp S(a, r) = {X E X : d(x, a) < r} la h"inh cau miJ tam a, 
ban kinh r; 

- T{jp h(Jp S'(a,r)={x EX: d(x,a):s;r} la hinh cau dong tam a, 
ban kinh r. 

D!nh nghia l.L7. Cho khong gian metric !vf·= (X, d). M9i hinh cau 
miJ tam X ban kinh r > 0 gQi la lan c{jn cua diim X E X trong khong 
gian !VI. 

2. T~p hqp md va t~p hqp dong 

D!nh nghia 1.1.8. Cho khong gian metric 111 = (X, d) va t{jp h(Jp 
A eX. 

. . 
' 

- T{jp h(Jp A g9i la miJ trong khong gian l'vf, nt·u 

(Vx E A)(3S(x, r) c A); 

- T{jp h(Jp A g9i la dong t~ong khong gian111, ntu 

(Vx rj. A)(3S(x, r) n A 0). 

Dinh lf 1.1.1. Trang khong gian metric bat k2, m9i h'inh cau ma la 
t{jp h(Jp miJ, mQi h'inh cau dong bat k'i la t{jp h(Jp dong. 1,_ 

Dinh lf 1.1.2. Cho khong gian metric !vi= (X, d) va tQ,p h(Jp A c X, 
A -:f 0, t{jp h(Jp A dong trong khong gian !vi khi va chi khi m9i day 
ddm (xn) C A hi}i t'lf, tfJi diim x th'i x EA. 
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Tu dinh nghia va dinh ly tren de dang suy ra: Trong khong gian metric 
J\;J = (X, d) ph§,n bu cua t?,p h<;Jp mC1 la t?,p h<;Jp dong, con ph§,n bu 
cua t?,p h<;Jp dong la t?,p h<;Jp mC1; cac t?,p h<;Jp X va 0 la hai t?,p h<;Jp 
vlia dong vua md. 

Djnh H 1.1.3. Trang khong gian metric ~1 (tiJ,p hc;p s6 th'(tc v(Ji metric 
thong thuang), tiJ,p hc;p mrJ khac r6ng Mt kz la hc;p cua mot h9 hilu hr;,n 
hay dtm duc;c khaang doi mt}t khong giaa nhau; t(j,p hc;p dong Mt ki 
la phan con lr;,i sau khi gr;,ch bO mt}t s6 hilu hr;,n hay dtm duc;c khaang 
doi mt}t khong giaa nhau. 

3. Phii.n trong va bao dong cua mc?t t~p h<Jp 

Djnh nghia 1.1.9. Cha khong gian metric 111 = (X, d) va tiJ,p hc;p 
A c X. Hc;p cua tflt ca tiJ,p hc;p mrJ chua trang A g9i la phan trang 
cua t(j,p hc;p A va ki hi~u int A hay A. Giaa cua tflt ca t(j,p hc;p dong 
chua A gQi la baa dong cua tiJ,p hc;p A va ki hif!_u [A] hay A. 

Mot s6 tfnh ch§.t tl:-u:ong sti' d1,mg: 

1) int 0 = 0, 0 = 0; 

2) intX =X, X= X; 

3) (A c B c X) * int A c int B, A c B; 

4) (A c X,B c X) int(AnB) = (intA)n(intB), AUB = AUB; 

5) (A c X) Ala t?,p h<;Jp ma khi va chi khi int A= A, con f.ila t~p 
h<;Jp dong khi va chi khi A= A; 

6) (A c X) intA = X\(X\A). 
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4. Topo trong khong gian metric 

D!nh 1i 1.1.4. Trang khong gian metric Mt kz 111 = (X, d) h9 tat ca 
U)p h(fp mo l{)p thanh m(jt tapa tren X. Tapa d6 g9i la tapa sinh bdi 
metric d. 

Tu dinh ly tren, de dang suy ra: Trong khong gian metric b§.t ki, giao 
cua m<)t hQ tuy y t~p h<;Jp d6ng la t~p h<;Jp d6ng, h<;Jp mQt hQ hU:U h~;J..n 

tuy y t~p h<;Jp dong la t~p h<;Jp dong. 

D!nh li 1.1.5. Trang khang gian metric Mt kz, tapa sinh bdi metric 
la tapa c6 co sa lan c{)n d~m du(fc. 

5. Hai metric tudng dudng 

D!nh nghia 1.1.10. Cho hai metric d1 , d2 tren cung t{)p h(fp X =!= 0 
nao day. Hai metric d1 , d2 g9i la tuang duang, n~u ::la > 0, :3/3 > 0 
sao cho 

. -
' 

D!nh lf 1.1.6. N~u hai metric d1 , d2 cho tren cung UJ,p h(fp X=/= 0 la 
tuang duang, thz hai tapa tuang ung sinh bdi hai metric dl' d2 tritng 
n~~ . 

1.1.3 Anh x~ lien tvc 

Dinh nghia 1.1.11. Cho hai khong gian metric !Vh = (X, d1), !V/2 • 

(Y, d2), anh X(L f til khong gian lvh d~n khang gian !VI2. Anh X(J, f g9i '",c·' 

la lien t'l)c t(Li diim xo E X, n~u .. : 

(Vc"'> 0)(:38 > O)(Vx EX: d1(x, xo) < 8) d2(f(x), f(xo)) <E. 
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Hay pha,t bi~u each khac: 

A nh xq, f goi la lien t1tc tr;Li diim x0 E X, n~u vai Zan c{j,n cho tn.tac 
tuy y Uy0 = S(yo, c) c Y dw diim Yo = f(xo) trong khong g·ian Af2 
lit tzm du(Jc Zan c{j,n Vx0 = S(x0 , c5) c X di.a diim x 0 trong khong gian 
!vii sao cho f (Vx0 ) C Uy0 • 

Dinh nghia tren tuong duong voi dinh nghia. sau: 

Anh xq, f goi la lien t1tc tr;Li diim x0 E X, n~'u vai moi iay diim 
(xn) C X h{)i t1t t(Ji diim x0 trong kh8ng gian AII, day diim (J(xn)) 
h{)i t1t t(Ji diim f(x0 ) trong khong gian Af2 . 

D!nh nghia 1.1.12. Anh Xr;L f tit khong gian metric Jvfi d~n khong 
gian metric Jvi2 goi la lien t1tc tren t{j,p h(Jp A c X, n~u ri.nh X\L f lien 
t1tc tq,i moi ditm x E A- Khi X = A thz rinh xr;L f goi la lien t1£c. 

Djnh nghia 1.1.13. Anh Xr;L f tit khong gian metric !vii d~n khong 
gian metric 1112 goi la lien t1tc deu tren t{j,p h(Jp A c X, n~u 

. 
(Vc > 0) (3c5 > 0) (Vx', x" E A : di (x', x"). < c5) d2(J(x'), f(x")) < E. 

D inh If 1.1. 7. Cho rinh Xr;L f tit kh8ng gian metric 11-fi d~n khong gian 
metric 1112 • Nam m~nh de sau day tuang duang: 

1) f lien t1tc; 

2) Tr;LO anh cua t{j,p h(Jp d6ng Mt kz trong 1112 la t{j,p h(Jp dong trong 
Jvil; 

3) Tq,o anh ~ua t{j,p h(Jp '"!a Mt kz trong l'vi2 la t{j,p h(Jp miJ trong 
!vii; 

4) Vai moi t{j,p h(JpA c X deu c6 J(A) c f(A); 

5) Voi moi t{j,p h(Jp B c Y d~u c6 j-I(intB) c intf-I(B). 
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1.1.4 Kh6ng gian metric d§y 

1. D!nh nghia 

D!nh nghia 1.1.14. Cho khong gian metric A!= (X, d). Day diim 
(xn) c X goi la day co bdn trong khong gian 111, neu 

hay lim d(x11 , Xm) = 0. 
n,m~oo 

D!nh nghia 1.1.15. Khong gian metric A!= (X, d) goi la khong gian 
day, neu mQ.i day co ban trong khong gian nay d~u h9i t1l. 

2. Mqt s6 nguyen ly cd bim v@ khong gian dity 

a. Nguyen ly Cantor v@ day hlnh citu thiit ditn 

Dtnh nghia 1.1.16. Cho khong gian metric A! = (X, d). Day hznh 
cau ( Sn), Sn c6 tam an va ban kinh rn trong khong gian A!, goi la thdt 
dan, neu Sn ::J Sn+l (n = lJ 2, ... ) va lim Tn = 0. 

n~oo .. 
' 

D!nh If 1.1.8. Nguyen ly Cantor v€ day hznh c&u thiit dan 

Khong gian metric 111 = (X, d) la khong gian day khi va chi khi moi 
day h'inh cau dong thtit dan d~u ~6 diim chung duy nhtit. 

b. Nguyen ly Banach v@ anh X<i\ co 

D!nh nghia 1.1.17. Cho hai khong gian metric 1111 =(X, d1), 1112 • 

(Y, d2), anh Xr;L A tit khong gian Jvfl den khong gian ]1;!2. Anh Xr;L A goi 
la anh Xr;L CO, neu 

(:Ja E [0, l))(Vx', x" EX) d2 (Ax', Ax") :::; a:d1(x', x"). 
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D!nh li 1.1.9. Nguyen ly Banach v€ anh X{l co 

M Qi anh X(l co A anh X(l khong gian metric day !vf = (X' d) VCLO chinh 
n6 deu t6n tq,i duy nhflt diim x* E X sao cho Ax* = x*. 

Diim x* gQi la diim bfit d9ng cua anh X(l A. 

c. Nguyen ly ph<;tm tru 

D!nh nghia 1.1.18. Cho khong gian metric 111 - (X, d), tf),p h(Jp 
E c X. TfJ,p h(Jp E gQi la khong dau tru mf),t trong khong gian !vi, neu 
h'inh cdu b!it kz S c X deu chua m9t hznh cau 8 1 sao cho S1 n E = 0. 

D~nh nghia 1.1.19. Cho khong giari metric 111 = (X, d), tf),p h(Jp 
F c X. TfJ,p h(Jp F gQi la t'f),p h(Jp phq,m trit thu nhat, neu tfJ,p h(Jp F 
la h(Jp dem du(Jc cac t{j,p h(Jp khong dau tru m{j,t trong khong -gian lvf. 

TfJ,p h(Jp con cua X khong la tf),p h(Jp phq,m tru thu nhat thz gQi la t{j,p 
h(Jp phq,m tru thu hai. 

D~nh If 1.1.10. Nguyen ly pht;tm tru Baire 

M Qi khong gian metric day la t{j,p h(lp phq,m trii thu hai. 

d: Nguyen ly thac tri§n lien t\).c 

D~nh nghia 1.1.20. Cho anh X(l f anh X(l khong gian metric lvfl = 

(X, d1 ) vao khong gian metric lvf2 = (Y, d2), tfJ,p h(Jp A c X. Khi xem 
. A nhu la khong gian metric con cua Jl;fr va anh X(l f chi xet anh X(l A 
vao lvf2, thz ta gQi anh X(l d6 la cai hq,n che cua f tren A va ki hi~u 
f lA, con anh X(l f gQi la cai thac triin cua f lA tit A len toan b9 1111. 

D~nh nghia 1.1.21. Cho khong gian metric 111 = (X, d) va hai t(j,p 
h(Jp con khac rang A, B cua ·X. TfJ,p hr)p A du(Jc gQi la tru 'mf),t trong 
tfJ,p h(Jp B, neu 

(Vx E B)(Vc > 0)(3y E A) d(y, x) < c. 

Khi B = X thz tf),p h(lp A gQi la tru m{j,t khiip ndi trong !vf (hay trong 
X). 
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D!nh If 1.1.11. Nguyen ly thac triin lien t'l;tc 

Cho khong gian metric Jl.11 = (X, d1), khong gian metric day Jl..12 = 

(Y, d2), tfJ,p h(fp A tru mfJ,t khiip noi trong X. N ~u anh xr;z, J anh xr;z, 
t{j,p h(fp A vao ' khong gian lvi2 va lien t'I),C deu tren A' th'i t6n . tr;z,i 
duy nh(U m{)t anh xr;z, lien t'l),c deu G tit toan b{) Jl.11 vao lvi2 sao ch; 

('ix E A) G(x) = f(x). Anh xr;z, G goi la thac triin lien t'I),C cua anh xr;z, 
f tit A len toan b{) lvh. 

e. Nguyen ly lam d§_y khong gian metric 

D!nh lf 1.1.12. Nguyen ly lam day khong gian metric 

Cho khong gian metric !vi= (X, d) (n6i chung Jl.1 la khong gian khong 
day). Khi d6 t6n tr;z,i khong gian metric day !vi sao cho: . 

1) Khong gian !vi ddng C'/f, vai m{)t khong gian con cua !vi; 

2) ]1.1 tru m{J,t khiip noi trong !vi. 

H ai khong gian metric day th6a man eric dieu ki~n 1), 2) tren day th'i 
ddng c'lf,. 

Khong gian !vi goi la cai lam day cua khong gian Jl.1 . 
. . 
' 

1.1.5 T~p hgp compak va kh6ng gian compak 

1. D!nh nghia 

D!nh nghia 1.1.22. Cho khong gian metric !vi = (X, d). TfJ,p h(fp 
K c X goi la tfJ,p h(fp compak (hay don gian la compak). trong khong 
gian Jvf, n~u m9i day vo hr;z,n ph an tit cua tfJ,p h(fp K deu chua day 
con h{)i t'l), tai ph an tit thu{)c K; khi K = X th'i !vi goi la khong gian 
compak. TfJ,p h(fp K goi la t{j,p h(fp compak tuong dfJi trong khang gia'l]~ 
!vi, n~u moi day vo hr;z,n ph an tit cua tfJ,p h(fp K deu chda day con h{)i 
t'l), (tai ph an tit thu{)c X). 

·,:-' 
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2. M(>t s6 tieu chufuJ compak cd him 

a. Tieu chu§n compak Heine-Borel 

Dtnh nghia 1.1.23. Cho khong gian metric 11~1 = (X, d) va tQ,p hr;p 
A C X. Ho cac tQ,p hr;p miJ (Gu)aEI trong 111 (tQ,p hr;p chi s6 I c6 htc 
lur;ng nao day) goi la m9t pht'i miJ dw A, neu U Ga :J A: khi UJ,p hr;p 

aEI 
I hftu hr;m thz ho (Ga)aEI goi la m9t phu miJ con hft1l hr;m cua A. 

Dtnh lf 1.1.13. Tieu chutin compak Heine-Borel 

T{j,p hr;p K c X la compak trong khong gian !'vi = (X, d) khi va chi 
khi m9t phu miJ Mt kz (Gu)aEI C'iia K chua m9t phu miJ con hftu h(}n 
cua K. . 

b: Tieu chufu1 compak Hausdorff 

Djnh nghia 1.1.24. Cho khong gian metric 111 = (X, d), tQ,p hr;p 
A c X. TQ,p hr;p A goi la hoan toan bi chiJ,n, neu vdi s6 duong c cho 
trudc tuy y, t6~ t(}i hftu h(}n hznh cfiu S1, 5 2 , .. :, Sk (k la s6 nguyen 

c k 

d'l.t(Jng nao d6) v(Ji ban kinh E sao cho A c u sj. 
j=l 

Djnh lf 1.1.14. Tieu chutin compak Hausdorff 

Khong gian metric 111 = (X, d) la kh.ong gian compak khi va chi khi 
Jvf la khong gian day va X la tQ,p hr;p hoan toan bi chiJ,n. 

Tu dtnh ly tren de dang suy ra: 

- Trang khong gian metric, moi ti;i,p h<;ip campak tudng d6i la haan 
taan bi chi;i,n; ngU<;lc l1;ti, trang khong gian metric d§,y mQi ti;i.p 
h<;ip haan taEm bi chi;i,n la ti;i.p h<;lp campak ttrdng d6i. 

- Trang khong gian metric moi ti;i.p h<;ip campak d§u bi chi;i,n. 

I 



I 
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3. Anh x9- lien tvc tren compak 

D!nh If 1.1.15. Cho hai khong gian metric Ivh = (X, d1), Jv£2 = 
(Y, d2 ) va anh xq, f tit kh6ng gian 1VI1 din kh6ng gian Jv£2 . N~u anh xq, 
f lien t'l),c tren compak K c X, thi: 

1) f lien t'l),c diu tren K; 

2) f ( K) la t(lp h(fp compak trong khong gian Jv£2 • 

Tu dinh ly tren de dang suy ra: 

Cho anh X1;t f anh X1;t kh6ng gian metric ]\;f = (X' d) vao khong gian 
metric IR1 . N~u anh X1?- f lien t1,1c tren t~p hQp compak K c X , thl f 
d1;tt mt)t gia tri lOn nh§.t va mt)t gia tri nho nh§.t tren K. 

1.1.6 Khong gian metric tach duqc 

Dinh nghia 1.1.25. Khong gian metric Jvf = (X, d) goi la khong gian 
tach du(fc, n~u t(lp h(fp X chua t(lp h(fp con d~m du(fc tro m(lt khdp 
nai trong X. 

Dinh If 1.1.16. N~u kh6ng gian metric Jv! = (X, d) la khong gian 
compak, trong d6 X la t(lp h(fp vo hq,n phdn tit, th'i Jvf la kh6ng gian 
tach du(fc. 
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1.2 D€ bai t~p 

1. Chling minh t~p h<;Jp s6 thl,lc ~cling voi anh Xi;L 

d(x,y) = iarctgx~ arctgyl, x,y E ~ 

la m(>t khong gian metric. 

2. Cho JEk la khong gian vecta k chi~u (th\tC ho~c phuc). D6i voi 
hai vector b§.t ky x (x1, x2, ... , xk), y = (YI. Y2, ... , Yk) thu(>c 
JEk, ta d~t: 

n 

b) d1(x, y) L lxi- Yil; 
j=l 

.. 1 

c) dp(x, y) = (t lxi- YiiP) p, voi p la s6 thvc ldn han 1. 
J=l 

Chung minh d1, d2, dp d~u la cac metric tren JEk. 

3. CJ:i.o 1\II[a,bJ la t~p h<;Jp t§.t ca cac ham xac dinh va bi ch~n tren 
do~;tn [a; b]. D6i voi hai ham b§.t ky x(t), y(t) E 1\II[a,bJ ta d~t: 

d(x, y) = sup ix(t)- y(t)i. 
as_t::;b 

Chling ·minh d la m(>t metric tren lVI[a,bJ. 

4. Ta ky hi~u lp (p la s6 thvc khong nho han 1) la t~p h<;Jp t§.t ca 
00 

cac day s6 (thl,lc ho~c phuc) x = (xn) sao cho chu6i L lxniP h(>i 
n=l 

tl,l. D6i voi hai day s6 b§.t ky X (xn), y = (Yn) thu(>c lp, ta d~t: 

Chling minh d la rri9t metric tren lp. 
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5. Cho m la t~p h<;Jp t§.t ca cac day s6 (thl;lc ho~c phuc) bi ch~n. 
D6i voi hai day s6 b§.t ky X= (xn), y = (Yn) thu()c m, ta d~t: 

d(x, y) sup lxn- Ynl· 
l::;n::;oo 

Ch(mg minh d la m()t metric tren m. 

6. Cho Co la t~p h<;Jp t§.t ca cac day s6 thl;lc h()i t\1 tdi 0. D6i voi 
hai day s6 b§.t ky x = (xn), y = (Yn) thu()c c0 , ta d~t: 

d(x, y) = max lxn- Ynl· 
l::;n::;oo 

Chling minh d la m()t metric tren c0 . 

7. Cho s la t~p h<;Jp t§.t ca cac day s6 thl;lc X (xn)· D6i voi hai 
day s6 b§.t ky x = (xn), y = (Yn), ta d~t: 

d(x ) = ~ ~. lxn- Ynl 
' Y L.....t 2n 1 + I X - Y I n=l n n 

Chling minh d la m()t metric tren s. 

8. D6i voi hai s6 b§.t ~Y m, n thu()c t~p s6 tl;l nhien N, ta d~t: 

' 1 

{
1+ ' 

d(m,n) = m+n 
0, 

Chung minh d la m()t m~tric tren N. 

n~u (m =I= n) 

_ n~u (m = n) 

9. Cho Dm[a, b] la t~p h<;Jp t§.t ca cac ham s6 gia tri tht,rc xac dinh 
va kha vi lien t\lc d~n c§.p m (m E N, m 2: 1) tren dof.Ln [a;. b). 
D6i voi hai ham s6 b§.t ky x(t), y(t) E Dm[a, b), ta d~t: 

d(x, y) =max {lx(t) -y(t)l, lx'(t) -y'(t)J, ... , lx(m)(t) -y<m)(t)l} 
a::;t~b . '· 

Chling minh d la m()t metric tren Dm[a, b]. 
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10.. Xet tfnh ch§.t hoi t1,1 trong· cac khong gian metric tu bai t~p 1 
d~n bai t~p 9 tren day. 

11. Chling minh trong khong gian Gra,bJ cac t~p h<;1p sau day md: 

a) G1 = {x(t) E Cra,b] : x(t) < xo(t), t E [a, b]}, xo(t) E Cra,b] 
da cho; 

b) G2 {x~t) E Cra,b] :a< x(t) < {3, t E [a, b]}, a, ;3 E JR da 
cho, a< {3; 

c) G, { x(t) E Cra,bJ : I x(t) dt < x(a)(b- a)}. 
12. Chung minh trong khong gian Gra,bJ cac t~p h<;1p sau day dong: 

a) E1 = {x(t) E Cra,b] : x(t) :::; Xo(t), t E [a, b]}, xo(t) E Cra,b] 
da cho; 

b) E2 = {x(t) E Cra,bJ :a:::; x(t) :::; {3, t E [a, b]}, a, {3 E JR da 
cho, a< {3; 

c) E, = { ;r(t) E Cra,bJ : I x(t) dt :S x(a){b a)}. 

13. Chling minh: 

a) np h<;Jp A= {(x, y) E JR2
: X> 0, y > 0} md trong JR2

. 

b) np h<;Jp B={(xn) E l2,xn>O,n EN*} kh6ng md trong l2. 

14. Cho Ala mot t~p hQp dong trong khong gian metric !vi= (X, d). 
Chling minh d(x, A) 0 khi va chi khi x EA. N~u A khong dong 
thl m~nh d~ nay con dung khong? Vl sao? i 

15. Cho f la ham s6 lien tv~tren dol;Ln [a, b]. Di;i,t: 

En= {x E [a, b): n:::; f(x):::; n+ 1}, n E Z 
00 

Chling minh cac t~p hQp En va E = U En d~u la nhung t~p 
n=-oo 

hQp dong trong JR 1 . · 
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16. Cho khong gian metric 111 = (X, d). Ch(mg minh d6i voi hai t~p 
hc;Jp con b§.t ky A, B c X d~u co (AU B)'= A' UB'. 

17. Cho khong gian metric Jvf = (X, d) va t~p hc;Jp A c X. Di~m 
X E X gQi la di~m dinh cua A, n~u lan ·c~n b§.t ky ella X d~u 
chua it nh§.t m<?t di~m c1ia t~p hc;Jp A. Ch(mg minh A c X dong 
trong khong gian Jvf khi va chi khi A chua mQi di~m dinh ella 
A. 

18. Cho khong gian metric Jvf =(X, d). Chung minh d6i voi hai t~p 
hc;Jp dong b§.t ky khong giao nhau Fb F2 c X t6n tf;Li hai t~p 
hc;Jp md GI, G2 sao cho: Fl c GI, F2 c G2 va Gl n G2 = 0. 

19. Chling minh trong khong gian metric b§.t ky, moi t~p hc;Jp md la 
hc;Jp ·d~m dltc;JC cac t~p hc;Jp dong, con.moi t~p dong la giao d~m 
dltc;Jc c~c t~p hc;Jp md. 

20. Xet tinh lien tl,lC ella cac anh Xf;L sau day tren khong gian Gra,br 

a) f(x) = max x(t); 
a::;t::;b 

b) g(x) = max ix(t)i; 
a::;t::;b 

c) h(x) = min x(t); 
a::;t::;b . 

d) k(x) min ill{t)i; 
a::;t:=;b 

o, n~u x(t) l§.y it nh§.t m9t gia tri am, 

1 
) ( ) 

-
2

, n~u x(t) 0, 'tit E [a; b], 
e y x = 

1, n~u x(t) 2::: 0 va x(t) =/= 0 tf;Li it nh§.t 

m9t di~m t E [a; b]. 

~-~ 

21. Xet tfnh lien t1,1C cua cac anh Xf;L sau day tren kh6ng gian D2[a~ b]: 

a) f(x) = x(a); 
b 

b) g(x) = j )1 + x'2 (t) dt. 

a 
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22. Cho anh Xl;t f anh Xl;t khong gian metric compak AI = (X, d) 
vao chfnh n6 sao cho d(f(x), f(y)) = d(x, y) (Vx, y EX). Chung 
minh phudng trlnh f(x) = y bao gio cilng c6 nghi~m voi mQi 
yEX. 

23. Cho ham s6 f xac dinh tren toan tn;tc s6 thl,!C lR va nh~n cac 
gia tri nguy~n. Chling minh t~p hc;1p cac di~m lien t1;tc dra ham 
nay la t~p hc;1p md, con t~p hc;1p cac di~m gian dol;tn cua ham d6 
la t~p hc;1p dong. 

24 .. Xet tfnh lien tl;tC cua cac anh Xl;t sau day til Cro,l] vao chfnh n6: 

t 

a) f(x)(t) . j x2 (s) ds, x(s) E C[o,1]; 0:::; t < 1; 
0 . 

b) g(x)(t) · x(tl<), x(t) E C[o,I]> o: ~ 0. 

25. Cho anh Xl;t 

b 

_Ax(t) = j K(t, s)x(s) ds, x(s)' E Cra,b]' 

~a 

trong d6 K(t, s) la ham s6 kha vi theo hai bi~n s6 t, s tren hlnh 
vuong 

D = { (t, s) E JR2
: a$ t:::; b; a:::; s:::; b}. 

Chling minh anh Xl;t A anh Xl;t khong gian Gra,b] vao khong gian 
Dl [a, b] va lien tl.).C. . 

26. Xet tfnh d§.y cua cac khong gian metric til bai t~p 1 d~n bai t~p 
9 tren day. 

27. Cho khorig gian metric NI (X, d). Chung minh: 

d(x,y) 
a) d1(x, y) = 1 + d(x, y) la m<;>t metric tren X; 

b) Khong gian me~ric NI d§.y khi va chl khi khong gian metric 
N/1 = (X, d1) d§.y. 
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28. Cho hai khong gian metric lvi1 =(X, d1), lvh = (Y, d2). Di;it 

Z =X x Y = {z = (x, y): x EX, y E Y} 

d(z, z') = d1(x, x')+d2 (y, y'), Vz = (x, y) E Z, Vz' = (x', y') E Z. 

Chling minh: 

a) d la m<)t metric tren Z; 

b) Khong gian metric !vi= (Z, d) dily khi va chi khi hai khong 
gian lvi1 , !112 d~u d§.y. 

29. Cho X la t~p hc;lp tfi.t ca cac ham s6 x(t) lien t\].C tren toan 
khong gian metric JR.1 sao cho x(t) = 0 ngoai m<)t do~;tn nao d6 
(do~;tn nay ph\1 thu<)c tung ham s6 x(t)). Voi hai ha~ s6 bfi.t ky 
x(t), y(t) EX ta di;it: · 

d(x, y) =max jx(t)- y(t)j. 
tEIR1 

Chling minh d la m<)t metric tren X va khong gian metric tt!dng 
ling. khong d§.y. 

30. Cho khong gian metric !11 = (X, d). Duong kinh cua m<)t t~p 
hc;lp b§.t ky khac rqng A c X du'c;IC xac dinh b~ng cong th(tc: 

d(A) = sup d(x, y). 
x,yEA 

Day cac t~p hc;lp dong khac r6ng F1 , F2, ... , Fn, ... trong khong 
gian !vi gQi la thiit diln, n~u 

Fn :J Fn+l (n = 1, 2, ... ), lim d(Fn) :__ 0. 
n->oo 

Chling minh khong gian !vi = (X, d) dily khi va chi khi moi day 
cac t~p d6ng khac r6ng thlit diln c6 giao khac r6ng. 

31. M<)t sieu metric tren m<)t t~p hc;1p X =I= 0 la. m<)t anh x~;t d -iii 
tfch Descartes X X X vao t~p hc;lp s6 thl).'c JR. thoa man cac di~u 
ki~n: 
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1) (\lx, y EX) d(x, y) 2: 0, d(x, y) = 0 ¢:;> x = y; 

2) (\lx, y EX) d(x, y) = d(y, x); 

3) (\lx, y, z EX) d(x, y)::; max{ d(x, z), d(z, y)}. 

'nip h<;Jp X cling voi sH~u metric d gQi la khong gian sieu metric. 
Chling minh: 

a) Me>t sieu metric cling la m(>t metric; 

b) N~u d(x, z) =I= d(z, y), thl d(x, y) = max{d(x, z), d(z, y)}; 

c) N~u hai hlnh c§.u c6 di~m chung thl hlnh c§.u nay chua 
trong hlnh c§.u kia; 

d) Day di~m (xn) c X la day co ban khi va chi khi 

32. Cho ham s6 x(t) kha vi tren do~;Ln [0; 1] thoa man cac di~u kii;ln: 

1 
0::; x(t) ::; 1, 0::; x'(t)::; 2, \It E [0, 1]. 

Xet Sl,t t6n t~i va duy nh§.t nghii;lm cua phuong trlnh x(t)- t = 0 
tren do~;Ln [0; 1]. 

33. Cho anh XI;L A anh XI;L mra khoang [1, oo) vao chfnh n6 xac dinh 

bling c6ng thuc Ax·= x+ ~.A c6 phai la anh XI;L co kh6ng? Anh 
X -

XI?- A c6 di~m b§.t d(>ng khong? Vl sao? 

34. Cho kh6ng gian metric d§.y lvf = (X, d), m(>t anh XI;L f anh XI;L 

hlnh c§.u d6ng 

S'(xo,r) = {x EX: d(x,xo)::; r} 

vao X sao cho t6n t~;Li s6 p, 0 < p < 1, d~ \lx, y E S'(x0 , r) d~u 
c6 

d(f(x), f(y)) < pd(x, y), d(f(xo), xo) ::; (1- p)r. 

Chlingminh anh XI;L f'c6 di~m b§.t d<;>ng duy nh§.t trong S' ( Xo' T). 
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35. Cho hi;) phtWng trlnh tuy~n tinh 

n 

Xi= L aijXj + bi, (i = 1, 2, ... , n) 

j=l 

trong d6 aij, bi la nhfmg hling s6 th\]'c, 

n 

L laijl < 1 (i = 1, 2, ... , n). 
j=l 

Chling minh hi;) phtWng trlnh da cho c6 nghit;)m duy nh§..t. 

36. Chung minh, n~u trong dinh ly Banach v~ anh Xl,l co, di~u kit;)n 
A la anh Xl,l co thay bling di~u kit;)n 

37. 

38. 

d(Ax, Ay) < d(x, y), x =f y, 

thl sv tan t1,1i di§m b§..t d<)ng khong du<;Jc dam biio. 

1f 
Cho ham s6 f(x) = 2 +X- arctgx, X E R Chung minh voi 

x, y b§..t kl tlm dtr<;Jc s6 a< 1 sao cho lf(x)- f(y)l :::; aix- yl, 
nhlfng phtrong trlnh f(x) = x v6 nghit;)m. 

Chling minh trong n:J,9i_ khong gian metric, h<;Jp hihl h1,1n cac t~p 
h<;Jp compak la t~p hQp compak, h<;Jp vo h1,1n cac t~p h<;Jp compak 
c6 la t~p h<;Jp compak khong? Vl sao? 

39. Chling minh trong khong gian metric b§..t ky 111 = (X, d) ba 
mt;)nh d~ sau day la ttrong 4trong: 

a) Jvf la khong gian compak; 

b) M9i phu md d~m dtr<;Jc (mot h9 d~m du<;Jc cac t~p h<;Jp md) 
cua Jvf d~u chua phu md con hihl h1,1n cua M; • 

c) M9i day cac t~p h<;Jp dong khac r6ng Fn trong Jvf rna: 

F1 :J F2 :J ... :J Fn :J ... 

d~u c6 giao khac r6ng. 
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40." Cho khong gian metric 1\4 ··(X, d) thoa man di~u kii;ln: t6n t1;1i s6 
T > 0 sao cho mQi hlnh c§.u d6ng S'(a, r) = {x EX: d(x, a) ::::; T} 
d~u la t?,p h<;Jp compak. Chling minh: 

a) !VI la khong gian metric d§.y; 

b) Voi t?,p h<;Jp compak b§,t ky A c X, t?,p h<;Jp 

B = { x EX: d(x, A)::::; ~} 

la t?,p h<;Jp compak. 

41. Cho kh6ng gian metric compak 111 = (X, d), anh X/;1 f anh X/;1 

!VI vao chfnh n6 thoa man di~u kii;ln: 

d(f(x), f(y)) < d(x, y), (Vx, y EX, x =f= y). 

Chling minh anh X/;1 f c6 di~m b§,t d(>ng duy nh§,t. Anh X/;1 f c6 
la anh X/;1 90 kh6ng? Vl sao? 

42. Cho K la t?,p h<;Jp compak trong khong gian metric !VI= (X, d), 
day cac ham gia tri thl,tC fn (n = 1, 2, ... ) lien tl,lC tren K, JI(x) ::::; 
f2 (X) ::::; .. _, (V X E K) va h(>i tl,l toi ham gia tfi th1,tc lien tl,lc j 
tren t?,p h<;Jp K. Chung minh day ham Un) h(>i t1,1 d~u tren K. 

43. Cho khong gian metric !VI = (X, d) va hai t?,p h<;Jp con dong 
A, B ciia t?,p h<;Jp X, trong d6 A la t?,p h<;Jp compak, con B 
la t?,p h<;Jp dong khac rong. Chling minh, n~u A n B = 0 thl 
d(A, B) inf d(x, y) > 0. 

xEA,yEB 

1.3 Bai t~p nang cao 

44. Cho khong gian metric !VI = (X, d), d la m(>t metric bi chi;in ( c6 
nghia la sup d(x, y) < +oo). D6i voi moi di~m X E X va t?,p 

x,yEX 

· h<;Jp con khac rong A c X ta di;it 

· d(x, A) = inf d(x, y). 
yEA 
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D6i voi hai t~p h<;Jp con khac rong bfi.t ky A, B c X ta d~t 

d(A, B)= max {supd(x, B), supd(y, A)}. 
xEA yEB 

21 

Chling minh d la mQt metric tren t~p h<;Jp tfi.t cii cac t~p h<;Jp 
con dong khac rong cua X. 

45. Chling minh trong khong gian metric JR(1 d6i voi mQi t~p h<;Jp 
con A c JR, n~u A' d~m du<;Jc thi A d~m du<;Jc. Hay x~y dt,tng 
t~p h<;lp A C lR sao cho A" = (A')' :::/= 0 nhltng A"' = (A")' = 0. 

46. Cho F la t~p h<;1p dong trong khong gian metric l\1 = (X, d). 
Chung minh t~p h<;1p F khong dau tru m~t trong lvf khi va chi 
khi X·\ F tru m~t trong l\1. N~u bo gia thi~t F la t~p h<;1p dong, 
thi m~nh d@ tren con dung khong? Vl sa~? 

47. Cho khong gian metric l\1 =(X, d), t~p con khac rong A c X. 
Chung niinh t~p h<;lp sau la md 

G = {x EX: d(x, A) < c}, 

con t~p h<;lp 
F = {x EX: d(x, A) :S c}, 

dong, trong do c la rPQt s6 thvc dudng da cho. 
' 

48. Cho anh X(!, 

~ 1 

f(x) = 1 x(t) d:t-1 x(t) dt, x(t) E C[o,I]· 

0 ~ 

Chling minh f lien t1,lC va c~n tren dling cua f tren hlnh c§.u 
ddn vi ,. 

S'(O, 1) { x(t) E Cto1]: max lx(t)l < 1} 
' 0:99 -

b~ng 1, nhung khong d(Lt c~n tren dung tren hlnh c§.u ddn vi 
do. 



L 

22 Chu'dng 1. Khong gian metric 

49. Cho anh Xl;l. .f t1r khong gian JR;,2 vao chinh n6 la anh Xt;l. lien t\lC 
thoii man di~u kit;ln: 

('1/x, y E JR;,2 ) d(.f(x), .f(y));::: a.d(x, y), 

trong d6 ala h~ng s6 va a> 1. Chtrng minh j c6 dit~m b§.t dong 
duy nh§.t. 

50. Ch(rng minh trong khong gian Cro,1J t?,p h<;ip 

E = {x(t) E Oro l] : x(O) = x(1) = 1, max lx(t)l < 1}. 
' 0$t$l 

la t?,p h<;ip dong, bi chi;in, nhnng khong la t?,p h<;Jp compak. 

51. Hay thi~t l?,p cac tieu chu§..n compak trong cac khong gian JR;. 1 , 

JR;.k (k;::: 1), l2, G[a,bJ, L[a,bJ, khong gian metric rai r;;tc. 
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1.4 Huang dan giiti 

1. De th§,y anh X~ d xac dtnh tren R Ta kHhn tra 3 tien d§ metric: 
Vx,y,z E IR ta c6: 

Tien d§ 1: 
d(x, y) =I arctgx- arctgyl::::: 0, 

d(x, y) = 0? I arctgx- a.rctgyl = 0 

? a.rctg x - a.rctg y = 0 ? x = y. 

Tien d§ 2: 

d(x, .Y) = I a.rctg x ~ a.rctg Yl = I a.rctg y- a.rctg xl = d(y, x ). 

Tien d§ 3: 

d(x,y) =I a.rctgx- a.rctgyl 

I a.rctg'x - a.rctg z + a.rctg z - a.rctg y I 
:::; I a.rctg x - a.rctg zl + I a.rctg z - a.rctg Yl 

= d(x, z) + d(z, y) 

=:} d(x, y) :::; d(x, z) +d(z, y). 

V~y (IR, d) l~p thanh ·h10t khong gia.n metric. 0 

2. a) do(x, y) = m~ Jxi- Yil xac dtnh tren JEk. Ta. ki~m tra. 3 tien 
1:5;]:5;k 

d§ metric: 

Tien d§ 1 va tien d§ 2: B~n dQc t1,i giiii. 

Tien d§ 3: Vx = (xj), y = (Yi), z = (zj) E JEk ta. c6: 

Jxi- Yil:::; Jxi- zil + lzi- Yil,j = 1, k 

=:} Jx·- y·J:::; max Jxi- z·l +max lz·- y·J J. = 1 k 
J J 1:5;i:5;k ~ 1:5;i:5;k ~ ~ ' ' 

=:} max Jx·- Yil:::; max Jxi- zil + m~ lzi- Yil · 
1:5;j:5;k . J 1:5;i:5;k 199 

=:} d0 (x, y) :::; do(x, z) + do(z, y). 
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V~y (JEk, d0 ) l~p thEmh mot khong gian metric. 

k 

b) d1 (x, y) = 2:::: Jxj - Yjl xac dinh tren JEk. Ki~m tra 3 tien d~ 
j=l 

metric: 

Tien d~ 1 va tien d~ 2: B1;1n dQc t1.r giai . 

Tien d~ 3: Vx = (xj), y = (yj), z = (zj) E JEk ta c6: 

Jxi- YjJ :s; Jxj- Zjj +'Jzj- Yji, Vj = 1, k 
k k k 

::::? L Jxj- Yjl :s; L Jxi- zil + L lzi- Yil 
j=l j=l j=l 

V~y (JEk, d1) l~p thanh mot khong gian metric. 

1 

c) dp(x, y) = (t Jxj - yjJP) :P, voi p la.s6 th1,tc IOn hem 1. De 
J=l 

th§.y dp hoan toan xac dinh tren JEk. Ki~m tra 3 tien d~ metric: 

Tien d~ 1 va tien d~ 2: B1;1~ dQc t1,r giai. 

Tien d~ 3: Vx = (xj),y = (yj),z = (zj) E JEk, di;it Xj- zi = ai, 
zi - Yi = bi, b§.t dilng thuc: _ 

c6 d1;1ng 
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Day chfnh la bfi.t diing thuc Mincovxki. D~ chling minh bfi.t diing 
thuc (1.1), khi p > 1, d1,ta tren bfi.t diing th(rc Holder 

trong d6 cac s6 p > 1 va q > 1 lien h~ voi nhau bdi dieu ki~n 

1 1 
-+- 1. 
p q 

(1.3) 

Chu y bfi.t diing th(rc (1.2) diing cfi.p. Dieu d6 c6 nghia la n§u n6 
thoa man d6i voi hai ph§.n til' 

a= (a1, a2, ... , ak), b = (b1, ?2, ... , bk) 

thl n6 thoa man voi >.a va JJb, trong d6 )... va fJ la nhihlg s6 th\Lc 
tuy y. Vl v~y chi" c§.n ch(mg minh bfi.t diing thuc (1.2) khi 

k k 

I: iajlp =I: lbjlq = 1· 
j=1 j=l 

Gia Sli dieu ki~n (1.4) du<;jc thoa man, ta phai chung minh 

k 

Xet ham s6 

·, . L iaj.bjl :::; 1 
j=1 

tP cq 
f(t) =-+

p q 

du<;jC xac dinh khi t > 0 va ~6 d1;10 ham 

f'(t) = tP-1 - rq-1 = rq-1(tP+q- 1), Vt > o. 

(1.4) 

(1.5) 

R6 rang f'(t) < 0 khi 0 < t < 1 va j'(t) > 0 khLt > 1. V~y ham ; ,_,, 
s6 f d1;1t gia tri nho nhfi.t t1;1i t = 1, tlic la 

. 1 1 
f ( t) 2:: f ( 1) = + - 1) \It > 0 

p q 
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1 1 

DlJ,c bi~t, l§.y t =ali .b-"P ta dU<;Jc 

p q p q 
(1.6) 

B§.t dllng thuc (1.6) hi~n nhien dung khi a = 0 holJ,c b = 0. Ap 
d1,mg b§.t dllng thuc (1.6) cho a va b la cac s6 a= jajj,b = lbjl 
va l§.y t6ng theo j tu 1 d@n k, tu (1.4) ta dtr<;lc (1.5), tu d6 ta 
dU<;Jc b§.t dllng th(tc (1.2). Bay gio ta chuy~n sang chling minh 
b§.t dllng thuc (1.1). Iviu6n v~y ta xet h~ng dllng thuc 

DlJ,t a = aj, b = bj trong h~ng dllng thuc da vi@t va l§.y t6ng theo 
j tu 1 d@n k, chung ta se c6: 

k k k 

L)lajl + lbji)P = L)lajl + lbjl)p-llajl + L:(lajl + lbjl)p-llbjl 
j=l j=l j=l 

Bay gio ap p1,lng b§.t dllng thuc Holder cho moi t6ng (J ben phai 
va chu y (p- 1)q = p, ta dU<;lc: 

k 

L(lajl + lbji)P::; 
j=l 

Chia ca hai v@ cua b§.t dllng thuc nay cho 
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nh~n drr<;1c biit d~ng thuc 

Day chfnh la biit d~ng thuc (1.1). Trong tntong h<;1p 

thl biit d~ng thuc (1.1) hi§n nhien dung. Do d6 ta da ki§m tra 
dll'<)c' tien d@ tam giac d6i voi dp. 

V~y (IE.k, dp) l~p thanh m9t khong gian metric. D 

3. De thiiy d xac dinh tren NI[a,bJ· Ta ki§m tra 3 tien d@ metric: 

Tien d@ 1 va tien d@ 2: Bq.,n dQc tl)' giai. 

Tien d@ 3: '1/x, y, z E .M[a,bJ, 'litE [a, b] ta c6 

Jx(t)- y(t)J ::; Jx(t)- z(t)J + Jz(t)- y(t)J, 

=? Jx(t)- y(t}'J:::; sup Jx(s)- z(s)J + sup Jz(s)- y(s)J, 
a~s~b · a~s~b 

=? sup Jx(t)- y(t)J :S sup Jx(t)- z(t)J + sup Jz(t)- y(t)J 
a$f9 a$t~b a~t~b 

{::} d(x, y) :S d(x, z) + d(z, y), '1/x, y, z E 1\I[a,b]· 

V~y (NI[a,b], d) l~p thanh m9t khong gian metric. -D 

. 4. Trude h@t ta chung minh d xac dtnh tren lp .. 
00 00 

'1/x = (xn), y = (Yn) E lp cac chuoi L Jxnlp va L IYnlp hQ~ .:-' ... 
n=l n=l 

t1,1. De dang thiiy ding biit d~ng thuc :Mincovxki (1.1) dung khi 
p = 1. Voi mQi n E N*, p > 1, ap d1,mg biit d~ng thuc Mincovxki 
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ta c6: 

. 1 

Tit (1.7) chon~ co=? (t, lxk- YkiP)' <co . 

.. 

V~y d xac dinh tren lp. Tinh ch§.t ddn tri de th§.y. Ta ki@m tra 3 
tien d~ metric: ' 

Tien d~ 1 va tien d~ 2: B9-n dQc tl;l giai 

Tien d~ 3: Vx, y, z E lp; Vn EN*, theo b§.t ct&ng th(rc Mincovxki 
ta c6: 

cho qua giOi h9-n trong (1.8) khi n ---+ oo ta duc;1c 

d(x, y) ::; d(x, z) + d(z, y), Vx, y, z E lp 

V~y (lp, d) l~p thanh m9t khong gian metric. 0 

5. Truck h~t ta chling minh d xac dinh tren m. 

Th~t v~y, Vx,y Em=? 3suplxnl,suplynl do x,y la hai day bi 
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ch~n. M~t khac: 

lxn- Ynl ::; lxnl + IYnl, Vn = 1, 2, ... 

=? lxn- Ynl ::; sup lxkl + sup IYkl, Vn = 1, 2, ... 
l::;k::;oo l::;k::;oo 

=? sup lxn - Ynl ::; sup lxkl + sup IYkl < oo. 
l::;n::;oo l::;k::;oo l::;k::;oo 

=? d xac dinh tren m. Tinh ddn tri de th§.y. Ta ki~m tra 3 tien 
d@ metric. 

Tien d@ 1 va tien d@ 2: Bl;Ln dQc tv giiii. 

Tien d@ 3: Vx, y, z E m; Vn E N* ta c6: 

lxn- Ynl ::; lxn- Znl + lzn- Ynl, 
=? lxn- Ynl ::; sup lxk- zkl + sup lzk- Ykl,· 

1::;k::;oo l::;k::;oo 

=? sup lxn- Ynl ::; sup lxk- zkl + sup lzk- Ykl · 
l::;n::;oo l:s;k::;oo I::;k::;oo 

=? d(x, y)::; d(x, z) + d(z, y). 

V~y ( m, d) l~p thanh m9t khong gian metric. 0 

6. Tnroc h~t ta chung niinh d xac dinh tren Co. Voi hai day (xn), (Yn) 
hQi tv tdi 0 thl (zn) = (ixn Ynl) hQi t1,1 tdi 0. Giii sl'r n0 EN* la 
mQt s6 ,:;ao cho: 

Do lim Zn = 0, nen voi co, :JNo > no : 
n-+oo 

0 ::; Zn < co, Vn > No. 

D~t Jvf 

V~y d xac dinh tren Co. 

Ki~m tra 3 tien d@ metric: 
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'i'ien d@ 1: 'Vx, y E c0 ta c6 

Jxn- Ynl ::::: 0, 'Vn = 1, 2, ... 

max lxn- Ynl ::::: 0 =? d(x, y)::::: 0. 
lSnSoo 

d(x, y) = 0 <=? max lxn - Ynl = 0 
lSnSoo 

<=? Xn = Yn, 'Vn EN*<=? X= y. 

Tien d@ 2: B~n doc tv giai. 

Tien d@ 3: 'Vx, y, z E c0 ; 'Vn EN* ta c6: 

lxn- Ynl ::::; lxn- Znl + lzn- YnL 

=? lxn- Ynl ::::; max lxk- zkl + max lzk- Ykl, 
lSkSoo ISkSoo 

=? max lxn- Ynl ::::; max lxk- zkl + max lzk- Ykl 
lSnSoo lSkSoo lSkSoo 

=? d(x, y)::::; d(x, z) + d(z, y). 

VfJ.,y (Co, d) lf).,p thanh mot khong gian metric. 0 

7. Throe h~t ta chung minh d xac dinh tren s. Thf).,t v~y 'Vx, y E s 
ta c6: 

O < ~. Jxn- Ynl < ~. 
- 2n 1 + Jxn- Ynl - 2n 

D h -. Loo 1 l . h -. Loo 1 lxn- Ynl l . 
o c uo1 - 101 tu. nen c uo1 - · I I 101 t\L 271 • . . - 211 1 + X - · 

1 n=l 71=1 11 .1) 1 

Suy ra d xac dinh tren s. Ki~m tra 3 t.ien ct@ metric: 

Tien d@ 1 va tien d§ 2: B~n doc t\l giiH. 

Tien d@ 3: Tu bat dling th(rc lxn- Ynl ::::; lxn- znl + lzn- Ynl, 
. ( t ' ' '[ ) 'Vn = 1, 2, ... va do ham f t) = -- dong bien tren 0; +oo ' 

1 +t . 
ta c6 'Vx, y, z E s, 'Vn EN*: 

1 Jxn- Ynl < ~. lxn- Znl + lzn- Ynl 
271 1 + lxn- Ynl - 2n 1 + lxn- Znl + lzn- Ynl 

1 lxn - Znl 1 lzn - Ynl . < - . + - . __:_-.,.----'---'-:-
-2n 1+lxn-Znl 2n 1+lzn-y1;1 
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~ 1 lxn- Ynl ~ 1 lxn- Znl 
:::}L......t-· <L.t-· + 

n=l 2n 1 + lxn- Ynl - n=l 2n 1 + lxn- Znl 

~ 1 lzn- Ynl 
+ L.t. 2n . 1 + 1 z y 1 

n=l n n 

¢:;> d(x, y) :S d(x, z) + d(z, y). 

V~y (s, d) l~p thanh m(>t khong gian metric. D 

8. Hi@n nhien, d anh XI;L tfch N xN vao t~p hc;:!p s6 thvc R 

Ki@m tra 3 tien d~ metric: 

Tien d~ 1 va tien d~ 2: B~;tn doc tV giiii. 

Tien.d~ 3: tlm,n,p EN, ta c6: 

31 

Gia st''r m = n, thl d(m, n) = 0 va d(m, p) ~ 0, d(p, n) ~ 0, nen 
d(m,n) < d(m,p) +d(p,n). 

Gia sU: m =1- n, thl d(m, n) 
1 

1+-
m+n 

N§u m = p, thl n =/- p va 

d(m,p) = 0, 
1 1 

d(p, n) = 1 + -- = 1 + --
p+n m+n 

nen .. . 1 
d(m, n) = 1 + d(m,p) + d(p, n). 

m+n 

N§u n = p, thl l~p lu~n ttrong tv 

d(m, n). = d(m, p) + d(p, n). 

N§u m =1- p, n =1- p, thl 

1 1 
d(m,p) + d(p,n) = 1 + + 1 + --, 

m+p p+n 

nen d(m, n) < d(m,p) + d(p, n). 

Do d6 d(m, n) :S d(m, p) + d(p, n). 

V~y, (N, d) l~p thanh m(>t khong gian metric. 
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10. Bc;tn dQc tv giai. 

11. a) Chling minh G1 = { x E C[a,bJ : x(t) < xo(t), t E [a, b]} la t~p 
h<;lp md. · 

Gia sfr x la m()t ph§.n til: b§.t ky thu()c G1. Ta c6 x, xo E Cra,bJ, di;it 
z = xo- x, suy ra z E C[a,b]· Do x E G1 =? z(t) > 0, Vt E [a, b]. 
Di;it r = min z(t), ta chling minh hlnh c§.u md B(x, r) C G1 . 

a::;,t-:s;b 

Th~t v~y, Vy E B(x, r), ta c6: 

d(x, y) < r {::;> max lx(t)- y(t) I < r 
a::;,t-:s;b 

=? y(t) - x(t) < r, Vt E [a, b] 

=? y(t) < x(t) + r = x0 (t)- z(t) + r 

::; x0 (t) - r + r = x0 (t), Vt E [a, bJ. 
=? y E G1. 

V~y voi mQt X E Gl, t6n tc;ti m9t hlnh c§.u md B(x, r) c Gl, do 
d6 t~p h<;lp G1 md. 

b) G2 = {x E C[a,bJ: a< x(t) < {J,t E [a,b]} la t~p h<;lp md 
trong G[a,b]· _ 
ChQn x1(t) = a, x2 (t) = {3 la hai ham lien t\lc tren doc;tn [a, b]. 
Di;it: 

A1 = {X E C[a,b] : x(t) > x1(t), '1ft E [a, b]} 
A2 = {x E C[a,b] : x(t) < x2(t), Vt E [a, b]} 
G2 = A1 nA2. 

Chling minh tuong tv ph§.n a) ta du<;lc Ar, A2 mCi, suy ra G2 md. 

c) G3 = { x E Gta,b'.: j x(t) dt < x(a)(b- a)} lit t~p h<;!p m<l. 
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Th~t v~y, l§.y ph§,n tl'r b§.t ky x E G3 , ta c6: 

b b 

j x(t)dt < x(a)(b- a) =? r = x(a)(b a)- j x(t)dt > 0. 

a a 

Xet hlnh c§,u md B ( x, 
2

(b ~a)), ta c6: 

r 
Vy E B =? max iy(t)- x(t)i < (b ) 

. a:S;t::;b 2 a 
r 

=? y(a)- x(a) > 2(b a) 
r 

¢:? y(a) > x(a)-;- 2(b- a) 

va y(t) < x(t) + 
2

(b r a)' Vt E [a, 9] 

b b 

=? j y(t)dt:::; j x(t)dt + ~ = x(a)(b- a)- r + ~ 
a a 

.. 
' 

b 

r 
x(a)(b- a)--

2 

. (b-a) (x(a)- 2(b~a)) 
< y(a)(b- a) 

=? j y(t) dt < y(a)(b- a) =? y E G3. 
a . . 

33 

Do y b§.t ky nen B c G3. V~y G3 la t~p hc;Jp md trong G[a,bJ· D . 
12. a) E1 = { x E C[a,bJ : x(t) :::; x0 (t), t E [a, b]} la t~p hc;Jp dong. 

Gia su { Xn} c El va lim Xn = X trong Gra,b]' nen 
n->oo · 

lim max lxn(t)- x(t)i = 0. 
n->oo a:S;t:S;b 
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Ttr do taco: 
lim Xn(t) = x(t), Yt E (a, b]. 

1!-->00 

Tu {xn} C E1:::? Xn(t) :::; x0 (t), Yt E [a, b]. Chon~ oo, ta dm;c 

x(t) :S x0 (t), Yt E (a, b]:::? x E E1 . 

V~y E1 chua mQi di~m giOi h~;tn cl:m no, suy ra E1 dong. 

b) E2 = {x E C[a,bJ: x(t) 2:: a,t E [a,b]} n 

n {X E C[a,b] : x(t) :Sf], t E (a, b]}. 

Theo ph§,n a) thl E2 la giao cua hai t~p hQp dong, nen E2 dong. 

c) E, = { x(t) E C[a,bf : I x(t) dt :0: x(a)(b- a)}. 
Gia su { Xn} c E3 va lim Xn = X trong Grab]' suy ra 

n--+oo ' 

lim Xn(a) = x(a). 
n->oo 

Do trong Gra,bJ S\! h9i t1,1 theo metric ttrong dtrong S\! h9i t1,1 deu, 
nho do va nho h$ thuc 

b 

Xn E E3:::? j Xn(t) dt :S X11 (a)(b- a) 
a 

co th~ chuy~n qua giOi h~;tn duoi d§:u tfch pharr khi n ti~n tOi vo 
cling, ta dtrQc: 

b 

jx(t) dt :::;·x(a)(b- a):::? x E E3 . 

a 

V~y E3 chua mQi di~m giOi h~;tn cua no, nen E3 la t~p hQp dong. 
0 
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13 .. a) A= {(x,y) E ~2 : x > O,y > 0} md trong ~2 . 

L§.y !11o(xo, Yo) E A b§.t ky. Dl;it r = min{x0 , ·yo} > 0. Xet hlnh 
c§.u md B(!v£0 , r), ta chling minh B(Jv£0 , r) CA. Th~t v~y: 

VJ..1(x, y) E B =? d(]!.,f, !lifo)< r {::} ..j(x- xo)2 + (y- Yo)2 < r 

=? { lx- x0 1 < T 

IY- Yol <·r 

=? !11 EA. 

{
x > Xo- r > 0 

=? -
Y >Yo- r 2': 0 

=?{X> 0 
y>O 

\ V~y 111 la di~m trong ci:1a A, do ]l.,f b§.t ky nen A md. 

b) B = { (xn) E Z2, Xn > 0, n EN*} khong md trong z2. 

Xet Xo = {~} E z2, do~> O,Vn =?X~ E B. Ta chung minh 

'liE> 0 d~u t6n tl;ti Xe E S(x0 , E), nhung xf: ¢:. B, trong d6 S(x0 , E) 
00 1 

la hlnh c§.u md tam x0 , ban kinh E. DoL n2 < oo, nen: 
n=l 

L
oo 1 2 

'liE > 0, ::JN : ? < E . 
n-

. n=N+l 

{ 
1 1 ·, l } 

Xet xe = 
1

, 2, ... , N,o,o, ... ,xf: ¢:.B. Mi;it khac: 

(

.

00 1)~ 
d(:r;, Xe) = L n2 < E =? Xe E S(xo, E) 

n=N+l 
~ f.tlc.Ucis..- ~~"' · 

V~y t6n tl;ti Xe E S(x0 , E), nhung Xe ¢:. B. Do d6 xo khong la 
di§m trong cua B, suy ra B khong md. D 

14 . • Gia Slc Ala mQt t~p hQp dong. 

=?) Gia su d(x, A) = 0 {::} in£ d(x, y) = 0 {::} :3{yn} c A sao chv: 
yEA 

lim d(x, Yn) = 0 =? lim Yn =X. 
n--+oo n--+oo 
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Do A dong nen x E A. 

¢=) Gia s-Lr x E A =?d(x, x) = 0 =? inf d(x, y) = 0 =?d(x, A)= 0. 
yEA 

o N~u A khong la t~p h<;Jp dong thl di~u nay khong con dfmg. Vi 
dQ.: L§.y A= (0, 1), Ala m9t t~p h<;Jp md trong lR vdi metric thong 

thuong. Taco x = 1 tf. A, nhung day Yn = _n_, n = 1, 2, ... 
n+1 

ti~n tOi 1 khi n -+ oo. Do do: 

d(1,A) . inf 11- yJ = 0. D 
yE(O,l) 

15. • Tnrdc h~t ta chung minh cac t.~p h<;Jp co d~;tng 

En= {x E [a, b] : n 5: f(x) 5: n + 1}, n E Z 

la cac t~p h<;Jp dong. Th~t v~y, vdi moi n E Z, l§.y m9t day 
(xk) c En b§.t kl va lim Xk =X. Do (xk) c En, nen 

k->oo 

n 5: f(xk) 5: n + 1, k = 1, 2, ... (1.9) 

Do f lien tQ.c, nen co th~ chuy~n qua gioi h~;tn cua (1.9) khi 
k -+ oo, ta sitt<;Jc: 

n 5: f(x) 5: n + 1, 

nen X E En- V~y En chua mQi di~m gidi h~;tn cua no, do do En 
dong. 

• Ta chung minh t~p h<;Jp 
n=oo 

n=-oo 

la t~p h<;Jp dong. Do f lien tQ.c tren do~;tn [a; b], nen no ,d~;tt du<;Jc 
gia tri nho nh§.t m, gia tri ldn nh§.t !vi tren do~;tn nay. 

D~t n 1 [m], n2 = [!vi] + 1. 
n=oo n=n2 

Taco: En = 0, Vn < n1 ho~c n > n2 =? E = U En U En· 
n=-oo n=n1 

Do E la h<;Jp cua hi!u h~;tn cac t~p h<;Jp dong, nen E la m9t t~p 
h<;Jp dong. D 
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16. Ch-Lrng minh (Au B)'= A' U B'. 

+ L§.y mot ph§.n til' b§.t ky Xo E (Au B)'' suy ra voi moi Ian c~n 
S(xo) cua di€im Xo, 

3x E S(xo) n ((Au B)\ {xo}) =? {X =1- Xo ~ 
x E A ho~;tc x E B 

=? x0 E A' hoi;ic xo E B' =? x0 E A' U B' 

=? (A U B)' c A' U B' (1.10) 

+ NgUQc I~;ti; I§.y x0 E A'UB' b§.t ky, suy ra x0 E A' hoi;ic x0 E B'. 

Gia su Xo E A' thl voi moi Ian c~n S(xo) cua di@m Xo, 

3x ~ S(xo) n (A\ {xo}) =?{X =1- Xo . =? Xo E (Au B)' 
xEAUB 

=?A' U B' c (AU B)' (fll) 

Tu (1.10) va (1.11), suy ra (Au B)'= A' u.B'. 0 

17. A c X dong ? A chua moi di€im dinh ci:Ia n6. 

=?) Gia suA Ia t~p hQp dong va t6n t~;ti mot di€im dinh a khong 
thuoc A, nghia Ia a E X \ A, do A d6ng nen X \ A Ia mot t~p 
hQp md. Suy ra, t6n·.~~i hlnh c§.u md S(a, r) sao cho: 

S(a, r) c X\ A=? S(a, r) n A= 0. 

Di~u nay mau thuan voi tinh ch§.t cua di@m a. Mau thuan nay 
chling to A chua moi di€im dinh cua n6. 

~) Gia su A chua moi di€im d.fnh cua n6. L§.y mot day b§.t kl 
{xn} C A: lim Xn =a. Ta chling minh a EA. Do lim Xn =a, 

n->oo n->oo 

nen: 
Vc > 0,3n0 EN*: Vn;:::: no=? d(xma) < c 

=? Vn;:::: no: Xn E S(a,E:). >" 

Do d6 moi Ian c~n S(a, c) d~u c6 v6 s6 di€im chung voi A, nen a 
la di@m dfnh cua A, hay a E A. V~~' A la t~p hQp d6ng. 0 

. ;.<--
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18. Gia su F1, F2 c X la hai t~p hc;Jp con dong va F1 n F2 = 0. L§.y 
x E F 1 b§.t ky, thl x tf. F2. Theo Bai 14, taco Px = d(x, F2 ) > 0. 
Tttong tv, l§.y y E F2 b§.t ky thl Py = d(y, FI) > o. Xet cac t~p 
hc;Jpmd: 

G1 = u S ( x, p;), 
xEF1 

G2 = U S (y, P;) 
yEF2 

=? F1 c G1,F2 c G2. 

Ta chling minh G1 nG2 = 0. Th~t v~y, gia su t6n t1;1.i z E G1 nG2. 
Do z E G 1 n G 2 , nen: 

z E G1 =? ::lxo E F1 : z E S ( x0 , P;a) 

z E G2 =? ::lyo E F2 : z E S (Yo, P;a) 

{:::? d(xo, z) < P;a, 

{:::? d(yo, z) < P;a. 

. Gia sir Pxa ::; Pya, ta co: 

d(xo, Yo) :S d(xo, z) + d(z, Yo) < Pxa ; Pya ::; Pya 

=? d(xo, Yo) <Pya· 

M~t khac, do Xo E Fl va theo dinh nghia cua Pya, ta co: 

(1.12) 

Pya = d(yo, F1) = inf d(yo, x) = inf d(x, Yo) ::; d(xo, Yo) 
xEF1 xEFJ 

=? Pya :S d(xo, Yo) 

Di~u nay mau thuan voi (1.12). Biing each tuong tv, n@u Pya < 
Pxa cilng dan d@n mau thuan. V~y G1 n G2 = 0. D 

19. • Gia su F la mt;>t t~p hc;Jp dong b§.t ky cua khong gian metric 
X. Vl F dong, nen theo Bai 14 taco: 

F = {x EX: d(x, F)= 0} = .E! { x EX: d(x, F)<~}. 

Theo Bai 47, taco cac t~p hc;Jp {X EX: d(x, F) < ~} la md. 

V~y F la giao d~m duc;~c cua cac t~p hc;Jp rna. 
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• Gia sit G la mi)t t~p h<!p ma, suy ra F = X \ G d6ng. Theo 
00 

tren ta c6: X\ G = n Fn, trong d6 Fn dong. V~y ta c6: 
n=l 

00 00 

G = X \ (X \ G) = X \ n ~1 = U (X \ Fn), 
n=l n=l 

voi X \ Fn la cac t~p h<!p ma. 

V~y G la h<!p d@m dU:<!C cua cac t~p h<!p md. 0 

20. Xet tfnh lien tl;lC cua cac anh X!;L sau: 

a) f(x) = max x(t), x E Cta b] 
a9g ' 

Voi x, ·Y E Cta,bJ b§,t ky, gia stt 

J(x) max x(t) = x(t1), f(y) max y(t) ---: y(t2), tl? t2 E [a., b]. 
a~t~b a~t~b 

Khong giam tfnh ch§,t t6ng quat, gia sit x(ti) ~ y(t2). Ta c6 
y(t1) ::; y(t2), nen: 

if(x)- J(y)i = x(tl)- y(t2) :S x(tl)- y(tl) = ix(ti)- y(ti)i 
::; max ix(t) - y(t) I 

a9~b .. 
' 

=? if(x)- f(y)i :S d(x, y), Vx, Y E C[a,b]· 

Suy ra f lien t1;1c d~u tren C[a,bJ, do d6 f lien t1;1c. 

b) g(x) =max ix(t)i,x E Crab] 
a~tg ' 

Voi x, y E C[a,bJ b§,t ky, gia stt g(x) = ix(t1)i, g(y) = iy(t2)1. 
Khong giam tfnh ch§,t t6ng quat, gi8. stt lx(ti)I ~ iy(t2)i. Ta c6: . 

ig(x)- g(y)i = lx(ti)i-ly(t2)1 :S lx(ti)i-ly(ti)i 
::; lx(ti)- y(ti)i :S max ix(t)- y(t)i 

a~t~b · 

=? ig(x)- g(y)i :S d(x, y), Vx, Y E C[a,b]· 
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Suy ra g lien tgc d~u tren C[a,bJ, do d6 g lien tl).c. 

c) h(x) = min x(t),x E Cra,b] 
a9:5b · 

Voi x, y E Cra,bJ b§.t ky, gia s11 h(x) = x(t1), h(y) = y(t2). Khong 
giam tfnh ch§.t t6ng quat, gia sir x(t1) 2: y(t2 ). Ta c6: 

=? lh(x)- h(y)l::; d(x, y), Vx, y E Cra,b]· 

Suy ra h lien tl).c d~u tren Cra,bJ, do d6 h lien tl).c. 

d) k(x) = min lx(t)l,x E Crab] 
a9:5b ' 

Voi x, y E Cra,bJ b§.t ky, gia s11 k(x) = lx(ti)I, k(y) = ly(t2)1. 
Khong giam tfnh ch§.t t6ng quat, gia s11lx(ti)I2: ly(t2)1. Ta c6: 

lk(x)- k(y)l = lx(ti)I-Iy(t2)1 ::; lx(t2)1-IY(t2)1 

::; lx(t2)- y(t2)l ::; max lx(t)- y(t)l 
a9:';:;b 

lk(x)- k(y)l::; d(x, y), Vx, y E Cra,b]· 

Suy ra k lien tl).c d~u tren Cra,bJ, do d6 k lien tl).c. 

e) y(x) = 

0, n~u x(t) l§.y ft ~h§.t m()t gia tri am 

1 

2, n~u x(t) = 0, ViE [a, b] 

1, n~u x(t)2:0 va x(t)#O t~i ft nh§.t mQt di€lm t 
Ta chung minh y khong lien tl).c t~i x0 (t) = 0, Vt E [a~ b]. Th~t 

' . 1 .h 
v~y, ton t~1 c:0 = 4 sao c o: 

(Vo > 0) (3x(t) =~,\It E [a,b]) (d(x,x0 ) = ~ < 15): 

1 1 
ty(x)- y(xo)l = 2 > 4· 
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V~y y khong lien tl).c t?-i x0 = 0. 

B~ng each tuong tv ta ch(rng minh dtt<;lc y khong lien t\lC tren 
t~p h<;!p {x(t) ~ 0, \It E [a; b] va (3tl E [a; b])x(t1) = 0}. 

T?-i cac di~m con l?-i y lien tl).c. 0 

21. Xet tfnh lien tl).C cua cac anh X?- sau trong D2[a, b]. 

a) J(x) = x(a), x E D2[a, b] 

Voi mQi x, y E D2 [a, b] ta c6: 

lf(x)- f(y)l = lx(a)- y(a)l 
:S max { I x ( t) - y ( t) I , I x' ( t) - y' ( t) I , I x" ( t) - y" ( t)} 

a99 

:::} IJ(x)- J(y)l :S d(x, y), \lx, y E D2[a, b] 

V~y f lien tlJ.c d@u tren D2 [a, b], do d6 f lien tl).c. 

b 

.b) g(x) = j .j1 + x'2(t) dt 

a 

SU: dl).ng b§.t d~ng th(rc~ 

voi mQi x, y E D2[a, b] ta c6:. 

b b 

lg(x) g(y)l = j Vl + x'2 (t) dt j .j1 + y'2(t) dt 
a a 

b 

J [x'(t)]2 - [y'(t)]2 . 
- dt 

.jl + [x'(t))2 + Jl + [y'(t))2 
a 
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b 

< j 1 x' ( t) - y' ( t) II x' ( t) + y' ( t) 1 dt 
- )1 + [x'(t))2 + .)1 + [y'(t))2 

a 

b 

< j lx'(t)- y'(t)l(lx'(t)l + IY'(t)l) dt 
- )1 + [x'(t))2 + )1 + [y'(t))2 

a 

b 

::; 2 j 1 x' ( t) - y' ( t) 1 dt 
a 

::; 2(b- a)d(x, y), Vx, y E D 2 [a, b] 

V~y g lien tvc d§u tren D 2 [a, b], do d6 g lien tvc. D 

22. Tnroc h@t ta chung minh t~p h<;Jp f(X) tru m~t trong X. Th~t 
v~y, l§.y m()t ph§.n tu b§.t ky a E X. L~p m()t day {an}~=l c 
f(X) c X rihu sau: 

a1 = f(a), a2 = f(ai), ... , an= f(an-I), ... 

Ta ch(rng minh t5n t1;1i m()t day con { ank} ·c {an} h()i t\l tdi a. 
Do X la compak, nen day {an} chua m()t day con { ank} h()i tv, 
do day { ank} h()i tv, nen n6 la m()t day Cauchy, nghia la: 

Theo gia thi@t va dtnh nghla cua day {an} ta c6: 

d(a, ank-nko) = d(ar, ank-nko+l) 

... = d(anko' ank) < c, \Ink~ nko· 

V~y day { ank} h()i tv toi a. 

Tu d6, ta c6: X c J(X) c X=> f(X) =X. M~t khac, de th§.y 
f lien tvc tren X. Do d6 j(X) la m()t t~p h<;Jp compak, suy ra 
f(X) dong va j(X) j(X) X, hay j la m()t toan anh. Vl 
v~y, phudng trlnh j (X) = y luon CO nghi~m VOi ph§.n tlt tuy J 
yEX. D 
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23. Goi A= {x E 1R: f lien tvc tc;ti x}, An= {x E A: f(x) = n}, 
de dang th§.y A= U An- Ta ch(rng minh An la cac t~p hqp rna. 

nEIZ 

ThM v~y, l§.y x0 E An b§.t ky. Do f lien tl.lC tc;ti x0 , ta c6: 

(VO < c < 1)(38 > O)(Vx E S(xo, 8)) IJ(x)- f(xo)l <c. (1.13) 

Do f chi nh~n gia tri nguyen va j(xo) = n nen f(x) = n, 
Vx E S(x0 , 8). V~y \fx0 E An, t6n tc;ti S(xo, 6) : f(x) = n, Vx E 
S(x0 , 6). Ta ch(rng minh S(x0 , 8) C An, hay f lien tl.lC tc;ti moi 
di~m thuoc hlnh c§.u S(x0 , 8). Do f la ham hil.ng trong S(xo, 8), 
nen n6 lien tl,lC trong hlnh c§.u nay. V~y Xo la di~m trong cua 
An. Do tfnh b§.t kl ciia Xo, nen An ma, do d6 A = u An la t~p-

nEIZ 

hqp rna. .. 
Suy ra :!R\A = {np cac di~m gian doc;tn cua /} la t~p hqp d6~g. 
0 

t 

24. a) f(x)(t) = j x2 (s) ds, x(s) E C[o,Ij, 0::::; t::::; 1; 

0 

De dang chung minh duqc voi moi X E C[o,I], thl J(x~ la mot 
ham lien tl.lC theo t. Do d6 f anh X<;L C[o,l] vao chinh. n6 .. D~ 
ch(rng minh f lien tl).C·,ta lam nhu sau. L§.y mot ph§.n tlt b§.t kl 
xo E Oro 1], dat lvf = max lxo(t)i. , . 099 

Ta c6: 

(Vc > 0)(36 > 0: 8.(8 + 2lvf) < c)(Vx E C[o,Ij): 

ix(t) - xo(t)i < 6, Vt E (0, 1]. 

t t 

lf(x)(t)- f(xo)(t)i = j x2(s) ds ~ j x6(s) ds 
0 0 
t ::::; J lx2 (s)- x~(s)l ds 

0 
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1 

~ j lx2 (s)- x5(s)l ds 
0 . 

1 

~ 8 j Jx(s) + xo(s)l ds, 
0 

lx(s) + xo(s)l = lx(s)- xo(s) + 2xo(s)l 

~ lx(s)- xo(s)l + 2Jxo(s)J < 8 + 2lvf 

Thay vao (1.14) ta. du<;:~c: 

Do d6, 

lf(x)(t)- f(xo)(t)l < 8(8 + 2/vi) < c, Vt E [0, 1]. 

d(f(x), f(xo)) max lf(x)(t)- f(xo)(t)l <c. 
099 

Vf).y f lien tl).c t1;1i x0 . Do x0 b§.t ky, nen f. lien t1,1c. 

b) g(x)(t) = xW:.:), x(t) E C[o,I], a~ 0. 

(1.14) 

De th§.y g anh X/;1 C[o,l] vao chinh n6. L§.y ph§,n tit b§.t kl Xo E 

C[o,l]. Ta c6: 

(Vc > 0)(:38 = c)(Vx E C[o,1j)(d(x, xo) < 8) : 

d(g(x),g(xo)) =max JxW:.:) xo(ta)l ~max Jx(t)- xo(t)l <c. 
O~t~l O~t~l 

Vf).y g lien tl).c d~u tren C[0,11 . D 

25. B1;1n dQc tlt giai. 

26. B1;1n dQc tl,T giai. 

27. a) Ki~m tra 3 tien d~ metric. 

Tieii d~ 1 va tien d~ 2: B1;1Ii dQc tl,T giai. 
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Tien d~ 3: Vx, y, z E R Do ham _t- don dieu tang tren m1a 
. t + 1 . 

khoang [0, +oo) va do 

d(x, y) ::::; d(x, z) + d(z, y) 

ta c6: 

d
1
(x y) = d(x, y) < d(x, z) + d(z, y) 

' 1+d(x,y)- 1+d(x,z)+d(z,y) 
d(x,z) d(z,y) 

::::; 1+d(x,z) + 1+d(z,y) =d1~x,z)+d1(z,y) 

=? d1(x,y)::::; d1(x,z) +d1(z,y). 

V~y /111 = (JR, d1 ) l~p thanh mot khong gian metric. 

b) =?) G ia Sll { Xn} la mot day co ban trong Jv/1' suy ra: 

( Vc E ( 0, ~)) (:lno > 0)('1/n, m 2:: no): d1(xn, Xm) < c 

d(xn, Xm) ( ) 
{:} 1 d( ) < c =? d Xn, Xm < 2c. + Xn,Xm 

V~y { Xn} la mot day:co ban trong Jv!. 

Do Jv! d§,y, nen tan t~;ti lim Xn x, suy ra: 
n->oo 

"\ 

V~y { xn} hoi t1,1 tai x trong Jv/1, do d6 lvh d§,y. -

<=) Cia Sll {xn} la mot day co ban trong Jv!, suy ra: 
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d(xn, Xm) c * 
1 

d( ) < -
1

- < c ==? d1 (xn, Xm) < c ; (Vn, m 2:: n 2 ) 
+ Xn,Xm +c 

V~y {xn} la m()t day cd ban trong Jvf1 . 

Do lvf1 d§.y, nen t5n t?-i lim Xn = x, suy ra: 
n-+oo 

( Vc E (a,~)) (3na > O)(Vn 2:: n3): d1(xn, x) < c 

d(xn,x) ( c 
hay 

1 
d( ) < c {:::} d Xn, x) < -- < 2c (Vn;::: n3 ). + Xn,X . 1- c 

V~y day (xn) h()i t1,1 toi x trong !VI, do d6 A;J d§.y. D 

28. a) Chung minh d la m()t metric tren Z 

Ki~m tra 3 tien d~: 

Tien d~ 1 va tien d~ 2: B?-n dQc tv giai 

Tien d~ 3: Voi mQi z = (x, y), z' = (x', y'), z" = (x", y") E Z ta 
c6: 

d1(x,x"):::; d1 (x,x') +d1 (x',x") 

d2(y,y"):::; d2(y,y') +d2(y',y") 

==? d1(x,x") +d2(y,y"):::; d1(x,x') +d2(y,y')+ 
+ d1(x', x") + d2(y', y") 

. ==? d(z, z"):::; d(z, z') + d(z', z") 

V~y M ( Z, d) l~p thanh m()t khong gian metric. 

b) Gia su M = (Z, d) Ia khong gian d<ly. Lcly {xn}, {yn} Ia 
hai day ca ban belt ky tuang ung trong M 1 va Mz. Ta c6: 

(V & > 0)(3n0 E N*)(\f.n,m;:::: n0 ) sao cho: 

i & . 
dl (xn,xnJ < 2,dz (y n,Ym) < 2 => dl (xn,xm) + dz (Yn, Ym) < & 

Suy ra {zn} {(xn,Yn)} Ia mot day ccr ban trongM= (Z,d). 

Do M day nen ton t<;ti limzn = z = (x,y) E Z. Suy ra: 
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=? d1(xm x) + d2(Yn, y) < E 

=? (\In> nl) {d1(Xn, x) < E =? {Xn ~X 
- d2(Yn,Y) < E Yn ~ Y 

trong Ah 
trong !vi2 

47 

Do {xn}, {Yn} la hai day co ban b§.t kl trong .!vi1 va 1112, nen 1111 

va ]Vf2 d§.y. 

<¢:=) Gia sl'r Ivf1 va .!vi2 la cac khong gian d§.y, ta phai chung minh 
!vi = ( Z, d) la m()t khong gian d§.y. Th?,t v?,y, l§.y m()t day co 
ban {zn} = {(xn,Yn)} b§.t ky trong !vi. Ta c6: 

(VE > O)(::ln2 > O)(Vn, m 2:: n2) =? d(zn, Zm) < E 

(
w ) {d1 (xn, x~) < E 

=? vn, 1n 2:: n2 
d2(Yn, Ym) < E 

V?,y {xn}, {Yn} la cac day co ban tlldng (mg trong Af1 va 1112, 
suy ra t6n t~;Li: lim Xn = x, lim Yn = y. D~t z = (x, y), ta c6: 

n-~-oo n-400 

=? d(zn, z), < E ('\In 2:: n3) =? 3 lim Zn z 
n->oo 

Do { Zn} = { ( Xn, Yn)} la day co ban b§.t k:Y trong !vi, nen !vi la 
khong gian d§.y. 0 

29. Vi~c chling mjnh d la m()t metric tren X: B~;Ln dQc tv giai. 

D~ chung minh (X, d) la m()t khong gian metric khong d§.y, .ta 
xet day ham {xn(t)} c X xac dinh nhlt sau: 

{ 

1 1 

Xn(t) = ~2 + 1 n2 + 1 
n~u ltl ::; n 

n~u ltl > n 
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De thfi.y { Xn} la day cac ham lien tlJ.C va b~ng khong ngoai do~n 
[-n, n]. Voi mQi n,p EN, ta c6: 

d(xn+p, Xn) =max lxn+p(t)- Xn(t)j = max lxn+p(t)- Xn(t)j. 
tElR itl::;n+p 

M~t khac: 

1 1 
voi ltl :::; n ---

n2 +1 (n + p)2 + 1 

lxn+p(t) Xn(t)j = 1 1 
voi n < ltl :::; n + p ---t2 +1 (n+p)2+1 

0 ·vai It I > n + p 

Do d6 

d(xn+p> Xn) =max lxn+p(t)- Xn(t)j = max lxn+p(t)- Xn(t)i 
ctElR jtj::;n+p 

1 1 1 
:::; n2 + 1 (n + p) 2 + 1 < n2 + 1· 

V~y { xn} la m(it day co bim trong X. . 
Gia str X d§.y, suy ra t6n t~i x E X sao cho lim d(xn, x) = 0. 

Xet ham: 

x(t) = -
2

1 
, t E JR. 

t + 1 

n->oo 

De thfi.y x(t) lien tlJ.C tren 1R va 0 < x(t) :::; 1, \It E R Do 
x(t) :f:. 0, \It E IR, nen x(t) ¢;.X. M~t khac, ta c6: \It E 1R 

0:::; lx(t)- x(t)l :::; lx(t)- xn(t)i + lx;n(t)- x(t)i 
1 

:::; n 2 + 1 + ~'fff lxn(t)- x(t)i 

1 
= n2 + 1 + d(xn,x) 

=} 0:::; jx(t)- x(t)i :::; n
2 
~ 

1 
+ d(xn, x). (1.15) 

Tit (1.15) cho n -7 oo ta du<;1c: 

jx(t) - x(t)j = 0, \It E 1R =} x(t) = x(t) ¢:_X 
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mau thuan voi gia thi~t. 

Mau thuan chling to t6n t1;1i mOt day cd ban trong 111 nhtrng 
khong hOi t1,1 trong khong gian lvf, do d6 khong gian lvf khong 
d§.y. 0 

30. B1;1n dQc tv giai. 

31. Gia st''r d la mOt sieu metric tren X. 

a) Ta chling minh d la mOt metric tren X. Ki@m tra 3 tien d@ 
metric. 

-Tien d~ 1 va tien d~ 2 dtt<;Jc suy ra tu dinh nghia sieu metric d. 

Tien d~ 3: Voi mQi x, y, z EX, dod la mOt sieu metric nen 

d(x, y) :=;max{ d(x, z), d(z, y)} :::; d(x, z) + d(z, y) 

=? d(x, y) :=; d(x, z) + d(z, y). 

Tien d~ 3 v~ metric du<;Jc thoa man, do d6 d la mOt metric tren 
X. 

b) N~u d(x, z)-:/= d(z, y), khi d6 khong giam t6ng quat ta c6 th~ 
gia su d(x, z) < d(z, y). Theo tien d~ 3 v~ sieu metric ta c6: 

d(x, y) :=; d(z, y). 
0 -

' 
N~u d(x, y) < d(z, y), thl: 

d(z,y) :=; max{d(x,z),d(x,y)} < d(z,y), mau thuan. 

Vf}.y d(x, y) = d(z, y) = m;1x{ d(x, z), d(z, y)}. 

c) Gia su hai hlnh c§.u md B(x, r 1) va B(y, r2) c6.di~m chung va 
z E B ( x, r 1) n·B (y, r2). Khong m§.t tfnh t6ng quat gia su r2 ::; r1, 
ta c6: • 

d(x, y) :=; max{d(x, z), d(z, y)} < r1 . 

Ta chling minh B(x, r 1) :J B(y, r2). Voi mQi t E B(y, r2) ta e6 
d(y, t) < r 2 :=; rll suy ra d(x, t)::; max{d(x, y), d(y, t)} < r1. Vf}.y 
t E B(x, r1), do d6 B(x, r1) :J B(y, r2). 
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Bling each tttclng t"t,r, Tr ::; 1'2 =? B(x, Tr) c B(y, T2)· 

Throng h<;Jp B(x, Tr) va B(y, T2) la hai hlnh c§.u dong chl"rng minh 
tuong tv. 

d) =?) HH~n nhien. 

<=) Gia sit d(xn, Xn+r) ---+ 0 (khi n---+ oo ). Khi do, v6i mQi c > 0, 
t6n t;;ti no sao cho d(xn, Xn+r) < c v6i mQi n 2: n0 . V6i mQi 
n > n0 , p > 0, bling phuong phap quy n;;tp toan hQc, ta co: 

d(xn,Xn+p) ::; max{d(Xn,Xn+l), d(Xn+l,Xn+2), ... , d(Xn+p-l,Xn+p)} 
<c. 

V~y ( xn) la m(>t day co ban. 0 

32. Taco [0, 1] la m(>t t~p h<;Jp con dong cua JR1 v6i metric d(x, y) = 
lx- yj. Do do (0, 1] cling v6i metric cua JR1 l~p thanh m(>t khong 
gian metric d§.y. 
Ta chling minh anh Xl;t 

X: (0, 1) --+ (0, 1) • 
t ~x(t) 

. . 

la anh Xl;t co. Th~t v~y, theo dinh ly Lagrange: 

Vtr, t2 E [0, 1] =? lx(tr)- x(t2)l = lx'(c;)llti- t2!, c; E (tr, t2) 
1 

=? lx(tr)- x(t2)l ::; 2lt1 -_t2l· 

Do do theo nguyen ly anh x;;t co, t6n t;;ti duy nh§.t to E (0, 1] sao 
cho x(to) =to. 0 

33. Ta co [1, +oo) la m(>t t~p h<;Jp con dong cua JR1 v6i metric 
d(x, y) = jx- yj. Do do [1, +oo) cling v6i metric cua JR1 l~p 
thanh m(>t khong gian metric d§.y. G ia sit anh x;;t 

A : [1, +oo] --+ [1, +oo] 

x ~ A(x) 
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la anh x~ co, suy ra t6n t~i duy nh§.t x 0 E [1, +oo ): 

1 1 
Axo = Xo {:} Xo + - = xo {:} - = 0 ( v6 ly). 

Xo xo 

V~y A khong c6 di~m b§.t dong, do d6 A khong la anh X~ co. D 

34. Thuoc h@t ta chung minh f anh X~ S'(xo, r) vao S'(xo, r). Th~t 
v~y, voi mQi X E S'(xo, r) ta c6: 

d(f(x), xo) :::; d(f(x), f(xo)) + d(f(xo), xo) 
< p.d(x, x0 ) + (1- p).r < p.r + (1- p).r 

=? d(f(x), xo) < r =? f(x) E S'(xo, r). 

Do S' ( Xo' r) la mot khong gian con d6ng cua khong gian metric 
d§.y X, nen S'(x0 , r) la khong gian metric d§.y voi metric da cho 
tren X. Suy ra anh x~: . 

f: S'(xo, r) ----4 S'(xo, r) 

la anh X~ co, do d6 f c6 di~m b§.t dong duy nh§.t trong S'(xo, r). 
D 

35. Xet khong gian JR0 vpi metric: 

De dang chung minh dU<;Jc JR0 cling voi metric tren l~p thanh 
mot khong gian metric d§.y. Xet anh x~: 

f : IR~ ----4 IR~ 

x ~-----+ y = Ax + b 

vdi X= (xl>x2, ... ,xn), A= (aij)nxn, b- (bl>b2, ... ,bn), 
y = f(x) = (y1, Y2, ... , Yn)· Ta chling minh f la anh xi;L co. 
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Th~t v~y, vdi moi x, x' E JR.0 ta c6: 

n 

d(J(x), f(x')) = m~ IYi- Y~l = m~ I"' aij·(xj- xj)l 
l<t<n l<t<n L....t 
-- -- j=l 

n 

::; ( max "' I ai. ·I). max I x · - x'·l 
l<i<n L....t 1 l<i<n 1 J 
-- j=l --

n 

::::? d(J(x), f(x')) ::; ( m~ "'laijl).d(x, x') · 
l<1<n L....t 
-- j=l 

n 

::::? d(J(x), f(x')) ::; a.d(x, x'), a= m~ "'laijl < 1. 
l<t<n L....t 
-- j=l 

V~y f la anh x~ co, nen t6n t~i duy nh§.t di~m b§.t dong, suy ra 
h~ x Ax + b c6 nghi~m duy nh§.t. D 

36. N@u di~u ki~n Ala anh X~ co thay bl1ng di~u .ki~n 

d(Ax, Ay) < d(x, y), x =/= y. 

thl sv t6n t~i di~m b§.t dong khong duQc dam biio. Th~t v~y, xet 
anh x~: 

Ta c6: 

lf(x)- f(y)l 

lf'(e)l 

lvx2 + 1- .jy2 + 11 = lf'(~)llx- yl, 

. 1~1 < 1 
J~2+ 1 

* lf(x)- f(y)l < lx- Yl, Vx =/= y 
::::? d(f(x), f(y)) < d(x, y), Vx =/= y. 

Nen anh X~ f thoii man di~u ki~n bai toan. Nhung de th§.y f 
kh6ng c6 di~m b§.t dc)ng. D 
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37. Ham s6 
7r 

f (X) = 2 + X - arctg X, X E JR. 

Voi moi x, y E JR., ta c6: 

IJ(x)- f(y)i = lf'(~)llx- Yi = 11 !
2

~2 llx- Yi· 

e Chon a = c
2 

< 1 ta dude: . 1+., . 

if(x)- f(y)i :=:; a.ix- yl, a< 1. 

Thy nhien phudng trlnh: 

vo nghi(lm. 0 

7r 
f(x) = x {:} arctg x = 2 

53 

n 

38. Gia sU' A1 , A2 , ... , An la cac t~p hc;Jp compak, d?,t A = U A. 
i=l 

Ta chling minh A la m(>t t~p hc;Jp compak. Gia sU' ( Gi)iEI la m(>t 
phu md cua A. Voi. m6i k = 1, n, do Ak la t~p hc;Jp compak va 
( Gi)iE/ la m(>t phu md cua Ak, nen: 

iEh 

Do d6 voi moi phu md cua A d~u t6n tf).i m(>t phu con hihl hfJ.iL 
V~y Ala t~p hc;Jp compak. 

Hc;Jp vo hf).n cac t~p hc;Jp compak c6 th~ la m(>t t~p hc;Jp compak 
va ciing c6 th~ khong la m(>t t~p hc;Jp compak. 

Vfdw 
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+ Xet hQ An = [-n, n] la cac t~p hQp compak trong JR1
, tuy 

oc 

nhien lR 1 = U An khong la mi)t t~p hQp compak. 
n=1 

+ Xet hQ A 0 = [ 0, ~] , A 1 = [ ~, 1] , An = [ ~, 1 - ~] , n 2: 2 
00 

la cac t~p hQp compak trong JR1 va [0, 1] = U An la mOt 
n=2 

t~p hQp compak trong lR 1 . 0 

39. (a=? b) Dinh ly Reine-Borel 

(b =? c) Gia sU: mQi phil ma d~m dl1Qc ci:m !vi d~u co mOt phl'1 
con hitu h:;tn. N~u (Fn) la day cac t~p hQp dong khac rong trong 
M~ . 

F1 ::J F2 ::J ... ::J Fn ::J ... 

Ta chUn.g minh (Fn) co giao khac rong. Th~t v~y, gia sl'r 

oc n Fn = 0. 
n=l 

Dl;it Gn =X\ Fn, n = 1, 2, ... (Gn) la hQ d~m dll'Qc cac t~p hQp 
ma trong 111. Taco: 

Qan= Q(X\Fn) X\ (.0/") =X 

V~y ( Gn) la mOt phil rna d~m dll'Qc cila !vi, thea gia thi~t t6n 
t:;ti mi)t phil con huu h:;tn: Gn1 , Gn2 , ••• , Gnk E ( Gn) sao cho 

k k k 

X c u Gn; = U(X\!n;) =X\ n Fn; =X \Fnk =?.Fnk = 0. 
j=l j=l j=l 

Di~u nay trai voi gia thi~t, do do (Fn) co giao khac rong. 

( c =? a) Gia sU: trong !vi mQi day cac t~p hQp dong khac rong 
Fn trong !vi ma: 
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d~u c6 giao khac rong. Ta ch(tng minh Jvfla mot t~p h<;p compak. 
Th~t v~y, gia stt { Xn} la !!lOt day b§,t ky trong X. Di;it Fn = 
{ Xn, Xn+ 1, ... } la bao d6ng ella bao tuy§n tfnh ella ( Xn, Xn+ 1, ... ) 

(n = 1, 2, ... ). Ta c6: 

00 00 

Theo gia thi§t ta c6 n Fn =I= 0. Gia Slt a E n Fn va v la mot 
n=l n=l 

lan c~n b§,t ky cua a. Voi mQi m, ta c6: 

a E Fm =? 3n 2: m: X 11 E V (do ala di§m giOi h:;m ella Fm) 

V~y voi mQi lan c~n cua a d~u ch(ra it nh§,t mot philn tu Xn ella 
day { Xn}' do d6 a la di§m gioi hq.,n cua {.xn}. Suy ra t6n tq.,i mot 
day con cua { Xn} hoi tv tai a trong X. Do day { Xn} b§,t ky nen 
X la t~p h<;p compak. 0 

40. a) Gia Sll {xn} la mot day cd ban trong l\1. Voi E = r, ta c6: 

(3no)(\fn 2: no)=? d(xn~·, Xn) ::; T =? Xn E S'(X110 , r)(\fn 2: no). 

Do S'(x
110

, r) la t~p h<;p compak, nen t6n tq.,i {xnk} C {xn} (voi 
n ;:::: no) hoi tv toi xo E S' ( Xn0 , r). Mi;it khac: 

(1.16) 

Tu (1.16) cho n, nk ~ oo ta dtr<;c lim Xn = xo. V~y mQi day cd 
n-+oo 

ban trong !vf d~u hoi tv, suy ra Jvf la khong gian dily. 

b) Gia su A c X la mot t~p h<;p compak, ta chung minh t~p 

B = { x EX : d(x, A) ::; ~} la t~p h<;p compak. Theo chling 

minh cua Bai 47 thl B la mot t~p h<;p d6ng. Ta chling minh B 
la mot t~p h<;p compak tudng d6i. Th~t v~y, l§,y mot day b§,t ky ''··,,_, 
{xn} C B ta c6: 

Voi moi n = 1, 2, ... , do Xn E B =? d(xn, A) 
r 

inf d(x11 , x) ::; -
2

. 
xEA 
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Theo tfnh ch§.t cua c~n. duoi dung t6n t9-i an E A sao cho: 

T T T 
d(xn, an) ::; d(xn, A)+ 4 ::; 2 + 4 

3r 
=? :3{ an} C A: d(xn, an) ::; 4· 

Do A la t~p h<;p compak, nen t6n t9-i { ank} C {an} h9i t1,1 tdi 
a0 E A. Ta c6: · 

T 
d(ank' ao) < E < 4 

3r r 
=? d(xnk' ao) ::; d(xnk' ank) + d(a.,;,k, ao) < 4 + 4 = r 

=?.d(xnk,ao) < r 

=? Xnk C S'(ao, r), Vn 2: nko· 

Do S' ( a0 , r) la t~p h<;p compak, nen t6n t9-i { Xnk) c { Xnk} h9i 

t1,1 tdi x0 E S'(ao, r). 

V~y B la m9t t~p h<;p compak tuong d6i va dong, do d6 B la 
m<:>t t~p h<;p compak. 0 

41. lvf = (X, d), f anh X1;L M vao chinh n6 thoa man di@u ki~n: 

d(f(x), j(y)) < d(x, y), (Vx, y EX, x =/= y). 

L~p ham 
<p : lvf . ---+ ]E. 

x 1---7 <p(x) = d(x, f(x)). 

Voi mQi x =/= y E Af ta c6: 

l<p(x)- <p(y)l. ld(x, f(x))- d(y, f{y))l 

::; d(x, y) + d(f(x), f(y)) < 2d(x, y) 

(B§.t ctiing thuc tu giac) 

=? l<p(x) <p(Y)I < 2d(x, y), Vx =/=ii.J. 
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Do d6 <p lien tl).c d~u tren X. 

M~t khac <p(x) 2: 0, \fx E X va (X, d) la khong gian compak, 
nen t6n t~;ti x0 E X d@ <p(x0 ) = min <p(x) 2: 0. N~u <p(x0 ) > 0, 

xEX 

thl d(x0 , f(xo)) > 0 ==> Xo =/= f(xo). 

Theo gia thi~t ta c6: 

<p(xo) < d(f(xo), f(f(xo))) < d(xo, f(x 0 )) = <p(x0 ) (mau thuan). 

Vf),y <p(x0 ) = 0, suy ra t6n t~;ti xo EX : f(xo) = Xo. 

Tfnh duy nh§.t: Gia su :3x~ EX : f(x~) = x~, x~ =!= x0 . Theo gia 
thi~t ta c6: 

cf,(f(x~), f(xo)) < d(x~, xo) => d(x~, x0 ) < d(x~, x0 ) (vo l)r) . 
Vf),y di@m b§.t d<;>ng cua f t6n t~;ti va la duy nh§.t. D 

42. Do {fn} la m9t day ham don di~u tang va fn -t f (n ~ oo ), 
nen: 

fn(x) :::; f(x), \fx E K, \in= 1, 2, ... 

Vdi c > 0 (nho tuy y), vdi moinE N* dM: 

An= {x E K: f(x)- fn(x) 2: c}. 

Do fn va f la cac liam lien tl).c tren K, nen {An} la day cac tf),p 
h<;Jp d6ng. Ta chl'mg minh Am C An, \fm, n = 1, 2, ... , m > n. 
Thf),t vf),y, ta c6: 

fn(x) :::; fm(x), \fx E K 

=? f(x)- fm(x} :::; f(x)- fn(x), \fx E K. (1.17) 

L§.y m9t ph§.n t11 b§.t kl x E Am, suy ra: f(x)- fm(x) 2: c. Theo 
(1.17), ta c6: f(x) fn(x) 2: E =? x E An. Do tfnh b§.t kl cli;:L x, 
nen Am c An· N~u An =/= 0, \in = 1, 2, ... thl vdi moi n ta chQn 
m9t ph§.n tu Xn E An. Ta dU<;Jc m9t day {xn} C K. Do K la tf),p;'',c'' 
h<;Jp compak, nen: · 
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Voi moi s6 nguyen dtwng b§.t k1 s, taco: 

Do An dong, nen: 

00 

lim Xms+ = Xo E An(\ln = 1, 2, ... ) =? Xo E nAn· p->00 . p 

n=l 

Di@u nay la vo ly, bC1i vi: 

0 = lim lfn(xo)- f(xo)l 2: c > 0. n->oo 

V~y phai tbn t9-i mot s6 nguyen dtwng n0 sao cho Ana = 0, khi 
do An= 0, \In 2: n0 . Tu dinh nghia cua An taco: 

lfn(x)- f(x)l < E, \In 2: no, \fx E K. 

V~y Un) hoi tlJ. d@u tOi f tren K. D 

43. Gia suA, B la hai t~p hQp con cua t~p h<;Jp X, trong do A la t~p 
hQp compak, con B la t~p hQp dong khac rong va An B = 0. Ta 
ch(rng minh d(A, B) > 0. Th~t v~y, gia str d(A, B) = 0, suy ra 
tbn t9-i {xn} C A, {Yn} C B: lim d(xn, Yn) = 0. Do Ala t~p h<;Jp 

n->oo 

compak, nen tbn t9-i {xnk} C {x7i} sao cho: lim Xnk = xo EA. 
nk->oo 

MM khac, ta co: 

(1.18) 

Cho qua giOi h9-n trong b.§.t dilng th(rc (1.18) khi k---+ oo ta duQc: 

lim Ynk = Xo. nk->oo 

Do B la t~p hQp dong, nen_x0 E B =?An B =J 0, mau thuan 
voi gia thi~t. Mau thuan do chung to d(A, B)> 0. D 
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44. Theo gia thi§t d la m()t metric bi ch~n, nghia la metric d thoa 
man di§u ki~n 

sup d(x, y) < oo. 
x,yEX 

Kf hi~u t~p hQp t§.t ca cac t~p hQp con dong, khac rang cua t~p 
hQp X laX. Khi do de dang th§.y duQc d xac dinh tren X. 

Ki~m tra 3 tien d§ metric. 

+ Tien d§ 1: Vdi mQi A,B EX 

Hi~n nhien d(A, B) ;::: 0 

d(A, B) = 0 {::}max {sup d(x, B), sup d(y, A)} = 0 
. xEA yEB 

{

sup d(x, B)= 0 
{::} xEA 

sup d(y, A)= 0 
yEB 

{::} {d(x, B) 0, Vx E A 
d(y,A) = O,Vy E B 

Ta chling minh (d(x, B)= 0, Vx E A){::} A c B. 

(1.19) 

Th~t v~y, gia su d(x, B) = 0, Vx E A. L§.y x E A b§.t kl. Do 
d(x, B) = inf d(x, y) = 0, suy ra t6n tl;ti (Yn) C B: . 

yEB . 

lim d(x, Yn) = 0 {::} lim Yn = x. 
n-+oo n-+oo 

Do B dong, nen X E B. Tu tfnh b§.t kl cua X E A, suyra A c B. 

NguQc ll;ti, gia suA c B. ~hi do vdi mQi x E A, thl x E B. Do 
do d(x, B) inf d(x, y) = 0. 

yEB 

Tudng tl,t ta chling minh duQc (d(y, A)= 0, Vy E B) {::} B CA. 

Taco 

{
AcE 

(1.19) {::} 
. BcA 

V~y d(A, B)= 0 {::}A= B. 

{::}A= B. ;:-" 
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+ Tien d~ 2: Vdi mQi A, BE X, ta c6: 

d(A, B) =max {sup d(x, B), sup d(y, A)} 
xEA yEB 

=max {sup d(x, A), sup d(y, B)} = d(B. A). 
xEB yEA 

+ Tien d~ 3: Gia sit A, B, C E X b~t kl. Gia s{r x, y la ha.i ph§.n 

tit c6 dinh tuy y, x E A, y E B, \:1 z E C ta c6: 

d(x, y) :::; d(x, z) + d(z, y) 

=? d(x, y):::; inf {d(x, z) + d(z, y)} = inf d(x, z) + inf d(z, y) 
zEC zEC zEC 

=? d(x, y) :::; d(x, C)+ d(y, C) :::; sup d(x, C)+ sup d(y, C) 
xEA yEB 

=? d(x, y) :::; d(A, C)+ d(B, C). 

Do tfnh ch~t tuy y eli a y E B, nen 

inf d(x, y') :::; d(x, y) :::; d(A, C)'+ d(B, C) 
~'EB 

=? d(x, B) :::; d(A, C)+ d(B, C). 

Do tfnh ch~t tuy y ciia x E A, nen 

supd(x, B):::; d(A, C)+ d(B, C). 
xEA 

B~ng each hoan toan tttdng tv, ta c6: 

sup d(y,.A) :::; d(A, C)+ d(B, C) 
yEB 

=? d(A, B) :::; d(A, C)+ d(B, C) 

V~y d la m9t metric tren X. D 
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46. *) Gia su F la ti;ip h<;:Jp dong, khong dau tru mi;it trong !VI va 
X\ F khong phai la ti;ip h<;:Jp tru mi;it trong !VI. Do do, t6n t~i 
xEXvac>O: 

S(x, c) n (X\ F) = 0:::} S(x, c) c F. 

Di§u nay mau thuan voi gia thi~t F khong dau tru mi;it trong 
!VI. Suy ra X \ F tru mi;Lt trong !VI. 

<==) Gia su F dong, X\ F tru mi;it trong !VI, ta phai chung minh 
F khong dau tru mi;it trong !VI. Gia sir F khong phai la ti;ip h<;:Jp 
khong dau tru mi;it trong !VI, suy ra t6n t~i m()t hlnh c§.u mCI S1 , 

sao cho IDQi hlnh c§.u mCI Sz c sl taco: Sz n F =I= 0. 

Do X\ F tru mi;it trong !VI * Sz n (X\ F) =!= 0, S2 n (X\ F) 
mCI. L§.y x E S2 n (X\ F), t6n t~i Ian ci;in S3 c Sz n (X\ F). Ta 
co S3 c S2 va S3 c X \ F * S3 n F = 0. Suy ra F khong dau 
tru mi;Lt trong !VI. 

N~u F khong dong thl bai toan khong con dung nua. 

Vi dl,l: Ti;Lp Q khong dong trong R, Q tru mi;Lt trong R Mij.t khac 
R \ Q cling tn) mi;Lt trong R D 

.. 
' 

47. L§.y x0 E G, suy ra: d(xo, A) < c. Dij.t r = c- d(xo, A) > 0. 

Xet hlnh c§.u mCI S ( x0 , ~). Ta chling minh: S ( xo, ~) c G. 

Thi;it vi;Ly, I§.y ph§.n tu b§.~ kl X E s ( Xo, ~). va a E A. Ta co: 
r . 

d(x,xo) < 2' 

d(x, A) = in£ d(x, y)::; d(x, a) ::; d(x, xo) + d(xo, a) 
yEA 

r 
< - + d(x0 , a) (1.20) 2 . 

Theo~·dinh nghia d(x0 , A) = in£ d(x0 , y), nen voi c.= -
2
r, 3ao E A 

· yEA 
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r 
sao cho: d(x0 , a0 ) < 2 + d(x0 , A). Thay a boi a0 vao (1.20) ta c6: 

r r 
d(x, A) < 2 + 2 + d(xo, A) =? d(x, A) < r + d(x0 , A) 

=? d(x,A) < c 

Suy ra s ( Xo, ~) c G, hay Xo la di~m trong cua G. Do Xo b§.t 

ky nen G mo. 

D~ chung minh F d6ng, ta chung minh t~p h<;Jp X \ F = { x E 

X : d(x, A) > c} la t~p h<;Jp md tudng tv nhu chling minh G la 
t~p h<;Jp md. 

Cach khac: Chling minh anh Xc;t d(x, A) anh Xc;t X vao JR. lien 
tl).C tren X va sir dl).ng: 

G = d-1 
(( -oo, c)); F = d-1 (( -oo, c]), 

trong d6 ( -oo, c) la m9t t~p h<;Jp md cua JR., con ( -oo, c] la t~p 
h<;Jp dong cua JR.. Til d6 suy ra G la t~p h<;Jp mo, con F la t~p 
h<;Jp d6ng trong R D 

48. Tfnh liel) t\l;c: Voi moi x, y E C[o,1] ta c6: 

~ 1 

IJ(x)- f(y)j = j[x(t)- y(t)] dt- j[x(t)- y(t)] dt 
0 1 

2 

~ 1 

< j [x(t)- y(t)] dt + j [x(t)- y(t)] dt 

0 ~ 

~ 1 . 

:::; j l~(t)- y(t)i dt + j ix(t)- y(t)i dt 

0 i 
1 

= j ix(t) - y(t)i dt 
·0 
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1 

::; j max lx(t)- y(t)i dt = d(x, y). 
099 

0 

Suy ra f lien tl,lc d§u tren C[o,IJ. 

Voi mQi x E S'(O, 1) ta c6: 

~ 1 1 

lf(x)l = j x(t) dt- j x(t) dt ::; j lx(t)i dt::; 1. 

0 l . 0 
2 

63 

Suy ra f bi ch~n tren tren S'(O, 1), v~y t6n t~;ti sup f(x) va 
xES' 

sup f(x) ::; 1. D~ chling minh sup f(x) = 1 ta xay d1,tng m()t 
xES' xES' 

day { xn} E S' nhlt sau: 

Xn(t) = 

1, 

n 
-nt+-2' 

-1, 

' 1 1 
neu 0 < t <--- 2 n 

' 1 1 i 1 
neu - - - < t < - + -

2 n- -2 n 
' 1 1 

neu- +- < t < 1 2 n -

R6 rang Xn(t) E S~'(O, 1) va f(xn) = 1 
1

' suy ra lim f(xn) = 1. n n->oo 

V~y, ta c6 sup f(x) = 1. 
xES' 

D~ chling minh f khong d~;tt c~n tren dung tren S'(O, 1), tntoc 
h~t ta chling minh cac ~5 d§ sau: 

B6 d~ 1. Gia sit f la m9t ham s6 lien t'l}c, khong am tren [a, b] 
b 

va t6n tr;ti xu E [a, b] sao cho f(xo) > 0. Khi d6 j f(x) dx ~ 0. 

a. 

Chung minh 

Do f lien tl,lC va f(xo) > 0, nen t6n t~;ti m9t lan c~n S(xo) cua Xo 
(ho~c lan c~n phai n~u x0 a, lan c~n trai n~u xo = b sao cho: 
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f(x) > 0, 'Vx E S(x0 ). GQi [a, ,8] la m9t do~;tn chua trong S(x0 ). 

Khi d6: 
b [3 I f(x) dx 2 lf(x) dx > 0. 

a a 

B6 d~ 2. Giii s'll f vag la hai ham lien t1),C tren [a, b] thoa miin: 
f(x) ~ g(x), 'Vx E [a, b]. Khi d6: 

(! f(x) dx ~! g(x) dx) <* (f(x) = g(x), \fx E [a, b]). 

Chung minh 
b b 

=?) Gia suI f(x) dx =I g(x) dx, ta chling minh 

a a 

f(x) = g(x), 'Vx E [a, b]. 

Th~t v~y, gia su t6n t~;ti x0 E [a, b] sao cho: f(x0 ) < g(x0 ), 

hay g(x0 ) - f(x0 ) > 0. Do ham f vag lien t1,1c tren [a, b], nen 

ham g - f lien tl,lC tren do~;tn nay. Ap dl,lng B6 d~ 1 ta dUQC 
b b b 

l[g(x)- f(x)] dx > 0, hay lgcx) dx >I f(x) dx (mau thuan 

a a a 

voi gia thi~t). Mau thuan nay chling to f(x) = g(x), 'Vx E [a, b]. 

¢:) Hi~n nhien. 
. 

B6 d~ 3. Giii su f la rri(Jt ham s6 lien t1),c [a, b]. Khi d6 

b b I f(x) dx =I (J(x)l dx 
a a 

khi va chi khi f(x) ~ 0 hoij,c j(x) ~ 0 vai mQi X E (a, b). 
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Chung minh 
b b 

=?) Giii sU: j J(x)dx = j lf(x)l dx. 
a a 

N~u t5n t~;ti x'l, X2 E [a, b) : j(x1) > 0 va j(x2) < 0. Khi d6 
IJ(x)l ~ J(x), Vx E [a, b] va Ill =I= j, IJ(x)l ~ - J(x), Vx E [a, b] 
va Ill =I= -f. Theo B6 d~ 2, ta c6: 

b b b b 

J IJ(x)l dx > J J(x) dx va j lf(x)l dx >- j f(x) dx. 

a a a a 

. b b 

Do d6 J IJ(x)l dx > J J(x) dx (mau thuan voi gia thi~t). Mau 

a a 

thuan nay chling to j(x) ~ 0 hoi;ic j(x) ::; 0 voi mQi X E [a, b). 

-¢::) Hi~n nhien. 

Bay giO, ta trC1 l~;ti bai toan. Gia sU: f d~;tt duQc c~n tren dung 
tren S'(O, 1), nen t5n t~;ti x0 E S'(O, 1) sao cho: 

Ta c6: 

t: . 1 

j x0 (t) dt- j xo(t) dt = 1 

0 1 
2 

1 1 
2 2 

j xo(t) dt ::; j lxo(t)i dt::; ~ 
0 0 

0 0 

- j xo(t) dt ::; j 1- xo(t)l dt::; ~ 
1 
2 

1 
2 

(1.21) 
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Do d6 ta c6 (1.21) khi va chi khi 

· <==? xo(t) = 

0 

- j ~o(t) dt 
1 
2 

h 
2 

= j lxo(t)l dt = ~ 
0 

0 

J . 1 
= I - xo ( t) I dt = 2 

1 
2 

{ 

1 · voi mQi t E [ o, ~ J 

-1 voi mQi t E [~, 1]. 

Di@u nay mau thuan voi gia thi@t Xo E S'(O, 1), mau thuan chling 
to f khong d;;~,t c~n tren dung tren S'(O, 1). D 

4.9. B!?-n dQc t\! giai. 

50. De dang chling minh du<;1c E la m9t t~p h<;1p dong. 

Tfnh bi chi;in: Xet ham x0(t) - 1, Vt E [0, 1], x0 E E. Voi mQi 
x E Eta c6: 

lx(t)- xo(t)l = lx(t)- 11 ~ lx(t)l + 1 ~ 2, Vt ·E [0, 1] 

=? max lx(t) - xo(t)l· < 2 o:::;t::;I -

=? d(x, x0 ) ~ 2, \f.x E E =? E c S'(x0 ; 2) 

V~y E la t~p h<;1p bi chi;in. 

E khong la t~p h<;1p compak. Th~t v~y, xet day {xn} c E xac 
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dinh nhH sau: 

1 
' . 1 1 

neu 0 < t <--- 2 n 

67 

Xn(t) = 

n(n- 1) 
-n(n+1)t+ 

2 

' 1 1 1 1 
neu - - - < t < - - --

2 n- -2 n+1 

0 

2t -1 

' 1 1 1 
neu - - -- < t < -

2 n+ 1 2 
' 1 

neu- < t < 1 2- -

De th§.y Xn(t) lien tl).C tren [0, 1] va max lxn(t) - Xm(t)i = 1, 
O::;t::;l 

Vm ? n. Do d6 {xn} khong chua m()t day con nao h()i t\1, suy 
ra E khong la t~p h<;Jp compak. D 

51. Tieu chutin compak trong khong gian JRk; k 2:: 1 

M()t t~p h<;Jp trong khong- gian JRk, k 2:: 1 la t~p h<;Jp compak khi 
va chi khi n6 la t~p h<;Jp d6ng va bi chi;i,n. 

Tieu chutin compak trong khong gian l2 

Gia sU: A = {x E l2, x = (xi') : lxil :::; ci, (i 2:: 1)}, trong d6 
ci > 0( i 2:: 1) cho tntdc. Khi d6 A la t~p h<;Jp compak tltdng d6i 

. 00 

khi va chi khi chuoi.' 'L c; h()i tl).. 
i=l 

Tieu chutin compak trong khong gian metric rai rg,c 

M()t t~p h<;Jp A trong khqng gian metric roi rl;Lc la t~p h<;Jp com
pak khi va chi khi n6 g6m hihl hl;Ln ph§.n tU:. 

Tieu chutin compak trong khong gian Cra,bJ 

D@ thi~t l~p tieu chu§.n compak trong khong gian Cra,b], tntdc 
h~t ta dinh ngma khai ni~m bi chi;i,n d@u va lien tl).C dbng b~C. 1

;'. 

np A C G[a,bJ dH<;Jc gQi la bi chi;i,n d@u, n~u t6n tl;Li hil.ng s6 c >"0 
sao cho: 

Vx E A, Vt E [a, b] => ix(t)i :::; c. 
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n,p A c Gra,b] dU<;IC gQi la lien tl).C d6ng' b~c, n@u voi IDQi E > 0, 
t6n tc;ti o > 0 sao cho: 

Vt, t' E [a, b], It- t'l < o; Vx E A=? lx(t)- x(t')l <E. 

"Tieu chutin compak 

M9t t~p h<;Jp trong khong gian Cra,bJ la t~p h<;1p compak -tuong 
d6i khi va chi khi n6 bi ch~n d~u va lien tl).c d6ng b~c. 

Vii;ic chtrng minh cac tieu chuiin nay xin moi bc;tn dQc t1,r giai D 



Chudng 2 

Kh6ng gian djnh chu§.n 

2.1 Tom t~t ly thuy~t 

2.1.1 Ki6n thuc mo d§.u v~ kh6ng gian djnh chufin 

·1. D!nh nghia khong gian d!nh chufui 

D!nh nghia 2.1.1. Khong gian dinh chutin (hay khong gian tuyen 
tinh dinh chutin) la m9t khong gian tuyen tinh X tren truang P (P 
la truang s6 th'l,tc lR hay tr'l.tifng s6 phuc c) cung vai m9t anh X(L tit X 
vao UJ,p hr;p s6 th7,tc, ki hi'~u 11·11 (d9c la chutin}, thoa man cac tien de 
sau: 

1} ('Vx EX) llxll ;::: 0, 

llxll 0 <=? x = () (ki hi~u phdn til khong ·cua X}; 

2} ('Vx E X)('Va E P) llaxll = lal.llxll; 

3) ('Vx, y EX) llx + Yll ::; llxll + IIYII (btlt ddng thuc tam giac}. 

69 
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86 llxll gQi la chu§.n dm vecto x. Ta ciing ki hi~u khong gian .dtnh 
chu§.n laX. Cac tien d@ 1), 2), 3) goi la h~ tien d@ chu§.n. 

D!nh If 2.1.1. Cho khong gian dinh chucin X. D6i vai hai vectd Mt 
kz ~, y E X ta diJ,t 

d(x, y) = llx- Yll· 

Khi d6 d la m9t metric tren X. Vz vtJ,y, moi khong gian dinh churin 
deu la khong gian metric. 

D!nh nghia 2.1.2. Day ddm (xn) cua khong gian dinh churin X goi 
la h9i t'l), tai ddm X EX, nlu lim llxn -xll = 0 va ki hi?u lim Xn =X 

n->oo n->oo 
hay Xn--+ x (n--+ oo). 

Tu dtnh nghia de dang suy ra m()t s6 tinh ch§.t don gian: 

1) Chu§.n II · lila m()t ham gia tri th1,tc lien t1,1c thea bi~n x; 

2) N~u·day di~m (xn) h()i t1,1 tOi x trong khong gian dinh chu§.n X, 
thl day chu§.n (ilxnli) bi ch~n; 

3) N~u day di~m (xn) h()i t1,1 tOi x , day di~m (Yn) h()i t1,1 tOi y trong 
khong gia~ dinh chu§.n X, day s6 (an) h()i t1,1 tOi a, thl 

Xn + Yn--+ X+ y (n--+ oo), anXn--+ ax (n--+ oo). 

D!nh nghia 2.1.3. Day ddm (xn) cua khong gian dinh chucin X goi 
la diiy Cd bdn, neu 

lim llxn -.xmll = 0. 
n,m-i>OO 

Khong gian dinh churin X gQi la khong gian Banach, neu moi diiy Cd 
bdn trong X dtu h9i t'l),. 

2. Chuful tu'dng du'dng 

D!nh nghia 2.1.4. Cho khong gian tuytn tinh X va II . lh, II . lb la 
hai churin tren X. Hai chucin II. Ill va II. 112 gQi la tudng dudng, neu 
tbn tr;ti hai s6 dudng a, /3 sao cho 

(Vx E ·X) aiixlh ~ llxlb ~ /3llxlll· 
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D!nh li 2.1.2. Hai chutln II . III va II· 112 tren khong gian tuyen tinh 
X la tudng dudng khi va chi khi hai chutln d6 sinh cung mi}t tapa tren 
X. 

3. Chu6i trong kh6ng gian dfnh chuiin 

D!nh If 2.1.3. Khong gian dinh chutln X la khong gian Banach khi 
va chi khi trong khong gian X m9i chu6i hi}i t'l), tuy?t d6i deu hi}i t'l),. 

4. Khong gian con 

D!nh nghia 2 .1. 5. Cho khong gian dinh chutln X va t{)p h(fp X 0 c X, 
X 0 =/= ¢. T{)p h(fp X 0 g9i la khong gian dinh chutln con (hay g9i ddn 
gian la khong gian con) cua khong gian X, neu X 0 la khong gian tuyen 
tinh con cua X va chutln tren X 0 la chutln tren X, neu X 0 diJng thai 
la t{)p h(fp d6ng trong khong gian X, th2 X 0 g9i la khong gian dinh 
chutln con d6ng cua khong gian X. 

Djnh If 2.1.4. Neu X 0 la khong gian dinh chutln con dong cua khong 
gian dinh chutln X va Xo =I= X' th2 vai mQi s6 dudng E cho truac tuy y, 
tiJntc;r,iphdntitx EX, llxll. 1, sao chod(x,Xo)--:-- in£ llx-yll > 1-E. 

· yEXo 

5. Khong gian thudng 

Djnh nghia 2.1.6. Cho khong gian dinh chutln X va khong gian dinh 
chutln con dong X 0 c X, X/ X 0 la khong gian tuyen tin.h thudng thea 
khong gian tuyen tinh con X 0 . Ta g9i la khong gian dinh chutln thudng 
cua khong gian dinh chutln X thea khong gian con dong Xo c X khong 
gian tuyen tinh thudng X I Xo cung vai anh X(L • 

(Vx EX/ Xo) llxll = inf llxll. 
XEX 

Khong gian dinh chu§,n thtrdng cilng kf hi~u la X/ Xo. 
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2.1.2 Toan tll' tuy~n tinh b! ch~n 

1. Cac d!nh nghia 

D!nh nghia 2.1.7. Cho cac khong gian tuyen tinh X va y tren truiJng 

p (P = 1R ho(f,c p =C). Anh xq, A tit khong gian·x vao khong gian 
Y 99i la tuy€n tinh ntu anh xq, A thoa man cac rlieu ki~n: 

1) ('t/ x', x" E X) A ( x' + x") = Ax' + Ax"; 

2) ('t/x E X)('t/a E P) Aax = aAx. 

Ta thuong gQi anh X<;L tuy~n tfnh la toan ttl' tuy~n tfnh. Khi toan ttl' A 
tho a man di§u ki~n 1) thl A gQi la toan ttl' CQng tinh, con khi A tho a 
man di§u ki~n 2) thl ~A gQi la toan ttl' thu§.n nh~t. Khi Y = P thl toan · 
ti'r tuy~n tfnh thtrong gQi la phi~m ham tuy~n tfnh. 

D!nh nghia 2.1.8. Cho hai khong gian rlinh chutin X va Y. Toan tit 
tuy€n tinh A tit khong gian X vao khong gian Y 99i la bi chiJ,n, n€u 

(30 ~ O)('t/x EX) IIAxll :S Cllxll (2.1) 

D!nh nghia 2.1.9. Cho toan tit tuy€n tinh bi chi;f,n tit khong gian rlinh 
chutin X vao khong gian rlinh chutin Y. Hling s6 C ~ 0 nho nhtlt thoa 
man h~ thuc (2.1) gQi la chutin cua toan tit A va ki hi~u la IIAII· 

Tu dinh nghia de dang nh~n th~y, chu§.n cua toan ttl' A c6 cac tfnh 
ch~t: 

1) ('t/x EX) IIAxll :S IIAII·IIxll; 

2) ('tic:> 0)(3xe EX) (IIAII- c:)llxell < IIAxeil· 
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2. Mt)t s6 d~nh ly quan trQng v~ toan tl]i. tuy~n tinh b~ ch;;in 
tren khong gian d~nh chu§.n 

D~nh li 2.1.5. Chu toan tit tuyen Unh tit khong gian dfnh chudn X 
vao khong gian dinh chudn Y. Ba rn;Jnh de sau day t1tany &u·ang: 

1) A lien t?,tc; 

2) A l·ien t'{lc tq,i ddrn nao d6 Xo E X; 

3) A bi chi'J,n. 

Djnh li 2.1.6. Cho toan tit tuytn tinh A tit khong g·ian dinh chudn 
X vao khong gian dinh chudn Y. Ntu toan tit A bi chi'J,n, th'i 

IIAII = sup IIAxll 
llxll9 

hay IIAII =·sup IIAxll· 
l!xll=l 

Djnh If 2.1.7. Toan tiJ: tuytn tinh A anh X(L /;;hong _qian d·?nh ch'tldn 
X len khong yian df.'n.h chudn Y, c6 toan tu ny'lt(Jc l-ien t'l;c A- 1 k!t.i ·ucl 
chi khi 

(::!.:r > 0)(\ix EX) IIAxll ;:::: a:llxll. 
1 

Kh·i d6 IIA-1 11 ::; -. 
0: 

.. 
' 

3. S1.t d6ng phoi tuy~n tinh giua cac khon~ gian huu h<~m c!1i~u 

Djnh nghia 2.1.10. Cho ht;Li /~hong gian dinh chudn X va Y. Nlu 
tvan tit iuyt'J.n tinh lien t~LC A' anh XtJ. khong gian X len .~hc5n!J ;:ian. y. 
c6 toan tit ngur;Jc lien t?.Lc A -I.. th'i toan tit A 99i' la phcp d6ng phoi 
tuyen tinh tit khong g·ian X len khony gia.n Y. · 

D!nh nghia 2.1.11. Hai khong gian dinh chudn gQi la d6ng phoi 
t·uytn tinh, ntu t6n tq,·i phep d6ng phoi t·uylin tinh t-it khong gian nay \ 
len khong gian kia. ·· .. 
Dfnh 112.1.8. !V!Qi /;;hong gian dinh chudn ldlu hq,rt chicJu c6 cung s6 
chieu deu d6ng phoi tuytn i'inh. 
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4. Khong gian cac toan ttl' tuy~n tfnh b! ch~ 

Ki hi~u I(X, Y) la t~p h<;ip t§.t ca cac toan tl'r tuyen tinh bi ch~n tu 
khong gian dinh chu§.n X vao khong gian dinh chu§.n Y. Voi hai to an 
tu b§.t kl A, BE I(X, Y) va voi s6 b§.t kl o: E Pta d~t: ·· 

1) (A + B)x = Ax + Bx, Vx E X; 

2) (o:A)x = o:.Ax, Vx EX. 

De dang ki~m tra cac toan tu A+ BE I(X, Y), o:A E I(X, Y) va hai 
phep toan tren thoa man h~ tien d§ khong gian tuyen tinh. Do d6 t~p 
h<;ip I(X, Y) cling voi hai phep toan tren l~p thanh khong gian tuyen 
tinh tren tnrong P. 

Voi toan tu A b§.t kl A E I(X, Y) ta d~t 

IIAII = sup IIAxll 
llxll=l 

(2.2) 

De dang ki~m tra cqng thuc (2.2) xac dinh m9t chu§.n va khong gian 
I(X, Y) trd thanh khong gian dinh chu§.n. Khong gian dinh chu§.n 
I(X, Y) gQi la khong gian toan tu tuyen tinh bi ch~n. 

Sl_t hQi tl,l trong khong gian dinh chu§.n I(X, Y) gQi la S\1' hQi tl,l d§u cua 
day toan tu tuyen tinh bi ch~n. Day toan- tu (An) c I(X, Y) gQi la h9i 
tl,l tling di~m tOi toan tu A E I(X, Y), neu IIAnx- Axil --+ 0 (n --+ 00) 
voi m6i X EX. 

D!nh If 2.1.9. Neu Y la khong gian Banach, th'i I(X, Y) la khong 
gian Banach. 
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2.1.3 M(>t s6 nguyen ly cua giai tfch ham 

1. Nguyen ly anh X? md Banach 

D!nh nghia 2.1.12. Cho rinh X(L A rinh X(L khong gian metric ]Vfl = 

(X, dl) vcw khong gian metric ]Vf2 (Y, d2). Anh X(L A gQi la ma t(Li 
diim Xo E X neu rinh X(L A bien m6i lan c{j,n cua diim Xo trong )\,fl 

thank lan c{j,n cua diim Axo trong ]VJ2. Anh X(L A gQi la ma, neu rinh 
X(L A bien m6i t{j,p h(fp ma trong ]Vfl thank t{j,p h(fp ma trong lv£2. 

D!nh li 2.1.10. Nguyen ly anh X{L mil Banach 

Neu A la to4n tit tuyen tinh lien t'I,LC rinh X(L khong gian Banach X len 
khong gian Banach y' th'i A la rinh X(L md. 

2. Nguyen ly d6 th! dong Banach 

D!nh nghia 2.1.13. Cho hai khong gian dinh chutin X, y va rinh X(L 
A tit khong gian X vao khong gian Y. Ta g9i d6 thi cua torin tit A, ki 
hi~u G(A), la t{),p h(fp 

G(A) {(x,Ax): x EX} c X x Y. ,. 

Neu d6 thi G(A) cua torin tit A la t{),p h(fp dong trong khong gian dinh 
chutin tich X x Y, th'i torin tit A g9i la torin tit dong. 

D!nh li 2.1.11. Nguyen ly d6: thj, dong Banach 

Cho torin tit tuyen tinh A rinh X(L khong gian Banach X va·o khong gian 
Banach Y. Tarin tit A lien t'I,Lc khi va chi khi A la torin tit dong. 

3. Nguyen ly b! ch~n d~u Banach-Steinhaus 

D!nh nghia 2.1.14. Cho h9 (At)tET g6m eric torin tit tuyen tinh_ lien 
t'I,LC At rinh X(L khong gian dinh chutin X vao khong gian dinh chutin 
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Y, trong d6 t(j,p hr;Jp chi s6 T c6 l?tc lur;Jng nao day. H9 (At)tET g9i la 
bi chijn tung aiim, nJu v(Ji m6i X E X tM t(j,p hr;Jp (AtX )tET bi chijn. 
H9 (At)tET gQi la bi chijn deu nJu t{j,p hr;Jp (IIAtll)tET bi chijn. 

D!nh If 2.1.12. Nguyen ly b'f, chij,n d€u Banach-Steinhaus 

NJu hQ (At)tET eric toan tu tuyJn tinh lien t'{LC anh X(L khong gian 
Banach X vao khong gian dinh chutin Y -bi chijn tung aiim, thi h9 d6 

. bi chijn aeu. 

4. Nguyen ly thac trH~n Hahn-Banach 

Djnh If 2.1.13. Nguyen ly thac triin Hahn-Banach 

MQi phiJm ham tuyJn tinh lien t'{LC f xac dinh tren khong gian t7.LyJn 
tinh con X 0 ciia khong cgian dinh chutin X (X0 =/= X) de1.l c6 the thac 
trien len toan khong gian X v(Ji chutfn khong tang, nghia la c6 the xay 
d'l/ng dU(jc phiJm ham tuyJn tinh lien t'{LC F xac dinh tren toan khong 
gian X sao cho: · 

1) F(x) = f(x) (Vx E X 0 ); 

2) IIFIIx = llfllxo· 

Tu nguyen ly thac tri@n Hahn-Ba~ach de dang suy ra: 

• Cho khong gian dinh chu~n X. Voi moi ph§.n tfr khac khong 
Xo E X t6n t~;ti m<;>t phi~m ham tuy§n tinh lien tl).C f xac dinh 
tren toan khong gian X sao cho j(xo) = llxoll va 11!11 = 1. 

• Cho Y la khong gian tuy§n tinh con cua khong gian dinh chu~n 
X va Xo E X thoa man di@u ki~n: 

d(x0 ,Y) = inf llxo- Yll = d > 0. 
yEY 
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Khi d6 t6n t<;ti phi~m ham tuy~n tfnh lien tvc f xac dinh tren 
khong gian X sao cho: 

f(y) = 0 (Vy E Y), 
1 

11!11 = d' f(xo) = 1. 

2.1.4 Tmin tu compak 

Dinh nghia 2.1.15. Toan tit tuy€n tinh A anh X(2 khBng gian dinh 
chuiin X vao khBng gian dinh chuiin Y g9i la toan tit compak, n€u 
toan tit A anh X(2 t(),p hr;p bi chijn bflt kz trong khong gian X thanh t(),p 
hr;p compak tuong d6i trong khBng gian Y. 

D!nh If 2.1.14. Cho A la toan tit tuy€n tinh "bi chijn anh X(2 khong 
gian dinh chuiin X vao khong gian dinh chuiin Y, B la toan tit tuy€n 
tinh bi chijn anh X(2 khBng gian y vao khBng gian dinh chuiin z. Khi 
d6, n€u m()t trong hai toan tit A, B la compak thz toan tit tich BoA 
la compak. 

D!nh lf 2.1.15. N€u A va B la hai toan tit compak anh X(2 khBng gian 
dinh chuiin X vao khong gian dinh chuiin Y, th'i vai m9i s6 a, (3, toan 
tit a:. A + (3 B la to an tit compak. 

Djnh lf 2.1.16. N€u (Any: la day toan tit compak anh X(2 khong gian 
dinh chuiin X vao khong gian Banach Y h()i tv tai toan tit A trong 
khong gian I(X, Y), thz A la toan tit compak. 

2.1.5 Khong gian lien hqp 

1. Khong gian lien h<Jp 

Djnh nghia 2.1.16. Cho khBng gian dinh chuiin X tren trnang P . 
(P = JR hay P =C). Ta g9i khong gian I(X, P) cac phitm ham tuytn"' 
tinh lien tvc tren khong gian X la khong gian lien hr;p cua khong gian 
X va ki hi?u X*. 
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Khong gian lien h(fp cua khong gian X* g9i la khong gian lien h(fp thu 
hai cua khong gian X va ki hi?u X**. 

Dfnh li 2.l.17. Ntu khong gian lien h(fp X* cua khong gian dinh 
chutin X la tach du(fc, thi khong gian X ·tach du(fc. 

Dfnh li 2.1.18. TOn tr;,i mijt phep diing c7,t tuytn tinh tit khong gian 
dinh chutin X vao khong gian lien h(fp thu hai X** cua khong gian X. 

2. Khorig gian phan x;;t 

Dfnh nghia 2.1.17. Khong gian dinh chutln X g9i la khong gian 
phdn xr;,, ntu X X**. 

Dfnh li 2.1.19. Khong gian con d6ng cua mijt khong gian phdn X(J, la 
khong gian phdn xr;,. 

3. Topo y~u 
.. 

Dfnh righia 2.1.18. Cho khong gian dinh chutln X. Day (x11 ) C X 
gQi la hiji t'{t yeu toi phan tit X E X neu voi mQi Zan cQ,n yt'll u cua X 
t'im du(fc s6 nguyen duang n0 sao cho voi m9i n 2: n0 th'i Xn E U, ki 

< 

h ·~ yeu 
u;u Xn --t x. 

Dfnh li 2.1.20. Cho khong gian dinh chutln X. Day diim (xn) C X 
hiji t'{t ytu toi di#m X khi va chi khi j ( Xn) --+ j (X) voi m9i j E X*. 

Dfnh lf 2.1.21. Cho khong gian dinh chutln X. Ntu day diim (xn) C 
X hiji t'{t ytu th'i day d6 bi chiJ,n. 

2.1.6 Khong gian Lp(E, fl) 

Gia sfr E la m<;>t t~p hQp nao d§.y, :F la m<;>t u- d~i s6 cac t~p hQp con 
cua E, f.1, la IDQt de;> do tren !F. Lp(E, Jt) la t~p hQp t§.t ca ham s6 x(t) 
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do dm;c theo dO do {L tren E sao cho tich phan sau hi)i t1,1 

J jx(t)JP d{L, voi p 2: 1. 

E 

B§.t dfuig thuc Holder 

1 1 

I lx(t).y(t)l dJ' :S (! lx(t)IP dl') '. (! ly(t)lq dl' r 
,. ··· L (E ) 1 1 1 ,. 1 1 VOl ffiQl X, y E p , {L , - + - = VOl p > , q > . 

. p q 

B§.t d~ng thuc Mincovxki 

voi mQi x, y E Lp(E, ~t),p 2: 1. 

Djnh If 2.1.22. Khong g~0TI: Lp(E, ~t) la khong gian Banach. 
' 
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2.2 D@ bai t~p 

1. U,p hQp A cua khong gian dinh chu§.n X gQi la t~p hQp 16i n§u 
x, yEA thl ax+ (1-a)y E A (\:fa E (0; 1]). Chung minh tinh 16i 
cua hlnh c§.u don vi S[B, 1] = {x EX : llxll :::; 1} tltong dtrong 
voi tien d§ tam giac v§ chu§.n llx + Yli :::; llxll +II vii (Vx, Y E X). 

2. Hay chu§.n hoa cac khong gian metric neu (J cac bai t~p hQp 2, 
3, 4, 5, 6, 9 trong chtrong 1. Chung minh cac khong gian dinh 
chu§.n d6 d§u la khong gian Banach. 

3. Cho En (n EN*) la mot khong gian dinh chu§.n n chieu. Chung 
minhdaydit~mxCm) = (xi711 ),xkm), ... ,x~;n)) E E 11 ,(m= 1,2, ... ) 
h<;>i tl). toi ph§.n tl'r e = ( 0' 0' ... ' 0) ( n s6 khong) . khi va. chi' khi 
voi moi j = 1, 2, ... , n day thanh ph§.n t09- d<;> (xjm)) h<;>i tl,l tOi 0. 

4. Cho khong gian tuy~n tinh Dm[a; b) (m, EN*) g6m cac ham s6 
xac dinh va CO d9-0 ham lien tl).C d~n c§.p 771 tren QO~n [a; b). 
Chu§.n cib moi ham s6 x(t) E Dm[a; b] cho b~ng cong thlrc 

m 

llxll =""max lxk(t)j. L....t a<t<b 
k=O --

Ch(rng minh Dm[a; b] la khong gian Banach. 
-

5. Chling minh trong khong gian dinh chu§.n, bao ct6ng cua hlnh 
c§.u md la hlnh c§.u dong cling tam va ban kinh, ph§.n trong ella 
hlnh c§.u d6ng la hlnh c§.u mCJ dmg tam v~ ban kfnh. 

6. Cho X la m<;>t khong gian dinh chu§.n, X 0 la khong gian con 
cua X, X 0 =I X, sao cho· ci:mg voi chu§.n tren X khong gian 
con X 0 la khong gian Banach. Ch(rng minh n~u khBng gian dinh 
chu§.n thltong X/ X 0 la khong gian Banach thl X la khong gian 
Banach. 

7. Cho A, B la hai t~p hQp con ella khong gian dinh chu§.n X. 
Chung minh: 
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a) N§u t~p hop A md thl t~p hop A+B = {x+y: x E A, y E B} 
md. 

b) N§u t~p hop A compak, t~p. hop B dong thl t~p hop A+ B 
dong. 

8. Kf hi~u K la m9t t~p hop con cua khong gian l1 g6m t§.t cii cac 
ph§..n tux= (xn) E h sao cho chi co m9t s6 hfm h~;tn thanh ph§..n 
to~;t d9 xn =f 0. Chung minh K la t~p hop ph~;tm td1 thu nh§.t 
trong h. 

9. Cho X la khong gian Banach va F la t~p hop con dong trong 
khong gian X thoii man di§u ki~n: Voi moi X EX tlm dtroc s6 
dtldng c ( noi chung ph1.1 thu9c x) sao cho t~p hop { tx : 0 ::; t ::; 
c} C F. 

a) Chung minh t~p hop F chua m9t hlnh c§..u nao d§.y. 

b) B[ng vf d1.1 ( ch&ng h~;tn X = ~2 ) hay chung to t~p l1Qp F 
khong nh§.t thi§t phiii chua m9t hlnh c§..u co tam tq,i ph§..n 
tit khong. 

10. Cho toan tit A xac dinh b[ng h~ thuc 

Ax(t) = o:(t)x(t), x E Cro;l], 

trong do ham s6 o:(t) 'da cho xac dinh tren do~;tn [0; 1]. 

Tim di§u ki~n c§..n va du d6i voi ham s6 o:(t) d~ toan tu A anh 
XI;L kh6ng gian Cro;l] vao chfnh no. Voi di§u ki~n tim duoc ¢16i voi 
ham s6 o:(t) hay chtmg minh Ala toan tu tuy§n tfnh bi ch~n va 
tlm IIAII· . 

11. Chung minh cac toan tu duoi day d§u la cac toan tu tuy§n tinh 
lien t\lC anh X!;L Cro;l] vao chfnh no: 

a) Ax(t) = 11 

es-tx(t) dt, x E Cro;1], 0::; s::; 1. 

b) Ax(t) = 11 

sin 11'(s- t)x(t) dt, x E Cro;1]' 0 :S s::; 1. 
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Tlm chuiin cua cac toan tlr k~ tren. 

12. Chling minh cac phi@m ham cho duoi day d@u la cac phi@m ham 
tuy@n tfnh lien t1,1c tren khong gian Cro;IJ: 

a) f(x) = 11 

dx(t) dt; 

b) f(x)=1
1

x(t)sintdt. 

Tlm chuiin cua cac phi@m ham d6. 

13. Cho ham s6 o:(t) E C[a;bJ· Chling minh phi@m ham 

f(x) = 1b o:(t)x(t) dt, X E C[a;b] 

tuy@n tfnh lien t1,1c tren Cra;bJ· Tlm 11!11-

14. Chung minh phi@m ham F(x) = x'(t0 ), t0 l~ s6 c6 dinh thuoc 
do~;tn [0; 1], x E D 1[0; 1] la phi@m ham tuy§n tfnh khong bi ch~n 
tren C[o;IJ, nhung bi ch~n tren D1[0; 1]. Tlm IIFII tren DI[O; 1]. 

15. Tren khong gian dinh chuiin Co cac day s6 th\!C hQi tv. tOi 0, Xet 
tfnh tuy§n tfnh, bi ch~n cua cac phi@m ham cho b~ng cong th(tc 
duoi day: 

00 

b) f(x) = L ~:, Vx = (x1, x2, .. ·., Xn, ... ) E co; 
n=l 

00 

c) f(x) = LXn, Vx = (xb x2, ... , Xn, ... ) E co. 
n=l 

16. Cho phi@m ham tuy~n tfnh f tren khong gian dinh chuiin X. 
Chung minh n~u fbi ch~n tren hlnh c§.u S = { x EX : llx-all ::; 
r} thl f bi ch~n. 
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17. Cho hai khong gian dinh chufi.n X va Y tren cimg tnrong P ( P 
la tnrong s6 tlwc ho~c tnrong s6 phuc). Phi@m ham 

f:XxY-tP 

xac dinh tren khong gian tich X x Y gQi la song tuy@n tfnh n@u 
f thoa man cac di~u ki~n: 

1) f(o:x + (3x', y) = o:f(x, y) + (3f(x', y); 

2) f(x, Ay + p,y') = Aj(x, y) + p,f(x, y'), 

Vx, x' EX, Vy, y' E Y, Vo:, (3, >., p, E P 

a) Chling minh cac m~nh d~ sau day tuong duong: 

i) f lien t1,1c tren toan khong gian tfch; 
ii) f lien tl).c t;;1i di@m ((), ()) EX x Y; 

iii) T6n t;;J,i s6 dtrang C sao cho 

lf(x,y)l::; CllxiiiiYIJ, Vx E X,Vy E Y. 

b) Phi@m ham f gQi la lien tl). theo tUng bi@n n@u voi moi X 

c6 dtnh tuy y j(x, ·) = fx lien t1,1c theo bi@n y E Y va voi 
moi y c6 dtnh tuy y f(·, y) = /y lien tl).c theo bi@n X EX. 
Chling minh n@u phi@m ham f lien tl).c thl f lien tl).c theo 
tling bi@n. 

c) Gia s11 c6 ft nh§.t rri9t trong hai khong gian X va Y la khong 
gian Banach. Ch"ltng minh n@u f lien tl).c theo tling bi@n thl 
n6 lien t1,1c. 

18. Cho hai chufi.n IJ·Ih va 11·112 tren khong gian tuy@n tfnh X thoa 
man cac di~u ki~n: Khong gian tuy@n tfnh X cling voi moi chufi.n 
d~u la cac khong gian Banach va khi ll·ll1 -t 0 thl ll·ll2 -t 0 voi 
mQi day di@m (xn) c X. Chling minh hai chufi.n da cho la tuong ,_ 
duong. · 

19. Cho Eva F la hai khong gian con dong cua khong gian Banach 
X thoa man di~u ki~n: Voi ph§.n t11 b§.t kl x E X d~u c6 bii~u .. 
dien duy nh§.t 

x = u + v, u E E, v E F. 
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Chtmg minh cac toan tl'r chi@u 

X 3 X 1--t 'l.l E E, X 3 X 1--t v E F 

d§u lien tl).c. 

20. Cho hai khong gian Banach X va Y, to an tl'r tuy§n tinh A til 
khong gian X vao khong gian Y thoa man cac di§u ki~n: voi 
mQi day di§m (xn) c X hOi tl). tai khong va voi mQi phi@m ham 
tuy@n tfnh lien tl).c g tren khong gian Y d§u c6 day (g(Axn)) hOi 
t1.1 tdi khong. Chung minh A lien t1.1c. 

21. Cho day toan tl'r tuy§n tfnh lien t1.1c An (n = 1, 2, ... ) tu khong 
gian Banach X vao khong gian Banach Y. Chtmg minh day toan 
tl'r (An) hOi t1.1 tling di§m tdi toan tl'r tuy@n tinh lien t1.1c A khi 
va chi khi day toan tl'r (An) thoa man cac di§u ki~n: 

1) (3C > 0)(\fn = 1, 2, ... ) II An II :::; C; 

2) Tren t~p h<;:Jp E tru m~t khiip noi trong khong gian X, voi 
moi X E E day di§m (Axn) la day co ban trong khong gian 
Y. 

22. Cho X la khong gian Banach, I la toan t{t d6ng nhlit tren khong 
gian X' A la to an tU' tuy@n tfnh bi ch~n anh X9- kh6ng gian X 
vao chfnh n6 sao cho IIAII :::; q < 1. Ch(mg minh toan tU' ngtr<;:Jc 
(I - A)-1 t6n t9-i, bi ch~n va bi~u,dien d1tdi d9-ng 

00 

(I- A)-1 = LAk. 
k=O 

23. Chling minh mQi toan tU' tuy@n tfnh bi ch?,n anh X9- khong gian 
dinh chu§,n hilu h9-n chi§u X vao khong gian dinh chu§,n Y d§u 
la toan tU' compak. 

24. Toan tU' tuy@n tfnh bi ch?,n A anh X9- khong gian dinh chu§,n X 
vao khong gian dinh chu§,n y gQi la toan tU' h9-ng hil'u h9-ll n@u 
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khong gian Y huu h~;tn chi§u. Ch(rng minh toan til' A c6 th€ bi€u 
dien duoi d~;tng: 

n 

Ax= 2:::: fk(x)ek, x EX, 
k=l 

trong d6 ek (k = 1, 2, ... , n) la cac vecto doc l~p tuyen tfnh 
trong khong gian Y, fk EX* (k = 1, 2, ... , n). 

25. Chling minh neu Ala toan tfr compak anh XI;L khong gian l2 vao 
chfnh n6 thl t6n t~;ti mot day toan tl't h~;tng huu h~;tn hoi tl). toi 
to an tfr A trong khong gian I ( l2 , l2 ). 

26. Chling minh toan til' compak anh XI;L day hoi tl). yeu trong khong 
gian Banach X thanh day hoi tl). m~;tnh (hoi i;l). thea chu§,n) trong 
khong gian Banach Y. 

27. Cho toan tii A xac dinh bCJi cong th(tc 

Ax(t) = a(t)x(t), x E C[o;I], 

trong d6 ham s6 da cho a(t) E C[o;IJ· Toan tfr A c6 phiii la toan 
t{t compak hay khong? Vl sao? 

28. Tlm cac khong gian. lien h<;:Jp cua cac khong gian lRn, l2 , 

lp (p > 1), co. · · 

29. Chung minh trong khong gian Eukleides JRn, sl;! hoi tl). yeu trung 
VOi S\L hoi t\l m~;tnh. 

30. Chtrng minh trong khong gian lr, m()t day vecto hoi t\1 yeu thl 
day d6 hoi tl;l thea to~;t._do, d6ng thai cling hoi tl). m~;tnh. 

31. Cho cac toan tlt xac dinh bCJi cong th(tc 

Ax(s) = 1b K(s, t)x(t) dt, x E C[a;b], 

trong d6 K ( s, t) la ham s6 lien tl).c tren hlnh vuong 

D = {a ::; s ::; b, a ::; t ::; b} 
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Anx(s) = 1b Pn(s, t)x(t) dt, X E Cra;b], 

trong do Pn(s, t) la da th(rc hai bien s6 sao cho 

max IK(s, t)- Pn(s, t)i ~ 0, (n ~ oo). 
D 

Hay neu di;ic tfnh Sl,l h9i tl) cua day toan tl'r (An) tai toan hi A. 

32. Cho hai toan tl'r tich pharr 

(Ax)(s) = 1b K(s, t)x(t) dt, x(t) E Cra;b], 

(Bx)(s) = 1b H(s, t)x(t) dt, x(t) E Cra;b]· 

Chung minh toan tl'r A o B cling la toan tl'r tfch pharr vdi h9-t 
nhan 

R(s, t) = 1b H(s, u)K(u, t) du. 

2.3 Bai t~p nang cao _ 

33. Cho E va F la hai khong gian tuyen tfnh con dong cua khong 
gian dinh chuiin X. E+F {u+v: u E E,v E F} cola khong 
gian tuyen tfnh con dong cua khong gian X khong? Vl sao? 

34. Tlm d9-ng t6ng quat CUa cac phiem ham tuyen tfnh lien tl)C tren 
cac khong gian dinh chuiin En, c0 , lll lp (p > 1), Lp[O; 1] (p > 1). 

35. Chop la m9t ham gia tri thvc khong am tren khong gian tuyen 
tfnh phuc X thoa man dH~u ki~n: 

p(x + y):::; p(x) +'p(y),p(>.x) = j>.jp(x). Vx, y EX, VA E P, 
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f la phi~m ham tuy~n tinh tren khong gian tuy~n tinh con 
Xo eX. 

Chung minh t6n t1;1i phi~m ham tuy~n tinh F xac dinh tren 
khong gian X sao cho: 

IF(x)l ::; p(x) (Vx EX), F(x) = f(x) (Vx E X 0 ). 

36. Cho X la khong gian dinh chu§.n th1Jc, A, B la hai t?,p h<;:Jp con 
16i khong giao nhau cua khong gian X. Chttng minh: 

a) N~u t?,p h<;:Jp A mCi thl c6 mot phi~m ham f EX* sao cho 
f(x) < o: ::; f(y) (Vx E A, Vy E B, o: la mot s6 th1Jc nao 
d§.y); 

b) N~u A la t?,p h<;:Jp compak va B la t~p h<;:Jp dong. thl c6 
mot phi~m ham f E X* sao cho f(x) < o:1 < o:2 < f(y), 
(Vx E A, Vy E B, o:1, o:2 da cho). 

37. Cho hai toan tu tuy~n tinh bi ch~n A, B anh Xl;L khong gian dinh 
chu§.n X vao chinh n6 sao cho toan tu A o B la compak. C6 nh§.t 
thi~t mQt trong hai toan tl'r A, B la compak hay khong? V1 sao? 

38. Hay xay d1,mg thi d1.1 toan tu A khong compak nhtrng toan tir 
A2 = A o A la toan tl'r .compak. 

' 
39. Chling minh trong khong gian Lp(E, J.L) thvc (1 < p < oo), day 

ph§,n tu (xn) hoi t1,1 theo chu§.n tOi ph§,n tux khi va chi khi day 
d6 hoi t1,1 y~u va day chu§.n (llxnll) hoi t1,1 tOi llxll· 
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2.4 Huang dan giai 

1. =?) Voi IDQi x, y EX, n~u X= e hoi;ic y = e thl ta c6 ngay di@u 
phai chung minh. 

Xet x =f 8, y =f 8th~ thl II~JI va ~~~~~ E S[8, 1J 

X y 
=? aw + (1- a)TIYIT E S[e, _1], Va E [0; 1] 

JJxJI [ . ] , . JJyJJ 
ChQn a= JJxJI + JJyJI E S 0, 1 , taco 1- a= JJxJJ + JJ:yJJ nen: 

JJxJJ x JJyJJ y 

Jlxll + JJyJJ . W + llxll + JJyJJ .TIYff E S[e, 1] 
x+y 

=? JlxJJ + JJyJJ E S[e, 1] 

=?ll11x~: f~Y11II ~ 1 

=?II~+ Yll ~ llxiJ + IIYII 

¢=) Voi IDQi x, y E S[e, 1] va Va E [0; 1], ta c6: 

llax + (1- a)yiJ :::; allxJJ + (1- a)JJyiJ :::; a+ (1- a)= 1 
=?ax+ (1- a)y E S[e, 1] 

=?S[e, 1] Ia t~p h<~p I6i 

V~y ta c6 dH~u phai chm1g minh. D 

2. B~;tn dQc tv giai . 
. · 

3. B~;tn dQc tv giai. 

4. Trong khong gian Dm[a; b] xet m<)t day co ban b§.t kl (xn)~=l· 
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Khi d6, ('vc > 0)(3no E N*)(Vn,p 2:·no): 

TiJ d6, voi moi k = 0, 1, ... , m; Vn, p 2: n0 : 

max ix(k)(t)- x(k)(t)i < c. 
a:::;t:'Sb n P m + 2 

=? ix~k)(t)- x~k)(t)i < m: 
2

, Vt E [a; b] (2.3) 

Suy ra voi moi t E (a; b], day ( x~k) ( t)) la day co ban trong lR nen 
n6 hoi t1,1 d@n s6 'Pk(t) E JR. TiJ d6 ta nh~n dw;c ham s6 cpk(t) 
xac dinh tren [a; b]. 
Chuy@n (2.3) qua gioi hq,n khi p -7 oo ta dltQc: 

lx~) (t) - 'Pk(t) I ::; m: 
2

, Vt E [a; b], Vn > n0 . (2.4) 

Suy ra voi m6i k = 0, 1, 2, ... day ham (x~k)(t)), g6m cac ham 

lien tvc, hoi t1.1 d~u d@n 'Pk(t) tren [a; b], do d6 'Pk(t) lien t1.1c 
tren [a; b]. Honnua, voi moi k = 0, 1, 2, ... ta c6 th@ chung minh 
duQc day ham (x~k)(t)) hoi t1.1 d~u d@n ham cp~k)(t) tren [a; b], do 

d6 cp~k)(t) = 'Pk(t) Vt 6. [a; b] va Vk = 1, 2, .... 

Tu d6 suy ra ham s6 cp0 (t) c6 dq,o ham lien tvc d@n c§.p m tren 
[a; b], nen cp0 (t) E Dm[a; b]. 
Cu6i dmg ta con phai ch(rng minh (xn) hoi tv v~ cp0 trong 
Dm[a; b]. 
Tu (2.4) suy ra, voi mQi n 2: no: 

max ix(k)(t)- cp~k)(t)i ::; _E_' Vk 0, 1, ... , m 
a:::;i:'Sb n m+2 

m 

=?"' rriax lx~)(t)- cp~k)(t)i < c 
~a<t<b 
k=O --

=*llxn- xll < c 
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Tu do: lim Xn = <p0 . V~y Dm[a; b] la khong gian Banach. 0 
n-+oo 

5. GQi S(x, r), S[x, r] tuong (rng la cac hlnh c§,u md, dong tam x, 
ban kinh r. 

• Ta chung minh 
S(x, r) = S[x, r] (2.5) 

De thliy S(x, r) c S[x, r] la t~p h<;Jp dong, do do: 

S(x, r) C S[x, r] . (2.6) 

Bao ham thuc ngU<;Jc l~i du<;Jc chung minh nlnr sau. Lily ph§,n tU' 
tuy y y E S[x, r], suy ra llx- Yll ~ r. Xet day (Yn)~=l xac dinh 

bdi: Yn = ~x + ( 1- ~) y. Taco: 

llYn - xll = II ~x + ( 1 - ~) Y- xll 

=II ( 1 - ~) (y- x)ll 

= ( 1 - ~) IIY - xll < ~, \fn ~ 1 

=*Yn E S(x, r), \In~ 1 va 

llYn- Yll = II ~X+ ( 1 - ~) Y- Yll 

1 - r 
= -llx- Yll ~--+ 0 (n-+ oo) 

n n 

Tu do suy ra: lim Yn = y, l~i theo chl1ng minh tren thl (Yn) C 

S(x, r) nen y la dHhn dinh cua S(x, r) We y E S[x, r]. Vl y la 
tuy y nen taco: · 

S[x, r] c S(x, r) 

Tu (2.6) va (2.7) ta c6 (2.5). 

• Ti~p thea ta chl1ng minh 

· int(S[x, r]) = S(x, r) 

(2.7) 

(2.8) 



Bai Gilti tfch ham 91 

L§.y ph§.n tu tuy y y E int(S[x, r]) :::} y E S[x, r] :::} IIY xll ::; r. 
N~u IIY- xll = r, xet day (Yn)~=l xac dinh nhu sau: 

. 1 ( 1) Yn = --:;;,x + 1 +-:;;, y, Vn?:. 1 

Ta c6: 

llYn- xll (1 + ~) llY xll > r, Vn?:. 1 
=? Yn t/: S[x, r], Vn ?:. 1. 

Nhtrng l~i c6: 

r 
· llYn- Yll =---+ O(n--+ oo) =? lim Yn = y. n n-+oo 

Di@u nay mau thuan voi vi~c y la di§m trong cua S[x, r]. 

Do d6 phai c6: llY- xll < r hay y E S(x, r). Suy ra: 

int(S[x, r]) C S(x, r) 

M~t khac, vl S(x, r) c S[x, r] va S(x, r) md nen: 

··S(x, r) C int(S[x,r]) 

Tu (2.9) va (2.10) suy ra (2.8). 

Tu (2.5) va (2.8) suy ra di@u phai chung minh. D 

(2.9) 

(2.10) 

6. Gia sU' (xn)~=l la mot day to ban trong X. 

Th~ thl voi s6 c cho truoc (nho tuy y): 

Ta cling c6: 

c 
(::lno)(Vn, m?:. no) : llxn- Xmll < 3· 
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nen x;; cling la day cd ban trong khong gian Banach X/X0 , do 
d6 n6 h9i tl) v@ x EX/ X 0 , nghiala: 

(3nl > no)('tfn;::: nl) :llxn- xll < ~ 

hay inf llxn- x + Yll < ~. 
yEXo 6 

Theo tfnh ch§.t cua c~n duoi dung: 

Ta se chU:ng minh (Yn)~n1 la day cd ban. ThM v~y: 

llYn Ymll ll(xn- X+ Yn)- (xm- X+ Ym) + (xm- Xn)ll 
~ llxn- X+ Ynll + l!xm- X+ Ymll + llxm- Xnll 

6 c c 
< 3 + 3 + "3 c, 'tin, m 2: n1 

Do d6 (Yn) la day cd ban trong khong gian Banach Xo nen n6 
_ h9i t\1 den y E Xo, tuc la: 

-- 2c 
(::Jn2 > n1)('tfn 2: n2) : llYn- Yll < 3 

Cu6i cling ta se chung minh: Xn --7 x - y ( n --7 oo). · 

Th~t v~y: 

llxn- (x- Y)ll = ll(xn- X+ Yn) + (y- Yn)ll 
~ l!xn- X+ Ynll + llY- Ynll 

c 2c 
< 3 + 3 = c, 'tin 2: n2 

do d6: Xn --7 x - y E X ( n --7 CiO) 

V~y X la khong gian Banach. 0 

7. a) Thuoc h§t ta se chU:ng minh t~p hc;Jp y +A mC1 voi moi y c6 
dinh tuy y thu9c B: 
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L§.y z E y + A suy ra :3x E A : z = y + x. Vl A mCJ nen 
:3S(x, r) CA. Ta c§.n chling minh S(z, r) c y +A. 

Th~t v~y, voi IDQi z' E S(z, r) taco: 

liz'- zll < r 
=*ll(z' Y)- xll < r 
=}z'- y E S(x, r) 

=*x' = z' - y E A 

=* z' y + x' E y + A 
=*S(z, r) C y +A. 

do do. z la di§m trong cua y + A. Vl z la b§.t kl nen y A mC5. 

Taco: 

A+ B = U(y+A), 
yEB 

nen A+B mCJ. 

b) L§.y day ( zn)~=l b§.t kl cua A + B va h9i t1,1 v@ z E X. Khi 
do: 

(\In= 1, 2, .... )(:3xn E A, Yn E B) : Zn = Xn + Yn 

Ta nh~n dm;sc hai day (xn) cAva (Yn) c B. 

np h<;Jp A la compak nen tu (xn) rut ra du<;lc day con Xnk hQi 
t1,1 v§ x- EA. 

Ro rang ta ciing co Znk hQi tl,l v§ z, do do 

Ma B dong nen 

z xEB=}z x+(z-x)EA+B. . . 

Tu day suy ra A + B dong. D 
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I 

8. Voi IDQi m = 1, 2, ... ' d~t: 

D@ th[y: 
CXJ 

m=l 

Ti~p theo ta se chung minh (Vm) Km la t~p hQp khong dau tru 
m~t, nghia la voi hlnh c§.u md c6 dinh tuy y S(x, r) c l1: 

(::JS(y, r 1) C S(x, r)) : S(y, ri) n Km = 0. 

GQi Xm la to~ dQ thu m cua x, luon tlm dttQc s6 Ym =/: 0 : 
lxm -Yml < r. 
GQi y E h la ph§.n tu c6 to~ dQ thu m la y771 , con cac to~ dQ khac 
trung voi to~ d9 tttdng ling cua x. Ta c6: y E S(x,.T). 

M~t khac: 
lim tfym I = 0, 

t-+O+ 

hen 
(::lto E (0; 1)) : tolYml + lxm - Yml < r 

Hlnh c§.u S(y, tolYml) C S(x, r) vl: 

II z - X II ~ II z Y11 + IIY - X II 
< toiYml + fxm- Yml 
< r, Vz E S(y, tolYmD· 

N~u z E Km thl Zm 0 va: 

liz- Yll 2:: lzm- Yml = IYml > tolYm[ 

=} S(y, tolYml) n Km = 0. 

V~y Km la t~p hQp khong dau tru m~t (Vm). Tu day c6 di~u 
ph~Li chling minh. D · 
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9. a) B1;1n dQc t1,r giai. 

b) Voi X= JR2, ta d~t: 

F = S[(1; 0), 1] US[( -1; 0), 1]U 

U{x = (x1; x2) E 1R2 : x1 = 0,-1::; x2 ::; 1}. 

'J?,p h<;1p F d6ng va khong chua b8.t eli m(>t hlnh c§.u nao c6 tam 
(J g6c to1;1 d(> . 0 

10. Tlm di~u ki~n cho o:(t). 

Di~u ki~n c§.n: Gia su A la tOiin ti'r anh XI;L kh6ng gian Cro;l] vao 
chfnh n6. Khi d6 voi mQi x(t) E C[o;IJ ta d~u c6 Ax(t) E C[o;l]· 
N6i rieng vof x0 (t) = 1, Vt E [0; 1] thl: · 

Axo(t) = o:(t) E Cro;I] 

Ng11<;1c l1;1i, n~u a: E C[o;IJ thl A la toan tu tuy~n tfnh til C[o;1J vao 
chfnh n6. 

V~y di~u ki~n c§.n va du d~ A la toan tU anh Xi;L khong gian 
C[O; 1] vao chfnh n6 la o:(t) lien tl,lc tren do1;1n [0; 1]. 

De th8.y voi di~u ki~n tren cua ham s6 a: thl A la toan ti'r tuy~n 
tfnh. Ta chling minh ~ ~i ch~n va tlm chu§.n cua n6. 

GQi lvf = maxjo:(t)j. Voi mQi x(t) E Cro·IJ ta c6: 
tE[O;l] ' 

IAx(t)l = lo:(t)x(t)l = lo:(t)llx(t)l 
::; lvf max lx(t)j, Vt E [0; 1] 

: tE(O;l] 

::::} max IAx(t)i ::; lvf max lx(t)i 
te[O;l] te[O;l] 

==? IIAxll ::; lv!llxll. 

B8.t diing thuc chling to A bi ch~n va IIAII ::; lvf. M~t khac, ta 
l1;1i c6: 

IIAII = sup IIAxll ~ IIAxoll = max IAxo(t)i = max lo:(t)l = lvf. 
JlxJI=l tE(O;l] tE(O;l] 

V~y IIAII = lvf. 0 
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11. a) Voi moi x E C[o;1J, ham s6 f(s, t) = es-tx(t) lien tl).c tren hlnh 
vu6ng [0; 1] x [0; 1]. Do d6, theo dtnh ly v@ tfnh lien tl).c ci'1a tich 
pharr phl). thu('>c tham s6, ta c6 l,lx( s) lien tl,lC. V~y A la anh XI:), 

tu kh6ng gian C[o;1] vao chrnh n6. 

De th[y A la toan tl'r tuy~n tfnh. Ta se ch(mg minh A bi ch~n 
va tlm chu§.n cua n6. Voi moi X E C[o;1]' ta c6: 

IAx(s)i = 111 

es-tx(t) dt[ 

::; 11 

es-tlx(t)i dt 

::; 11 

es-t (max lx(t)l) dt 
0 tE[0;1J 

= es(l- e-1
) max lx(t)l 

tE[0;1] 

::; (e- 1) max !x(t)i, 'tis E [0; 1] 
. tE[0;1] . 

::::} max IAx(s)i ::; (e- 1) max lx(t)l 
sE[0;1] tE[0;1] 

::::} II Ax II ::; ( e - 1 ) II x II-

B[t dllng thuc chung to A bi ch~n va IIAII ::; e - 1. M~t khac, 
xet xo(s) = 1, 'tis E [0; 1) ta c6 Xo E C[o;1] va llxoll = 1. Do d6: 

IIAII = sup IIAxll ;::: IIAxoll max !Axo(s)l 
llxll=l sE[O;l] 

1
1 

- max .es-t dt 
sE[O;l] 0 

e 1. 

V~y IIAII e -1. 

b) Tuong tv nhu tre:p. ta cling c6 A la toan tit tuy~n tfnh tu 
kh6ng gian C[0;1] vao chfnh n6. 
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Voi mQi x E Cro;1J, ta c6: 

IAx(s)l = 111 

sin 1r(s- t)x(t) dtl 

< 11 

I sin 1r(s- t)llx(t)l dt 

:::::; ( t I sin 1r ( s - t) I dt) max I x ( t) I lo tE[0;1] 

97 

= ( t sin 1r(s- t) dt +.11 

sin 1r(t s) dt) max lx(t)l lo s tE[0;1] 

( 
cos 1r ( s - t) s cos 1r ( t - s) 

1

) I ( ) I 
= - max x t 

7r 7r tE[0;1J 
0 s 

-- --- . +- maxxt _ (1 cos1rs .cos1r(1- s) 1) I ()I 
7r 7r 7r 7r tE[O;l] 

2 
-max lx(t)l, \Is E [0; 1] 
7r tE[0;1J 

2 2 
~ max IAx(s)l :::::; -max lx(t)l ~ IIAxll :::::; -llxll-

sE[O;l] 7r tE[0;1J 7r 

Suy ra A bi ch~n va IIAJI :::::; 3.. 
·, 7r 

M~t khac, l§.y Xo(s) = 1 (Vs E [0; 1]), thl llxoll = 1 va: 

IIAII = sup IIAxll 2::: IIAxoll = max IAxo(s)l 
llxll=1 sE[O;l] 

= max I t sin 1r(s.- t) dtl 
sE[O;l] } 0 

COS7r(S- t) 1
1 

max _ _..:.._ _ _:.. 
sE[0;1] 7r O 

2 
= - max cos 1rs 

7r sE[O;l] 

2 
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V~y IIAII = ~- 0 
7r 

3 
12. a) 11111 = 4; 

b) 11111 = 1- cosl. 

13. Cach 1: De th§.y 1 la phi§m ham tuy§n tinh tren Gra;bJ· 

Voi mQi x E Cra;b], ta c6: 

11(x)l =lib x(t)a(t) dtl 

~ 1b !x(t)!la(t)! dt 

~ ( fb ja(t)l dt) max lx(t)l la tE[0;1] 

= 1\!I.I!xl!, l\!I = ib !a(t~l dt. 

Tu d6 suy ra 1 bi ch~n, do d6 lien t1,1c va 11111 ~ !11. 

Ham a lien t1,1c tren do;;tn [a; b) nen n6 lien t1,1c d~u tren do;;tn 
d6. Suy ra Vc > 0, 3o > 0 sao cho Yt', t" E [a; b] : it'- t"i < o 
d~u c6 ia(t') - a(t")i <c. 

Chia do;;tn [a; b) thanh cac do;;tn nho bCJi cac di@m a= t 0 < t1 < 
· · · < tn-1 < tn = b sao cho m?X itj- tj-1i < o, ki hi~u f:lj = 

1$J$n 

ti -ti-l (j = 1, 2, ... ). GQi f:l~, f:l~, ... , f:l~ la nh6m cac do;;tn nho 
sao cho a(t) chi c6 m9t d§.u tren moi do;;tn d6, gQi t§.t ciLnhilng 
do;;tn con l;;ti thu9c nh6m thu hai f:l~, f:l;, ... , f:l;~ ( l = n - r). Vl 
tren moi do;;tn f:l~ ham a d6i d§.u nen t6n t;;ti mQt gia tri bllng 
khong, suy ra ia(t)i < c, t E !:l~. . 

Ta xay dvng ham x(t) lien tl,IC tren [a; b) nhtt sau: 

x(t) = signa(t), t E oj (j = 1, 2, ... ), 
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tren moi doc:tn thu<;>c nh6m thu hai ta coi ham x(t) la tuy@n 
tfnh, n@u a (ho~C b) la mut cua doc:tn thu{)c nh6m th(t hai, ta coi 
x(a) = 0 (ho~c x(b) = 0). De th§..y jx(t)j ::; 1 (a::; t::; b). Ta c6 

I 
b I T l f. C>(t)X(t) dt = ~ 1; C>(t)X(t) dt + £; 1~ C>(t)X(t) dt 

b l 

;::: jla(t)l dt- 2 I: 1, ja(t)l dt 
a k=l ~k 

· > 1b ja(t)l dt- 2c(b- a). 

. lb 
VIc> 0 nho tuy y, nen 11!11 ;::: a ja(t)j dt: 

V~y 11!11 = 1b !a(t)i dt. 

Cach 2: Theo tren ta c6 

~1.1_11 ::; 1b la(t)l dt. 

' 

D~t z(t) = sign(a(t)), 'Vt E [a; b]. Do z la ham don gian nen n6 
kha tfch (L) tren doc:tn [a; b] voi d9 do kf hi~u p,. 

Theo dinh ly Lusin: 

Vn = 1, 2, · · · , 3Fn C [a; b], dong: p,([a; b] \ Fn) ~ 2~n 
voi K = max ia(t)j. 

tE[a;b] 

Lc:ti theo dinh ly Titzo-Unrxon, t6n tc:ti m<;>t ham s6 lien tlJ.C 

Xn : [a; b] --t [-1; 1] 
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sao cho XniFn = ZniFn' Ta c6: 

IM- f(x.)l ~I[ l<>(t)l dt- [ a(t)x.(t) dtl 

I[ ln(t)l [z(t) - x.(t)] dtl 

Suy ra 

~ 1b Ja(t)!lz(t)- Xn(t)J dt 

= 1 Ja(t)JJz(t)- Xn(t)J dt 
(a;b]\Fn 

~ max Ja(t)Jj [Jz(t)J + Jxn(t)J] dt 
tE[a;b] (a;b]\Fn 

< Ki 2dt 
(a;b]\Fn 

1 
2K~t([a; b] \ Fn) ~ -. 

n 

. 1 1 
N! ~ lf(xn)l +- ~ lf(xn)l +-

n n 
1 1 

~ llfllllxnll +- ~ llfll + -, Vn. 
n n 

Chon~ oo ta dlr<;:lc AJ ~ llfll. 

V~y IJJII NI = 1b Ja(t)J dt. D 

14. F khong hi ch~ tren_C[o;IJ· 

Xet Xn(t) = sin n(t to) E C[o;I], (n = 1, 2, ... ) voi to E [0; 1). 
Ta c6: 

F(xn) = x~(t0 ) = ncosn(t- to) I = n ~ oo 
t=to 

llxnll = max Jxn(t)l ~ 1, Vn = 1, 2, ... 
tEC[o;I) 
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Tu day suy ra F khong bi cM,n tren Cro;IJ· 

Nh~n xet: Ta cling c6 th~ chling minh F khong lien tl}.c t~i 
Xo = 0 E Cro;l] b1ing each xet day (xn) C Cro;l] voi 

sin n(t- to) 
Xn(t) = , n = 1, 2, ... , to E [0; 1]. 

n 

do d6 F cling khong bi ch?,n. 

F b! ch~ tren D1[0; 1]. 

Ta c6, Vx E D1 [0; 1]: 

llxll = max{lx(t)l, lx'(t)l} ~ max lx'(to)l = IIF(x)ll, 
· tE[O;l] tE[O;l] 

do d6 F bj ch?,n tren D1 [0; 1]. 

Tu tren suy ra: IIFII ::; 1. MM khac, xet x1(t) = sin(t- io), 
to E [0; 1], ta c6: 

nen 
IIFII = sup IIF(x)ll ~ IIF(xi)II = 1. 

l[xiJ;=l 
' 

V~y IIFII = 1. 0 

· 15. a) D@ th§,y phi~m ham f dinh nghia nhu tren hoan toan duoc 
xac dinh va f tuy~n tinh. . 

Voi mQi x = (x1 , x2, ... ) E co ta c6: 

lf(x)l 

Suy ra f bi ch?,n va II f II ::; 1. 

M~t khac, I§,y x0 = (1, 0, 0, ... ) ~.co thl llxoll = 1, do d6 

11!11 = sup llf(x)ll ~ llf(xo)ll =Ill= 1. 
IJxiJ=l 
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V~y 11111 = 1. 

b) Voi mQi x = (x1 , x2 , ... ) E c0 , theo dinh nghia thl day (xn)~=I 
hoi tl;l tai khong do d6 bi ch?,n. Ttrc la 

3C > 0: lxnl:::; C, '1/n = 1,2, .... 

- ~ IXn I ' ' • Xet chuoi L,.; 
2

n gom cac so h~ng khong am c6 day t9ng rieng 
n=l 

bi ch?,n, vl 

k 

L I~: I ~ C(1- 2k
1
+1) :::; c, '1/k = 1, 2,.:. 

n=l 

00 

Do d6 chuoi n6i tren hoi tl;l, suy ra chuoi L ~: hoi t1,1. Vl v~y 
n=l 

phH~m ha,m 1 xac dinh tren Co. 

De th§.y 1 tuy~n tinh. Voi mQi x E c0: 

~oo oo oo1 

if(x)i = L ~: :::; L ~~:1:::; ~~lxnl L 2n = llxll 
n=l n=l - n=l 

/ 
suy ra f bi ch?,n va 11~11 :::; 1. _ ~/ 
M?,t khac, voi c > 0 co dinh tuy y, I§.y 

Tac6 . 1 
lim · = 0 

n->oo (1 + E: )n 

1 
nen Xe E Co va c6 llxell = -- < 1. Tu d6 

1+c 

1 
11111 = sup ll1(x)ll 2: llf(xe)ll = -

1 
-

llxll::=;l + c 
~ 

.J_ 
~-ttt. 
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Chuy@n qua gioi h~;tn khi c: ----* 0 ta dw;c 11!11 2:: 1. 

V~y 11!11 1. 

103 

' ( 1 1 . ) c) Lay 1, -, ... , -, ... 
2 n 

- ~ 1 . 
E c0 nhttng chuoi ~ - l~;ti pharr kl. 

n 
n=l 

Do d6 f khong xac dinh tren Co. D 

16. Ta c6 f bi chi;in tren hlnh c§.u S nen ::JC > 0: 

if(x)i :::; Cllxll, Vx E S. 

Ma Vx E S thl 

llxll = ll(x- a)+ all:::; llx ail+ iiatl < llall + T, 

do d6 
if(x)i :::; C(llall + T) = A1, Vx E S 

L§.y x b§.t kl khac ph§.n ti'r khong dm X .Khi d6 

va r6 rang ta ciing c6 l.f(a)l :::; !vi. Tu d6 

suy ra 

f! c~~~) 1 = if(y)- f(a)l :::; if(y)i + if(a)i :::; 2/v[, 

. 2lvf 
·lf(x)l :::; -llxll 

T 

De th§.y (2.11) ciing dtmg voi X= e. V~y 

2/v[ 
if(x)i :::; -llxll, Vx EX, 

T 

· nghia la f bi chi;in. D 

(2.11) 
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17. a) 

i) =? ii) Hi@n nhien. 

ii) =? iii) Gia sit f lien t1,1c t9-i (B, B) nhung kh0ng tBn t9-i so 
dttong C thoa man d~ bai Th@ thl: 

(\fn = 1, 2, · · .)(::lxn EX, Yn E Y: llxnll = 1, llYn II = 1) 

lf(xn, Yn)l 2: n 

D~t X~= ~' y~ = fo, ta c6 X~---+ e, y~---+ e (n---+ oo) nhting 

lf(x~, Y~)l = ~lf(xn, Y~)l 2: 1 
n 

mau thuan gia thi@t f lien t1,1c t~;ti ( e, B). V~y phai t6n t~;ti so 
dtrdng c thoa man d~ bai 

iii) =? i) v oi (X' y) b§,t kl thUQC X X y va voi mQi day { ( Xn' Yn)} c 
X x Y h<?l t1,1 tai (x, y), ta c6: 

va 

Xn ---+ X' Yn ---+ y ( n ---+ 00) 

IJ(xn, Yn)- f(x, Y)l::; IJ(xn, Yn)- f(xn, Y)l+ 
+ lf(xm y)- f(x, y)j 

::; lf(xn, Yn- y)j + lf(xn X, y)j 

::; CllxnlriiYn- Yll+ 
+ Cllxn - xll IIYII ---+ O(n ---+ oo ). 

V~y f lien tl).c tren toan khong gian tfch. 

b) Hi~n nhien 

c) Khong m§,t tfnh t6ng quat, gia su X la khong gian Banach. 
L§,y (xo, Yo) tuy y thu<?c X X Y, voi mQi day {(xn, Yn)} C X x Y 
h<?i tl). toi (xo, Yo) ta c6 

Xn ·---..+ :No, Yn ---+ Yo ( n ---+ 00) 
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Xet day phi~m ham jyJx) = f(x, Yn), '1/x E X (n = 1, 2, ... ). 
Voi m6i x E X ta c6 

lim fyJx) = lim f(x, Yn) = f(x, Yo)= fy0 (x). 
n->oo n->oo 

Do d6 day (!Yn) bt chi;in tung di@m tren khong gian Banach X. 
Theo nguyen ly bt chi;in d~u thl day (llfyJI) bt chi;in, t(rc 

3Jvi > 0 : llfYn II ::=; !vi, 'lin. 

Xet c > 0 nh6 tuy y, vl Xn -t x 0 nen 

l~;ti vl fxo lien tl.}.c t~;ti Yo nen 
. c 

::Jn2, 'lin> n2 : lfxo(Yn- Yo) I < 
2 

Khi d6, voi mQi n > max{n1, n2} ta c6 

IJ(xn, Yn)- f(xo, Yo) I ::=; lf(xn- Xo, Yn)l + lf(xo, Yn- Yo) I 
= lfyJXn- Xo)l + lfxo(Yn- Yo) I 

c c 
:::; !vi 2!11 + 2 =c. 

Vf).y f lien tl.}.c. D .. 
' 

18. Xet anh x~;t: 

I: (X, II . lh) ----7 (X, II . lb) 

X X 

Tu gia thi~t, suy ra I lien tl.}.c, do d6 bi chi;in. Tuc la: 

3a > 0: llxll2 :s; allxlh, '1/x EX. 

Mi;it khac I la toan tlt tuy~n tinh, anh XI;L 1-1 tu !<hong gian 
Banach len khong gian Banach nen toan tlt ngU<;Jc: 

I-l : (X, II . 112) ----7 (X, II . lh) 
X ~------> I-1(x) =X 
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cilng lien tl).c, suy ra: 

3(3 > 0: llxlh :::; f3ilxll2, Vx EX. 

V~y hai chu§.n da cho tuong duong. 0 

19. Cach 1: Xet anh x~;t: 

Ta se chung to pl lien tl,lC biing each chling minh 

ct6ng trong X x E, nghia la, vdi mQi { (xn, P1xn)} C G(PI) h()i tl). 
tdi (x, y) EX x Eta se ch(tng minh (x, y) E G(H) hay y = P1x. 

Th~t v~y, thea gia thi~t: 

· Do ct6, khi n ---+ oo: 

(xn, Plxn)---+ (x, y) 

=?li(xn,Un)- (x,y}li---+ 0 

=?jj(xn- X, Un- y)JJ---+ 0 

=?jixn- xll + llun- Yil ---+ 0 

=?jixn - xJJ ---+ 0 va llun- Yli ---+ 0 

=?Xn ---+ X Va Un ---+ y 

=?Xn - Un ---+ X y 
=?Vn ---+ X - y 

(un) C Eva h()i t1.1 tdi y nen y E E. 

(vn) C F va h()i t.\1 tdi·x- y nen x- y E F. 
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Tu d6 ta c6 bi~u dien: 

x=¢+~, 
EE EF 

nen Hx = y. Do d6 c6 g la toan tlt d6ng, hdn nua n6la anh X~ 
tu khong gian Banach vao khong gian Banach nen thea nguyen 
ly d6 thi d6ng Banach, ta c6 P1 lien tl.;tc. 

Chling minh tUdng tv ta ciing c6 anh xc;t: 

X 1----> V 

lien tl.).c. D 

Cach 2: Xet anh xc;t: 

A :Ex F-t X. 

(u, v) ~------> x = u + v 

Ta c6 A la song anh tuy~n tfnh tu khong gian Banach E x F len 
khong gian Banach X, hdn nua: 

IIAxll = llu +vi!.::; llull + llvll . ll(u, v)ll, Vx EX 

suy ra A lien tl.).C. Thea nguyen ly anh X<;L md Banach ta c6 anh 
xc;t ngll<;Jc A-1 ciing lien tl.).c, nen t6n tc;ti C > 0: 

IIA- 1xll = IIA- 1(u + v)ll = ll(u, v)ll :S Cllxll, Vx EX 

=?!lull+ llvll :S Cllxll, Vx EX 

=?!lull < Cllxll; llvll :S Cllxll, Vx EX 

Tu day ta c6 ngay di~u phai chling minh. D 

20. Ta chi c§.n chung minh A la toan tu d6ng. 

Voi mQi {(xn, Axn)} C G(A) h(ii tl.). tOi (x, y) EX x Y, ta c6: 

Xn --7 X va Axn --7 y (n -t-oo). 
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Theo gia thi~t, voi mQi phi~m ham tuy~n tfnh lien tt,lc g tren Y, 
khi n --too: 

Xn - x --t () (ph§.n t{r khong) 

=:> g(A(xn -X)) --t 0 

=:> g(Axn) --t g(Ax) 

l~i c6 g(Axn) --t g(y)( vl Axn --t y) 

nen g(Ax) = g(y) 
=:> g(Ax- y) = 0 

N~u Ax - y =I= () thl t6n t~i phi~m ham tuy~n tfnh g* lien tl)c 
tren Y: 

g*(Ax- y) = IIAx- Yll =I= 0 (mau thuan). 

Do d6 phai c6 Ax-y __:..()hay Ax= y, tuc (x,y) E G(A). V?,y A 
la to an tu d6ng ttr khong gian Banach X vao khong gian Banach 
Y, nen A lien t1,1c. · " 

21. Gia sl1 day toan tit tuy~n tfnh lien t1,1c (An) hoi t1.1 tUng dit~m 
d~n toan tl1 tuy~n tfnh lien tl)c A. Th~ thl. theo nguyen ly bi 
ch~n d@u ta q6 di@u kic;ln 1), con di@u kic;ln 2) la hi~n nhien. 

Ngu<;Jc l~i, gia sl1 day toan tu tuy~n tfnh lien t1.1c (An) thoa man 
hai di@u kic;ln 1) va 2). Voi IDQi X E X, ta se ch(tng minh day 
(Anx) la day cCI ban trong Y. 

Th?,t v?,y, voi mQi c: > 0 cho truoc nho tuy y: 
c 

(3y E E) llx- Yll < 
3

C 

Theo gia thi~t, ta c6 (Any) la day cCI ban trong Y, suy ra: 
c 

(3no E N*)(Vn,_m ~no) IIAnY- AmYII < 3· · 

Tud6 

IIAnX- Amxll :::; IIAnX- AnYII + IIAny- AmYII + IIAmY- Amxll 

:::; II'Anllllx- Yll + IIAnY- AmYII + IIAmllllx- Yll 
c c c 

< C-. + - + C- = c: (Vn, m > n0 ) 
- 3C 3 3C -
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Di§u d6 chung to (Anx) la day cd ban trong khong gian Banach 
Y, do d6 n6 hOi tl).. G9i Ax E Y la giOi h1;1n cua day tren. Tu 
d6 ta nh~n du<;Jc anh XI;\ A tu khong gian Banach X vao khong 
gian Banach Y. Ro rang day toan tir (An) hOi til,l tung di§m tai 
toan hr A, nen A la toan hr tuy~n tinh lien t1,1c. D 

22. V6i mQi n = 1, 2, ... , ta c6: 

t IIAkll :::; t IIAIIk :::; t qk = 
1 ~ qn+

1 

k=O k=O k=O - q 

Cho qua giOi h1;1n khi n -+ oo ta cht<;Jc 

00 

tuc chuoi L IIAkll hOi tl).. L1;1i do X la khong gian Banach J?-8n 
k=O 

khong gian I(X, X) cling la khong gian Banach, do d6 chuoi 
00 

L Ak h()i t\1 trong I(X, X). 
k=O 

V6i moi n = 1, 2, ... : 
n n 

(I- A) L··A~ = L(I- A)Ak =I -c An+1. 
k=O k=O 

Chuy§n qua giOi h1;1n khi n-+ oo, v6i chC1 y rllng 

IIAnll :=:; IIAIIn :=:; qn-+ 0 (n-+ oo) =?An-+ 0 (n-+ oo), 
00 

ta dtt<;Jc (I- A) LAk I. 
k=O 

Tuong IV ta ciing c6 [t. A'] {I- A) I. TU d6 suy ra tl>n t').i 

toan tl'r ngu<;Jc (I - A)-1 va 
00 

.(I- A)-1 = L Ak. 
k=O 
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V~y ta c6 di@u phai chung minh. 0 

23. Gia su f la toan tu tuy§n tfnh bi ch~n anh X?- kh6ng gian dinh 
chu§.n hliu h9-n chi@u X vao khong gian dinh chu§.n Y. GQi E la 
t~p h<;Jp bi ch~n bfi.t kl trong X, ta se ch(rng minh f (E) la t~p 
h<;Jp compak tuong d6i trong Y. 

Th~t v~y, do X la huu h9-n chi@u nen E la t~p h<;Jp compak 
trong X. Tu f lien t1,1c suy ra f(E) compak trong Y. Vl mQi t~p 
h<;Jp con cua t~,p h<;Jp compak la t~p h<;Jp compak ttrong d6i nen 
f(E) c f(E) la t~p h<;Jp compak tttong d6i trong Y. V~y f la 
toan tu compak. D 

24. Gia su dimY = n va {e1 , e2 , ... , en} la m9t co sa cua Y. Do Y 
d5ng phoi tuy§n tfnh voi En nen c6 th§ gia thi§t chu§.n trong 
kh6ng gian Y xac dinh nhu sau: 

IIYII 

Xet toan tu tuy§n tinh · bi ch~n A tu kh6ng gian dinh chu§.n X 
vao kh6ng gian dinh chu§.n Y. Th§ thl, voi·mQi X E X ta c6 
Ax E Y nen ~6i voi co sd da cho cua Y, Ax c6 th§ bi@u dien 

. duoi d9-ng: 
n 

Ax= L !k(x)ek. 
k=l 

Bay gio ta se ch(tng minh fk E X*: 

De thfi.y fk la phi§m ham tuy§n tfnh tren X. Han nita, vl A bi 
ch~n nen 

3C > 0 : II Axil :::; Cllxll, Vx E X. 

suy ra 
ifk(x)l :S Cjjxjl, 'Vx EX, Vk = 1, 2, ... , n. 

V~y fk E X*, Vk 1, 2, ... , n. Tu d6 c6 di@u phai chling minh. 
0 



Bhl cuu. tfch ham 111 

25. B1;1n c!Qc t1J giai . 

26. Gia su A la toan tl'r compak anh Xl;l. khong gian Banach X vao 
khong gian Banach Y. 

Voi moi (xn)~=l c X h<)i t\l y~u toi Xo trong X' ta c6 

y~u 
Axn ---* Yo = Axo trong Y. (2.12) 

Th~t v~y, \:! g E Y*, ta c6 g o A E X*, nen 

lim go A(xn) =go A(xo) 
n->oo 

=? lim g(Axn) = g(Axo) 
n->oo 

Tu ct6 c6 (2.12). 

Gia s1111Axn- Yoli -f7 0 khi n---* oo. Khi ct6 t6n t:;ti c > 0 va day 
(xnk) C (xn): 

IIAxn- Yoll 2: c, Vk = 1, 2, ... (2.13) 

Day (xn) h<)i t\l y~u nen bi ch~n, do ct6 (xnk) bi ch~n. Vl A 
compak nen day ( x11k-) chua m<)t day con ( Xnk.) h<)i t\l trong Y 

J 

A y~u (. ) 
=? Xnk. ---* Y1 J ---* 00 · 

J 

Tu (2.13) suy ra IIY1 - Yolf 2: E => Y1 =f. Yo· Nhung tu (2.12) ta 
l1;1i c6: 

A yeu (. ) Xnk . ------:-+ Yo J ---* 00 
J 

Day ( Axnki) h<)i t\l y~u toi · hai giOi h1;1n khac nhau, vo ly. V~y 
phai c6 

IIAxn - Yoli ---* 0 (n---* oo) 

hay day (Axn) hoi t\l m:;tnh tai Yo= Axo. D 
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27. Xet hai truong h<;1p: 

• a d5ng nh§.t khong, th~ thl A = e ( toan hr khong) nen A 
compak. 

• a khong d5ng nh§.t khong. 

Khi d6 t5n t~i to E (0; 1) : a(t0) =I= 0. Xet day (xn)~=l c S, S la 
hlnh c§.u ddn vi d6ng trong C[O; 1], xac dinh nhlt sau: 

( ) 
_ { ( 1 + t - to) n n~u 0 ::; t < to 

Xn t - , 
(1 + t0 - t)n neu t0 ::; t ::; 1 

Day ham (Axn) h9i t1,1 tung di~m d~n ham x(t), voi: 

x(t) = {0 n!u t =I= to 
1 neu t =to 

Ham x(t) gian do~n va mQi day con cua (Axn) d~u h9i t1,1 tling 
di~m d~n ham nay nen khong h9i t\1 d~u. Do d6 tu ( Axn) khong 
rut ra dtt<;Jc day con h9i t1,1, nghia la A(S) khong la t~p h<;!p 
compak tudng d6i. V~y A khong compak. 0 . 

28. Khong gian lien h<Jp cua JRn 

. Ta xet khong gian JRn voi chutin Eukleides va gQi { e1, e2, ... , en} 
la mQt Cd Sd cua n6. 

Voi moi u = ( U!, u2, ... ) Un) E ]Rn) ta xac dinh mQt phi~m ham 
fu nhu sau: n~u x = (xb x2, ... , XnJ E JRn thl 

n 

fu(x) = L UiXi 

i=l 

De th§.y fu tuy~n tfnh, hdl;l nua n6 bi ch~n, vl 

lfu(x)j 

1 1 

~ (t lu,l')' x (t lx,l')' = llullllxll (2.14) 
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n 

f(x) = L uixi 
i=l 

trong d6 Ui = f(ei), i = 1, 2, ... ) n khong phl). thUQC van X. Dilng 
thuc chung to, voi moi f E (JRn)* d~u tBn tf,l,i u E lRn sao cho 
f = fu· 

Ta c6, anh Xf), 

U E JRn ~ fu E (JRn)* 

la tuy§n tinh, Hip lu?.n tren chung to n6 la toan anh, va n§u 
!u = e thl u e. Nen anh Xf), d6 la mQt song anh tuy§n tfnh. 
Suy ra (JRn)* la mQt khong gian dinh chu§.n n-chi~u, do d6 d6ng 
phoi tuy§n tfnh voi IR.n. Hem nua, ch(mg co~ dilng c§.u voi nhau. 
Th?,t v?,y, tu (2.14). suy ra 

JJfuJJ ::; JJuJJ. 

0 n§u ui = 0, Xi= JuiJ
2 

n§u ui # 0 (i = 1, 2, ... , n) 
. Ui 
.. 
' thl 

va ta c6 
n 

JJuJJJJxll = JJuJJ 2 = L UiXi fu(x) ::; JJJJJJJxJJ 
i=l 

suy ra JJuJJ ::; llfull· 

Do d6 JJ!ull = JJuJJ, khong gian JRn va khong gian lien hQp voi n6 .. 
dilng c§.u voi nhau, vl v?,y khong. gian lien hQp cua ]Rn la chfnh 
n6. 
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Voi chu§.n khac bc;tn dQc tv giai. 

Khong gian lp(P > 1) 

Ta se chung to ding, khong gian z; d~ng c§.u tuy~n tfnh voi khong 
gian lq, trong d6 s6 q thoa man di§u ki~n 

1 1 
-+-=1 
p q 

Voi moi u = ( Un) E lq ta xac dinh phi~m ham !u tren khong 
gian lp nhu sau: n~u x = (xn) E lp thl 

00 

fu(x) ~ L UnXn· 
n=l 

Chuoi (J v~ phai hOi t\1, vl theo b§.t d~ng thuc Holder ta c6 

Ro .rang !u t~y~n tfnh, va b§.t d~ng thuc tren chling to ding 
fu E z; voi 

llfull ~ llullq· 
Ngu<;1c lc;ti, l§.y fEz; tuy y, thl voi_mQi X. (xn) E lp ta d@u c6 

CXJ 

f(x) = L UnXn, 
n=l 

trong d6 Un = f(en) khong phlJ. thu()c vao X. D~ khao sat tfnh 
ch§.t cua day s6 u = ( Un)' voi ffiQi s6 nguyen duong N' ta xet 
YN = (xf{">) E lp xac dinh nhu sau. 

n~u n ~ N va n~u Un =f. 0, 

d6i voi cac truong h<;1p con lc;ti. 
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Ta c6 

llYN II. = (t, lx~N) 1•) 
1

/p = (t, lu.l') 
11

P , 

t, lunl' = f(yN) ~ IIJIIIIYNIIp = IIIII (~ lunl') 
11

•, 

do d6 

Cho N ---+ 00 ta dUQC u E lq va 
•. 

V~y mQi phi§m ham f E z; d~u c6 d~ng f f u voi u E lq, han 

nita llfull = llullq· 
Tu d6 ta thi§t l~p dUQC m¢t anh X~ 

u E lq ~----+ f u E z; 
tu lq len z;. Ro rang anh X~ nay tuy§n tinh va d~.ng th(rc vua 
ch(mg minh cho ta th§.y ding d6 la m¢t phep diing c§.u tuy§n 
tfnh Clla kh5ng gian lq len kh5ng gian z;. 
Khong gian lien hQp cua khong gian lp la khong gian lq. 

D~c bi~t khong gian lien hQp: cua l2 la chinh n6 .. 

L~p lu~n tuong tv nhu tren ta dttQc khong gian lien 'hQp cua Co 

Ia t1. o 

29. Cach 1: 

GQi {ell e2, ... 'en} la m¢t co Sd cua khong gian JR.n', voi 

ei = (0, 0, ... , 1, 0, ... , 0), j = 1, 2, ... , n. 

vj trf thu j bang 1 
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Khi d6 t6n t1;1i hE;l JI, h, ... , fn cac phi~m ham tuy~n tfnh lien 
t1,1c tren lRn sao cho 

voi mQi i, j = 1, 2, ... 'n. 

Th?,t v?,y, gQi Li la khong gian con cua JRn sinh boi e1 , . .-., ei_1 , 

ei+l> ... , en. Ta c6 Li d6ng va ei ~Linen t6n t1;1i S(ei, r)nLi = 0 
suy ra d(ei, Li) 2: r > 0. Khi d6 theo nguyen ly thac tri~n Hahn
Banach t6n t~;Li phi~m ham tuy~n tfnh lien t\lC fi xac dinh tren 
lRn sao cho 

fi(ei) = 1, fi(Y) = O'Vy ELi· 

HE;l {fi : i = 1, 2, ... , n} la hE;l phai tlm. Ch(I y ding voi mQi 
y = (yCl), ... , y(n)) ta c6 

fi(Y) = f(y(l)el + · · · + Y(n)en) y(i), i = 1, 2, ... , n. 

L§.y day b§.t kl (xk)~l h()i t\1 y~u tOi ph§,n ti'r Xo trong ]Rn va gia 
sli c6 bi~u dien 

-· Xk (xi1), ... , xin)), k = 0, 1, 2, ... 

Voi c > 0 nho tuy y, xet m()t Ian c?,n y~u u cua Xo xac dinh nhtr 
sau 

U = {y E "!Rn: lfi(Y)- fi(xo)i < }n' i = 1, 2, .. ·, n}. 

Khi d6 (3k0 E N*)(Vk 2: k0 ) ta c6 xk E U, tuc la 

ifi(xk)- fi(xo)i < Jn· i = 1, 2, ... , n 

(i) . (i) c . -
=? lxk -Xo I< vn' 't -1,2, .. . ,n. 

Tu d6 ta c6 

n 

L ix~)- xg)i <c. 
i=l 
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Do d6 day (xk) h()i t1;1 m~nh tai x0 . 

Cach 2: 

Xet to an tit d6ng nh§.t I xac . dtnh trong khong gian Eukleides 
JR71 . De th§.y rl1ng I la toan til' compak, hdn nua :!R71 la khong gian 
Banach nen, theo bai 26, I se bi~n mQi day h9i t1;1 y~u thanh day 
h9i t\1 m~nh. Tu day c6 di~u phai ch(rng minh. D 

30. Ta chi c§.n chung minh rl1ng n~u day (x71 ) h()i t1;1 y~u d~n ph§.n 
ti'r x trong h thl n6 hoi t\1 m~nh d~n x. 

Gia sit x71 ~ x, khi d6 y71 = x71 -X ~ e. Ta c§.n ch(rng 
minh IIY7111 ---+ 0. Gia sir IIY7111 ->'+ 0, khi d6 t6n t~i m9t s6 
c > 0 va day con (y71k) cua (y71) sao cho IIY71kll ~ c, Vk. Tuy 
v~y, khong m§.t tfnh t6ng quat ta c6 th~ t:oi IIY7111 ~ c. Voi 
moi n, phi~m ham x*(x) = x71, Vx = (xk) E ll tuy~n tfnh 

lien t1).C. D~t y71 = (Eni)~l· Vl Xn ~ X nen voi moi i ta c6 
lim x;(y71 ) = x;(o) = 0, tlic la lim Eni = 0, Vi. Do d6, voi mQi 

71->00 n->oo 
m m1 

m: lim L IE71il = 0. L§.y m1 sao cho L l6il ~ c, l§.y n1 sao 
71->00 

i=l i=l 
ffil ffi2 

cho L IE711 il < ~, r6i l~i l§.y m2 > m1 sao cho L IE711il ~ c va 
i=l - . . i=l 

f IE711il < ~- Khi do . f: IE711il ~ ~. 
i=m2 i=m1+l 

Cu ti~p tl).c nhu v~y ta se nh~n du<;1c hai day s6 nguyen dudng 
tang nghiem ngl),t (nk) va (mk) sao cho 

mk mk+l 
3 

oo . 

L IE71kij < ~' L ·jc;71kij ~ :' L IE71kil < ~· 
i=l i=mk+l i=mk+l 

D~t 'T/i = signE71ki voi mk + 1 ::::; i ::::; mk+l, k = 2, 3, ... Th~ thl 
('T!i) bi ch~n va phi~m ham 

00 

x*(x) = L 'T/iEi, Vx = (Ei) E h 
i=l 
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tuy~n tfnh lien tvc, hon nua 

oo mk+I mk oo 

lx*(ynk) = L 7Jif.i 2: L lf.nkil- L lf.nkil- L lf.nkil 
i=l 

E: 
>-4 

voi moi k, mau thuan voi Ynk ~ 0. 

V?,y c6 di~u phai chung minh. 0 

i=l 

31. Voi moi n 1, 2, ... Vx E C[a; b] va Vs E (a; b] ta c6 

IAnx(s)- Ax(s)i = lib Pn(s, t)x(t) dt -1b K(s, t)x(t) dtl'· 

~ llfPn(s, t)- K(s, t)J~(t) dtl 

::; 1b IPn(s, t) ·_ K(s, t)llx(t) I dt 

::; (b- a) max IK(s, t)- Pn(s, t)l max lx(t)l 
D a~t~b 

= (b- a) max IK(s, t)- Pn(s, t)lllxll. 
D 

Tu d6 suy ra 

IIAn- All ::; (b- a) mgx IK(s, t)- Pn(s, t)l, n = 1, 2, .... 
. . 

Chuy~n qua giOi h~;tn khi n ---+ oo ta d11<;1c 

lim IIAn -All= 0. 
n-+oo 

V?,y day toan tit (An) hoi tv theo chu§,n tai toan tit A. 0 
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32. Theo dinh ly Phubini ta c6 

B[Ax(u)] = 1b H(s, u) [1b ~(u, t)x(t) dt] du 

= [ [[H(s, u)K(u, t)du] x(t) dt 

= 1b R(s, t)x(t) dt, Vx E C[a;b] 

Tu day ta c6 di~u phai chling minh. D 

33. Trong khong gian Z2 , ta gQi 

E = {(xn)~=l E z2: X2n-l = 0, n = 1, 2, ... } .. 
va 

F = {(xn)~=l E z2: X2n = nX2n-l, n = 1, 2, ... }. 

119 

De th~y rl1ng Eva F la nhfrng khong gian tuy§n tfnh con dong 
trong Z2 . Ta se chung minh E + F tru m~t trong Z2 . 

Voi mQi X= (xl, X2, .. . ) E Z2, ta xet day {x(k)}~l c l2 xac dinh 
nhlt sau 

(k) . . 
X =(XI,X2J":·,Xk,0,0, ... ), k.=l,2, .... 

' 

De th§.y lim x(k) = X va ta c6 th~ pharr tfch 
k->oo 

hoi;ic 

x(2k+l) = (0 X - X 0 X , 2 ll ' 4 2x3, ... , 0, X2k- kx2k-l, 0, 0, ... )+ 
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Do d6 ta c6 { xCk)}~I c E +F. V~y E + F tru m~t trong l2 , nen 

(2.15) 

~ 1 ' ::. 1 .,._ ? ( 1 1 ) M~;tt k 1ac, ta thay pIan W 1, 0, 2, 0, 3' 0, ... E l2 va n6 vi~t 

ctw;c mot each duy nh§,t dtroi d~;tng 

( 1, 0, ~' 0, ~' 0, .. ·) = (0, -1, 0, -1, 0, -2, ... )+ 

( 
. 1 1 ) + 1, 1, 2' 1, 3' 1,... . 

Tu each vi~t tren day ta suy ra (1, 0, ~' 0, ~' 0, ... ) f/: E + F, do 
d6 

(2.16) 

Tu (2.15) va (2.16) suy raE+ F khong p~ai la t~p h<;Jp dong. 
0 

34.. Khong gian lEn 

GQi {ei, e2, ... 'en} la mot CCI Sd cua lEn. 

Th~ thl voi mQi X= (xi, X2, ... ) Xn) E IE71
, ta c6 

va VOi mQi phi@m ham tuy~n tfnh lien tl,lC j xac dinh tren JEn 
thl: 

f(x) ~ f (tx,e,) ~ tf(e;)x; tu;e; . 
trong d6 u = (ui) = (f(ei)) E lEn khong pht,l thuoc vao x·. Cong 
thuc 

n 

f(x) .= L uiei, Vx =(xi) E lEn 
i=l 
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chfnh la d;;mg t6ng quat cua f E (En)*. 

Khong gian l1 

Dl.).t ek (okj) thl voi moi x = (xk) E lr c6 bi§u dien duy nh§.t 

00 

X= :z=ekXk. 
k=l 

Gia sl'r f E zr' f(ek) = Ck (k = 1, 2, ... ), suy ra 

va c6 

icki ::; II filii llekll = llfllt1, Vk 

=?sup ickl ::; llfllz1 
k 

00 00 

k=l k=l 

Tu d6 c6 llfllh llclloo· 
Ngu'Qc l<;Li, gia sit c = (ck) bi chl.).n, th§ thl ilclloo < +oo. Voi moi 

00 00 

x E l1 , chuoi L ckxk ~Qi t1,1 tuy~t d6i. Do d6 f(x) = L ckxk 
k=l ~ . k=l 

cho m¢t phi§m ham tuy§n tfnh tren l1 , 

suy ra f bi chl.).n va 

Vl v~y dc;1ng t6ng quat cua f E l! la 

00 

f(x) = L ckxk, Vx = (xk) E lr, 
k=l 
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trong d6 c = ( ck) E loo voi 

loo = { c = (ck)i sup lckl < +oo }, liclloo =sup icki· 
k k 

Kh6ng gian lp (p > 1) 

Gia sir fEz;. Day (ek), ek = (6kn) la cd sd ciia lp. Do d6 voi mQi 
x = (xk) E lp d§u c6 th~ bi~u dien duy nha,t duOi d1;1ng 

NhC1 tfnh hi ch~n ciia phi§m ham f, ta c6 

00 

f(x) = L f(en)Xn-
n=l 

D~t f(en) = Gn, thl (en) dU<;!c xac dinh duy nh§,t b(Ji phi§m ham 
f va 

00 

f(x) = L CnXn· 
n=l 

Ta xet cac ph§,n tli d1;1ng xCk) = (;~k)), trong d6 

voi q la s6 thl)'c thoa man di~u kic;ln ~ + ~ = 1. Khi d6 
p q 

k 

. f(x<k~) = L lclq· 
n=l 
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M~t khac 

1 

f ( x<•l) :S II fllllx<•l liP 11!11 (t I c. I (q-l)p) ' 
1 

~ IIlii (t lc.l')' 

Do d6, Vk = 1,2, ... : 

1 1 t I c. I' :S II! II (t I c. I') ' => (t I c. I') 
0 

:S II !II 

Tu d6 suy ra (en) E lq. 

NgtrQc l~;Li, n@u (dn) E lq, thl de dang ki~m tra phi@m ham cho 
bC1i cong thuc · 

00 

¢(x) = L dnXn, Vx = (xn) E lp, 
n=I 

la phi@m ham tuy@n tinh bi ch~n tren khong gian lp. 

Vl v~y, d~;Lng t6ng qua~. ~ua phi@m ham tuy@n tinh bi ch~n tren 
lp xac dtnh bCJi cong tliuc 

00 

f(x) = L enXn, Vx = (xn) E lp, (en) E lq. 
n=I 

Nho b§,t diing thuc Holder ta dUQc 
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Do d6 

Vl v~y 

Khong gian Lp[O; 1] (p > 1) 

D~ng t5ng quat cua phi~m ham tuy~n tfnh lien tl;lC f xac dinh 
tren khong gian Lp[O; 1]1a 

f(x) = la a(t)x(t) dt, 'l!x E Lp[O; 1], 

trong d6 a E Lg[O; 1], voi ~ + ~ = 1. 
p q 

Kh6ng gian co 

D~ng t5ng quat cua phi~m ham tuy~n tfnh lien tl;lC f xac dinh 
tren kh6ng gian c0 la 

00 

f(x) = :2:.:.: CnXn, 'lfx = (xn) E co, 
n=l 

trong d6 (en) E h. D 

35. Ham th"t;rc p xac dinh tren kh6ng gian vecto X du<;Jc gQi la so 
chu§.n n~u: 

• p(>.x) = >.p(x), '1/x EX, 'If).> 0, 

• p(x + YJ:::; p(x) + p(y), '1/x, y EX. 

Ham thvc p xac dinh trong bai dtt<;Jc gQi la m9t m1a chu§.n, de 
th~y n6 cilng la m9t so chu§.n. Sau day ta se chl'tng minh bai 
toan voi gia thi~t p la mQt so chu§.n. 



Bru Giru tich ham 125 

Tnroc h~t, xet X la mot khong gian tuy~n tinh thl)'c. Ta se chi ra 
r~ng, n~u 1 la mot phi~m ham tuy~n tlnh xac d!nh tren khong 
gian con X 0 cua X tho a man 

f(x) :::; p(x), \fx E X 0 

thl t6n t~i mot phi~m ham tuy~n tfnh F xac dinh tren X sao 
cho 

F(x) = 1(x), \fx E Xo; F(x) :::; p(x), \fx EX. 

Ta gQi mot suy rong cua 1 la mot phi~m ham tuy~n tfnh 9 xac 
d!nh tren mot khong gian vecto con D9 :J X 0 thoa man: 

• 9(x) = 1(x), \fx E Xo, 

• 9(x) < p(x), \fx E D9 . 

GQi T la t~p h<;Jp t§.t ca cac suy rong cua 1. Vl 1 E T nen T =/=. 0. 
Ta hay xac d!nh mot quan h~ th\r tl)' bo ph~n trenT nhu sau: voi 
91' 92 E T thl 91 :::; 92 n~u D 91 c D 92 va 91 (X) = 92 (X)' X E D 91 . 

Gia sU: N la mot t~p h<;Jp con cua T. np h<;Jp 

D* = U D9 

9EN 

la mot khong gian con' cua X va D* :J Xo. N~u XED* thl t6n 
t~i mot 9 E N sao cho x E D9 , khi d6 d~t 9*(x) . 9(x) thl ta 
dU<;Jc mot phi~m ham tuy~n tfnh 9* c6 mi§n xac dinh la D* va 
9* 2: 9 voi mQi 9 E N. V~y mQi t~p h<;Jp con slip thu tl)' tuy~n 
tfnh cua N d§u c6 mot c~n :tren trong T. 

Theo b6 d§ Zorn, t6n t~i trong T mot phan tU: eve d~i F. D§ 
chling minh F la phi~m ham tuy~n tfnh phai tlm, ta chi can 
chling minh mi§n xac d!nh D cua F la to an bo khong gian X. 
Th~t v~y, n~u D =I= X thl t6n t~i Xo E X voi Xo ¢:. D. De th§.y 
Xo =I= e' kf hi~u [xo] la khong gian vecto con mot chi~u cua X' 
sinh bdi x 0 . MQi vecto z E Z = D + [x0] d~u c6 bi§u dien duy .. · 
nh§.t duOi d~ng 

z =.x + .Ax0 , xED {2.17) 
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L§.y x, x' la hai philn tu tuy y d1a D, ta c6 

F(x)- F(x') = F(x- x') ::; p(x- x') 

::; p(x + xo) + p( -x'- xo) 

hay 
-p( -x'- xo)- F(x') ::; p(x + x0 )- F(x). 

B§.t dling th(rc nay dung vdi rnQi x, x' E D, do d6 

sup [-p( -x'- x0)- F(x')] ::; inf [p(x + x0 ) - F(x)]. 
~ED xeD 

VI v~y t6n t~;~.i rn()t hl1ng s6 c sao cho 

-p( -x'- x0 )- F(x') ::; c, Vx' E D (2.18) 

va 
c::; p(x + x0 )- F(x), Vx ED. (2.19) 

Voi rnQi z E Z bit~u dien duoi d~;~.ng (2.17) ta d~t 

G(z) = F(x) + AC. 

Ro rang G la m9t phi@rn ham tuy@n tfnh xac dinh tren Z va n@u 
. xED thl G(x) = F(x) ::; p(x). 

N@u z E Z\D thl A I= 0. Xet hai tnrong h<;1p: 

• A> 0. 
B§.t dling thuc (2.19) dung clio rnQi xED, nen 

c::; p(x/A + x0 )- F(x/A). 

Nhan ca hai v@ vdi A ta dUQc 

AC :S; p(x + Axo)- F(x) 

hay 
F(x) + AC::; p(x + Axo) 

tuc la 
G(z) ::; p(z). 
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• >. < 0. 

Tuong tl;r nhtr tren va s{r d1,mg b§,t diing th(rc (2.18) ta cling 
c6 

G(z) :::; p(z). 

Suy ra G E T, G ~ F va G =/= F, tnii voi vi~c F la m<)t ph§,n ttl: 
C\(C d~;ti cua T. Vf},y phai c6 D =X. 

Cu6i ci:mg ta ch(rng minh bai toan voi tnrong hQp X la khong 
gian tuy~n tfnh phuc. D~ y ding n~u trong tf},p hQp cac ph§,n 
tU' cua m<)t khong gian tuy~n tfnh ph(rc ta dtra vao phep rihan 
vecto voi s6 thl,(c thl ta duQc m<)t kh6ng gian tuy~n tfnh th1,rc. 
G9i XJR va XolR la cac khong gian tuy~n tinh thl,(c thu dtrQc tU 
X va X 0 theo each d6. G9i u(x) va v(x) tuong ling la cac ph§,n 
thl,(c va ph§,n ao cua J(x), thl f(ix) =if(;) iu(x)- v(x) nen 
v(x) = -u(ix), do d6 f(x) = u(x) - iu(ix). Ro rang u(x) la 
phi~m ham tuy~n tfnh thl,(c tren XolR va . 

u(x) :::; iu(x)i :::; if(x)i :::; p(x), Vx E XoJR 

Do d6 theo chung minh tren u( x) c6 th~ khu@ch thanh m<)t 
phi~m ham tuy~n tfnh thl,(c U(x) tren toan khong gian XJR sao 
cho U(x) < p(x), Vx E. XJR. D~t 

.. 
' 

F(x) = U(x)- iU(ix), 

ta duQc m<)t phi~m ham tuy~n tfnh phuc tren X, thoa man di~u 
ki~n bai toan. Thf},t vf},y, vo~ mQi X E Xo ta c6 

F(x) = u(x)- iu(ix) = f(x). 

Han m1a, d~t F(x) = Te-ie ta c6: 

IF(x)l = ew F(x) = F(ewx) = U(ewx) 

::; p(ewx) = iewip(x) = p(x) 

Vf}.y c6 di~u phai chling minh. 0 
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36. a) C6 dinh ao E A, bo E B, d~t Xo = bo-ao vagQi c = A-B+xo. 
Vl A mCI nen C mCI. 
Xet phi@m ham p tren X xac dinh nhu sau: 

p(x) . inf{A > 0: x E .AC'}. 

Ta c6 0 :::; p(x) < 1, Vx E C', p(x) 2:: 1, Vx ¢: C, hon nua, n6 la 
mQt so chu§.n tren X va tu A n B = (/) suy ra Xo t/: c' do d6 
p(xo) > 1. 

GQi Jvf { txo : t E . lR}, th@ thl NI la khong gian con cua X. 
Tren NI xet phi@m ham tuy@n tinh f xac dinh nhtr sau 

f(txo) = t, Vtx0 E NI. 

N@u t 2:: 0 thl j(tx0 ) --:- t :::; tp(x0 ) = p(tx0 ), con n@u t < 0 thl 
f(txo) < 0:::; p(tx0 ). Do d6 f:::; p tren NI, theo chung minh Bai 
35, ta c6 th~ khu@ch f thanh phi@m ham tuy@n tinh F xac dinh 
tren X sao cho F:::; p tren X. 

D~c bi~t F:::; 1 tren C, suy ra F 2:: -1 tren -p = { -x: x E C'}. 
Tu d6 ta c6 IFI :::; 1 tren C n (-C). Vl C mCI nen -C mCI, do 
d6 C n (-C) ··rna. Nhtr v?,y t?,p h<;Jp nay chua m9t hlnh c§.u nao 

· d6 va F cling bi ch~n tren hlnh c§.u nay. Theo Bai 16, Fbi ch~n 
tren toan khong gian X hay F lien tl;lc. 

Voi mQi a E A, b E B, ta c6 

F(a)- F(b) + 1 = F(a- b + x0 ) :::; p(a- b + x0 ) < 1 

suy ra F(a) < F(b), do d6 F(A) n F(B) = (/). 

Vl A mCI va F la phi@m ham tuy@n tinh lien t1,1c nen F(A) mo 
(trong JR). Ro rang F(A) -bi ch~n tren, khi d6 s6 a= sup F(A) 
chinh la s6 c§.n tlm. 

b) Tu gia thi@t suy ra, t6n tt;Li U ::) A va U mCI trong X sao cho 
UnB = (/). Theo ph§.n a), t6n tt;Li FE X* sao cho F(U)nF(B) = 
(/) han nua F(U) "nfim ben trai" F(B) trong lR (sup F(U) < 
inf F(B)). 
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Do A compak nen F(A) compak (trong JR), do d6 t6n t?-i c = 

max F(A) va F(A) la t~p h<;Jp con th1Jc sv cua F(U). Khi d6 
trong F(U) c6 th~ lily dtr<;Jc hai s6 a 1, a 2 sao cho: c < a 1 < a 2. 
D6 la hai s6 c§,n tlm. D 

37. Trong khong gian Z2 xet hai toan tu A, B xac dinh nhu sau: 

A: 

B: 

Toan t{r A khong compak.Th~t v~y, xet day (e2n+I)~=o c S-hlnh 
c§,u ddn vi dong trong khong gian Z2-xac dinh nhtr sau: 

e2n+1 = (0, 0, ... , 1, 0, 0 ... ), n = 0, 1, ... 

s6 1 i'J vi trf 2n + 1 

.Ta c6: 
Ae2n+1 = e2n+1, Vn = 0, 1, ... 

khi d6, tu day (Ae2n+.t)'khong th~ rut ra dtr<;Jc day con hQi t1,1 vl: 

IIAe2n+1- Ae2m+111 = lle2n+1- e2m+11i = v'2, Vn =/= m. 

V~y A(S) khong la t~p h<;:Jp compak tudng d6i, tuc A khong 
compak. 

Chling minh ttrdng t1,r ta ciing c6 toan t{r B khong compak. 
Nhung ta 1?-i c6 A o B = e, nen A + B la compak. Tu d6 rut ra 
Mt lu~n cho bai toan. 0 

Nh?n xet: 

- N~u them gia thi~t X la khong gian Banach va Ala anh 
x?- 1-1 tuX len Y thl B compak. 
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Th~t v~y, thea nguyen ly anh Xl?- mCJ Banach thl A-1 la taan 
tit tuy@n tfnh lien tl;tc. Suy ra 

A-1 o (A o B)= B la toan tit campak. 

- Tuong tv n~u X la kh6ng gian Bananch va B la anh Xl?- 1-1 
tu X len Y thl. A campak. 

38. Trang kh6ng gian l2, xet taan tit: 

A: 

Tuong tv nhu bai 37, ta c6 taan tit A khong compak. Nhung 

1~ toan tit campak. D 

39. B9-n d9c tv giai. 



Chu'dng 3 

Kh6ng gian Hilbert 

3.1 Tom t~t ly thuy~t 

3.1.1 Ki~n thuc md d§.u v~ kh6ng gian Hilbert 

1. Tfch vo huang 

D!nh nghia 3.1.1. Cho khong gian tuy€n tinh X tren truang P 
(P la truang s6 thv:c lR ho~c truang s6 phuc CC). Ta g9i la tich vo 
huang tren khong gian X m·¢i· anh X(L tit tich Descartes X X X vao 
truang P, ki hi~u (., ·), thoa man eric tien de: 

1} (Vx, y EX) (y, x) = (x, y); 

2} (Vx, y, z EX) (x + y, z) = (x, z) + (y, z); 

3) (Vx, y E X)(Va: E P) (ax, y) = a(x, y); 

4) (Vx EX) 

(x, x) > 0, n€u xi=() (e la ki hi~u phan tit khong), 

(X, X) = 0, ntu X = (). 

131 
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Cac phan tit x, y, z, ... g9i'la cac nhan tit cua tich vo huang, s6 (x, y) 
g9i la tich VO hUang cua hai nhan tit X va y, cac tien de 1}, 2}, 3}, 4) 
g9i la h~ tien de·tich vo huang. 

2. B§.t dfuig thuc Schawrz 

Djnh If 3.1.1. Bat dilng thitc Schawrz 

(Vx, y EX) i(x, y)i :::; ~ . ..JGJ:ilj. (3.1) 

Vdi moi X EX ta di;it 

llxll=~ (3.2) 

Nho b§.t dilng thuc Schawrz, cong thuc (3.2) xac dinh mot chu§,n tren 
khong gian X va tfch vo hudng la mot 4am lien tl).c ella hai bi@n X va 
y theo chu§,n (3.2). 

Djnh nghia 3.1.2. Khong gian tuyen tinh X tren truong P cung vai 
m{)t tich vo huang tren X g9i la khong gian tien Hilbert. 

3. Djnh nghia khong gian Hilbert 

Djnh nghia 3.1.3. Ta g9i m{)t t{},p hr;Jp_ H =!= ¢ g6m nhilng phan tit 
X' y' z' . . . nao day la khong gian Hilbert, neu t{j,p hr;Jp H thoa man cac 
dieu ki~n: 

1) H la khong gian tuyen tinh tren truong P; 

2) H dur;Jc trang bi m{)t tZch vo huang; 

3} H la khong gian Banach vai chudn iixll ~' x E H. 

Ta g9i khong gian tuyen Unh con dong cua khong gian Hilbert H la 
khong gian Hilbert eon cua khong gian H. 
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3.1.2 Tinh trl!c giao 

1. Hai vectd tntc giao 

Dinh nghia 3.1.4. Cho khong gian Hilbert H. Hai phan tit x, y E H 
gQi la tr7f,c giao, ki hi~u xl_y, neu (x, y) = 0. 

Dinh nghia 3.1.5. Cho khong gian Hilbert H va t(lp hr;Jp A c H, A=/:
¢. Phan tit X E H gQi la trv:c giao v(Ji t(lp hr;Jp A, ki hi~u xl_A, neu 
(Vy E A) (x,y) = 0. 

Dinh If 3.1.2. D~nh li Pythagore 

Neu x, y E H va xl_y, thz iix + Yli 2 = llxll 2 + IIYII 2
. 

Dinh If 3.1.3. D~nh li hznh chi€u len khong'gian con 

Cho khong gian Hilbert H va H0 la khong gian con cua H. Khi d6 m&i 
phan tit X E H biiu diln mi}t each duy nhat du(Ji dr;mg: 

x = y + z, y E Ho, zl_Ho. 

Pl-J,dn tit y trong biiu diln gQi la hznh chieu cua phan tit X len Ho. 

2. H~ tn,tc chuful .. 
' 

Djnh nghia 3.1.6. Cho khong gian Hilbert H. Mot t(lp hr;Jp (con g9i 
la h~ thtJng) g6m hftu hr;m hay dbn dur;Jc phan tit ( en)n;::1 c H g9i la 
h~ tr7f,c chutin, neu 

(ei, eir= oii, 

trong d6 Oij la ki hi~u Kroneckes, oij = 0 v(Ji i =I j, oij = 1 v(Ji i = j 
(i,j = 1, 2, ... ). 

Dinh If 3.1.4. Bitt dilng thuc Bessel 

Neu ( en)n;::l la m{)t h~ tr7f,c chutin trong khong gian Hilbert H, th"i 

(Vx E H) L i(x, en)l2 :S llxll2
• 

n2:1 
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3. Cd sd trlfc chufui 

D!nh nghia 3.1.7. H~ tr7!c chudn (en)n>l trong khong gian Hilbert 
H gQi la co sa tT'I!c chudn cua khong gian H' neu trong khong gian H 
khong t6n t(Li vecto khac khong nao tr1/C giao vai h~ do. 

D!nh If 3.1.5. Dinh li v€ ddng thuc Parseval 

Cho ( en)n;::1 la m{)t h~ tT'I!c chudn trong khong gian Hilbert H. Nam 
m~nh de sau tuong duang (tit m{)t m~nh de suy ra b6n m~nh de con 
l(Li): 

1) (en)n>l la co sa tT7/C chudn cua khong gian H; 

2) (Vx E H) X= Ln;::1(x,en)en; · 

3} (Vx,yEH) (x,y) Ln;::1 (x,en)(en,y) (dfingthucParseval); 

4) (Vx, y E H) (x,J[) Ln>1 l(x, en)l 2 (phuong trinh dong); 
- ~ 

5) Baa tuytn ti~h cua h~ ( en)n;::1 tk m{)t khiip noi trong khong gian 
H (nghia la t{)p hc;p tfit ca eric ttf hc;p tuyen tinh cua m{)t sfJ hilu 

. h(Ln Mt k'i eric phan tit thu{)c h~ ( en)n;::1 tro m{j,t khiip noi trong 
khong gian H). 

Dfnh If 3.1.6. Khong gian Hilbert c6 co sa tT'I!c chudn khi va chi khi 
khong gian d6 tach duc;c. 

Dfnh li 3.1. 7. Hai khong gian Hilbert tach duc;c c6 cung sfJ chieu 
dfing cflu Va dfing C1/ VOi nhau. 

3.1.3 Toan tu tuy@n tfnh b! ch~n trong kh6ng gian 
Hilbert 

1. Dq.ng tbng quat cua phi~m ham tuy~n tfnh lien tv.c 

Dfnh If 3.1.8. Dinh li Riesz 
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M 9i phi em ham tuyen tinh lien t'l)c tren khong gian Hilbert H diu c6 
thi biiu diln duy nhtlt du(Ji dr;mg 

f(x) = (x, a), x E H, 

trong d6 phan tit a E H du(Jc xac dinh duy nhtit biJi phiem ham f va 

11!11 = llall· 

Nho dinh lf Riesz, ta d6ng nh§.t khong gian lien hQp H* voi khong 
gian H. , 

D!nh If 3.1.9. M9i phiein ham tuyen tinh lien t'l)c tren khong gian 
Lp[a, b] (p > 1) deu c6 thi biiu diln duy nhtlt du(Ji d(),ng 

f(x) 1b x(t)y(t) dt, ~(t) E Lp[a., b], 

trong d6 ham s6 y(t) E Lp[a, b] (~ + ~ = 1) du(Jc xac dinh duy nhtlt 

b(Ji phiem ham f va 11!11 = IIYIIq· 

2. Toan ttl' lien h<Jp 

D!nh nghia 3.1.8. Cho A l4.tqan tit tuyen tinh bi chiJ,n anh x(), khong 
gian Hilbert H vao khong gian Hilbert H'. Toan tit B anh X(), khong 
gian H' vao khong gian H g9i la toan tit lien h(Jp v(Ji toan tit A, neu 

(Ax, y) = (x, By), Vx E H, Vy E H'. 

Toan tfrlien hQp B thuong duQc kf hi~u la A*. 

D!nh If 3.1.10. Cho A la toan tit tuyen tinh bi chij,n anh X(), khong 
gian Hilbert H vao khong gian Hilbert H'. Khi d6 t6n t(),i toan tit A* 
lien h(Jp v(Ji toan tit A anh X(), khong gian H' vao khong gian H . . 
D!nh If 3.1.11. Cho toan tit tuyen tinh bi chiJ,n A anh X(), khong gian 
Hilbert H vao khong gian Hilbert H'. Khi d6 toan tit lien h(Jp A* v(Ji 
toan tit A cilng la toan tit tuyen tinh bi chiJ,n va IIA*II = IIAII. 
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3. Toan .tii' tv lien h<Jp 

Dinh nghia 3.1.9. Toan tit tuytn tinh bi chi;in A anh XQ, khong gian 
Hilbert H vao chinh n6 g9i la tv: lien hr;p, ntu 

(Ax, y) = (x, Ay), Vx, y E H. 

Toan tU' tt;r lien h<;Jp con gQi la toan tu d6i xung. 

Dinh li 3.1.12. Toan tit tuytn tinh bi ch(in A anh X(l, khong gian 
Hilbert H vad chinh n6 la tv: lien hr;p khi va chi khi tich vo huang 
(Ax, x) la s8 thv:c a8i vai mQi X E H. 

D!nh If 3.1.13. Ntu A la toan tit tv: lien hr;Jp anh X(l, khong gian 
Hilbert H vao chinh n6, th'i 

4. Sv h<?i t1,1 y~u 

IIAII = sup !(Ax, x)j. 
llxll=l 

D!nh nghia 3.1.10. Cho khong gian Hilbert H. Day aiim Xn c H 

gQi la h9i t'l), yeu tai aiim X E H' ki hi~u Xn ~ X' neu vai mQi aiim 
yEH 

D!nh li 3.1.14. Neu iay aiim (xn) trong khong gian Hilbert H h9i 
t'l), ytu tai aiim X E fl va lim llxnll llxll, th'i lim llxn- xll = 0. 

n-+oo n-+oo 

Dinh li 3.1.15. Cho khong gian Hilbert H. Day aiim (xn) c H h9i 
t'l), yeu khi va chi khi day d6 thoa man cac ditu ki~n: 

1) Day aiim (xn) bi ch(in thea chutin trong khong gian H; 

2) Day s8 (xn, y) (n = 1, 2, ... ) h'¢i i'l) vai m8i y thu9c tf),p hr;Jp tril 
mf),t khiip ndi trong khong gian H. 
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D!nh nghia 3.1.11. Cho khong gian Hilbert H: T(ip h(Jp K c H 
gQi la Uj,p h(Jp compak yeu trong khong gian H, neu m9i diiy vo hr;m 
(xn) c K aiu chua diiy con h9i t'I,L yeu trong khong gian H. 

D!nh li 3.1.16. Neu tQ,p h(Jp K bi chiJ,n trong khong'gian Hilbert H, 
th'i K la t(ip h(Jp compak yeu trong khong gian H. 

= ·•, ' 

D!nh li 3.1.17. Cho toan tit tuyen tinh bi chiJ,n A anh X(L khong gian 
Hibert H vao khong gian Hilbert H'. A la toan tit compak khi va chi 
khi toan tit A anh X(L diiy h9i t1L yh btit ki trong khong gian H thanh 
diiy h9i t'I,L mr;Lnh trong khong gian H'. 
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3.2 D~ bai t~p 

1. Cho X la t~p h<;lp t§.t ca da thuc b~c khong VU<;Jt s6 tV nhien n 
da cho. D6i voi hai da thuc p(x), q(x) E X voi cac hE;\ s6 tUdng 
ling ai, bj (j = 0, 1, 2, ... ) ta di;it 

n 

(p, q) = L ajbj. 
j=O 

Chling minh t~p h<;ip X cling voi phi@m ham tren day l~p thanh 
m9t khong gian Hilbert. 

2. Cho L2 (IR) la t~p h<;ip t§.t ca cac ham s6 gia tri thvc x(t) do drrc;~c 
theo nghia Lebesgues tren toan t~p h<;ip s6 th1,rc IR sao cho t5n 
t:;ti giOi h:;tn (hfru h:;tn): 

liT lim T x 2(t) dt, 
T-+oo . -T 

trong d6 T la s6 thl)'c dttdng t-Lw y. D6i voi "hai ham s6 b§.t kl 
x(t), y(t) E L2{1R) ta di;it .. 

liT (x, y) = lim T x(t)y(t) dt. 
T-+oo -T 

Chling minh t~p h<;ip L2 (IR) cung-voi phi@m ham tren day l~p 
thanh m<?t khong gian Hilbert. 

3. Chling minh trong b§.t diing thuc Schwarz d§.u diing thuc xay ra 
khi va chi' khi 2 vectd phl). thUQC tuy@n tfnh. 

4. Cho khong gian Hilbert H. Chling minh b§.t diing thuc 

iix uiiiiY- vii ::; iix- Yiiiiu- vii+ iiY- ullllx- vii 

Vx,y,u,v E H. 
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5. Cho khong gian Hilbert H va cac vectd XI, X2, ... ) Xn E H. Ki 
hi~u aij = (xi, xi), i, j = 1, 2, ... , n. Chung minh dinh thl'tc 
Crame det aij =I= 0 khi va chi khi cac vectd XI, X2, ... ) Xn dQC l~p 
tuy§n tinh. 

6. Cho khong gian Hilbert H va !vi la khong gian con ciia khong 
gian H. Chling minh He (He H0 ) =!vi. 

7. Cho day s6 dUdng (en) va t~p h<;ip 

!vi= {x = (xn) E l2: lxnl :=:; Cn, n = 1, 2, ... }. 

00 

Chung minh !vi la t~p h<;ip compak khi · va chi khi chuoi L c; 
n=l 

hQi t\1. 

8. Cho E la mQt t~p 16i d6ng trong khong gian Hilbert H va X la 
ph§.n tu c6 dinh thu9c khong gian H. Chling minh t6n t:;ti duy 
nh§..t ph§.n tu y E E sao cho 

llx - Yll = min llx - ull· 
· uEE 

9. Cho Ho la khong gian con ella khong gian Hilbert H va X la 
ph§.n tit c6 dinh thu9c H. Chung minh 

min llx- ull = max l(x, y)l. 
uEHo yEH9Ho 

llvll=l 

10. Cho day (en) la m<)t h~ tn,rc chu§,n trong khong gian Hilbert vo 
h:;tn chi§u H, Hn la khong gian con sinh bai cac vectd e1, e2, ... , en 
(n 1, 2, ... ). Chling minh voi mQi x E H ta d§u c6 vectd 

n 

'yn = L(x, ej)ej la hlnh chi§u cua vectd X len khong gian 
j=l 

con Hn va n§u (en) la Cd Sd tn.rc chu§,n cua khong gian H thl 

lim llx- Ynll = o: 
n->oo 
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11. ChU:ng minh trong khong gian L2 [0; 21r], khi ap dl.mg qua trlnh 
tn,rc giao h6a Hilbert-Schmidt d6i voi cac ham s6 sin mx, cos nx 
(m = 1, 2, ... ; n = 0, 1, 2, ... ) ta nh~n du:<;Jc m<)t cd sd trl,tc chu§.n. 

12. Cho day (xn) la m<)t h~ vectd d6i m<)t tn.rc giao d1a khong gian 
Hilbert H. Ch(mg minh cac di@u ki~n sau la tudng dltdng: 

a) Chuoi L Xn h<)i t1,1 m1;1nh; 
n2:1 

b) Chuoi L Xn h<)i t1,1 y~u; 
n2:1 

c) Chuoi L llxnll 2 h<)i t1,1. 
n2:1 

13. Tren khong gian Hilbert l2 cho cac phi~m ham: 

00 

a) f(x) = L Xk sign(k- n); 
k=l 
00 

1>:=1 
00 

c) f(x) L:x~; 
k=l 

d) f(x) = supk ixki; 
00 

k=l 

f) f(x) = Xn; 

trong d6 X = (xn) E l2, '!1- la s6 nguyen dltdng c6 dinh: Phi~m 
ham nao trong cac phi~m ham tren day la tuy~l). tfnh, lien tl,lC 
va tlm chu§.n CUa Chung ( ll~U t6n t1;1i). 

14. Tren khong gian Hilbert L2 [0; 1] cho cac phi~m ham: 

t ( 1)·· a) F(x) = Jo x(t) sign t- 2 . dt; 
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b) F(x) = 11 

!x(t)! dt; 

c) F(x) = 11 

x(t2
) dt; 

d) F(x) = sup Jx(t)J; 
tE[0;1J 

e) F(x) = 11

x2 (t) dt; 

f) F(x) = x (~). 
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Trong cac phi~m ham tren day, phi~m ham nao la tuy~n tinh, 
lien t\].C va tlm chuiin CUa chung ( ll~U tBn t9-i) . . 

00 

15. Cho day (dn) thoa man di§u ki~n: chuoi s6 L dnxn h<)i t\1 v:Oi 
n=1 

mQi x = (xn) E l2. Chung minh day s6 (dn) E l2. 

16. Cho f la phi~m ham tuy~n tinh lien t\lc tren khong gian con H0 

cua khong gian Hilbert H, H0 -=/- H. Chung minh t6n t9-i m<)t 
phi~m ham tuy~n tinh lien t\lc duy nh§,t thac tri@n ham f tU 
H0 len toan b¢ H vdi chu§:n khong tang va tri~t tieu tren pharr 
bu tr\fC giao H 8 Ho. ··: . 

17. Cho day s6 phuc (an)· Voi moi X= (xn) E l2 ta d?,t Ax= (anXn)· 

a) Day s6 (an) phai thoa man di§u ki~n gl d@ AxE l2, Vx E l2? 
Vdi di§u ki~n tlm dtr<;:lc,_ chung minh toan tU: A tuy~n tinh, 
bi chl;l.n va tlm IIAIJ. . 

b) Vdi di@u ki~n tlm duc;:Jc d m\].c a), day s6 (an) phai thoa man · 
them di@u ki~n gl d@ A la to an tU: tv lien hc;:Jp? 

18. Cho Ala toan tU: tuy~n tinh lien t\].C anh X9- khong gian Hilbert 
th\rc H vao chinh n6. Toan tU: A gQi la xac dinh dudng n~u vdi 
mQi x E H d@u c6 (Ax, x) ;::: m(x, x), trong d6 m la s6 dudng " 
c6 dinh nao d6. Chung minh toan tU: A la m<)t song anh va 
IIA-111 ~ m-1. 
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19. Cho H0 la khong gian con cua khong gian Hilbert H, P la toan 
tl't chi~u H len Ho, A la toan tl't tuy~n tinh lien tl,lc, anh Xc;t 

khong gian H vao chinh n6. Chling minh: 

a) Khong gian con H0 b§.t bi~n d6i voi toan tU' A, nghi:a la 
AH0 c H0 , khi va chi khi Po A o P = A o P. 

b) Cac khong gian con H0 va H 8 H0 b§.t bi~n d6i voi toan tU' 
A khi va chi khi A o P = P o A. 

20. Cho A la toan tU' tuy~n tfnh bi chi;in anh Xc;t khong gian Hilbert 
H vao chinh n6. Chung minh: 

. , - oo .\k Ak 
a) Voi mQi so phuc .\, chuoi :2: k! hoi t1.1 trong khong gian 

k=O 
I(H, H), trong d6 A0 = I ,I la toan tl't d6ng nh§.t. T5ng 
cua chuoi d6 ki hi~u la exp(.\A), hay chung minh: 

[exp(.\A)r1 
= exp (-.\A). 

b) N~u Ala toan tU' tv lien hQp va .\ la so tht_tc thl exp(.\A) 
cling la toan tt''t tV lien hQp. 

21. Cho Ala toan tU' tuy~n tfnh bi chi;in anh Xc;t khong gian Hilbert 
H vao chinh n6 thoa man di~u ki~n IIA- Ill < 1. Chttng minh: 

oo (A-I)k _ 
a) Chuoi L( -l)k~l k hoi tt.l trong khong gian I(H, H). 

k=1 
T5ng cua chuoi d6 ki hi~u la logA. Chttng minh: 

b) exp(logA) =A; 

c) N~u thay toan tl't A b~ng toan ttr tuy~n tinh bi chi;in B anh 
Xc;t khong gian H vao chinh n6, thl cac k~t Iu?,n a mt_lC a), 
b) tren day con dung khong? Vl sao? 

22. Tlm cac toan tU' lien h<;Jp voi cac toan tU' cho duoi day: 
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b) Ax= (0, x1, 0, x2, ... ), x = (xn) E l2; 

c) Ax= (0, 0, ... , Xk, xk+l, ... ), x = (xn) E l2, k la so nguyen 
dtrong da cho; 

d) Ax = (0, 0, a1x1, a2x2, ... ), x = (xn) E l2, (an) la day so 
pht'rc da cho; 

Tim cac to an tu lien h<;!p tren day ( neu t6n t~;ti). 

23. Tim cac toan til' lien h<;!p voi cac toan tlr cho duoi day trong 
khong gian L2[0; 1]: -

a) (Ax)(t) = 1t x(s) ds, 0:::; t:::; 1, x E £ 2 [0; 1]; 

b) (E>.x)(t) = ' - ' 
{ 

X (t) 0 < t < A. 

0, A:::; t:::; 1,A E JR,x E L2 [0; 1]; 

c) (Ax)(t) = x(tP), x E L2 [0; 1),p E lR da cho; 

d) (Ax)(t) = a(t)x(t), x E L2 [0; 1], a(t) la ham so da cho xac 
dinh va bi ch~n tren do~;tn [0; 1] . 

. . 
' 

Tim cac to an til' lien h<;!p voi cac to an til' tren day ( neu t6n t~;ti). 

24. Cho cac toan til' tuyen tinh bi ch~n A, An (n = 1, 2, ... ) anh XI;L 

khong gian Hilbert H vao shinh n6. Day (An) gQi la h<;>i t\1 yeu 

tdi A, ki hi~u An ~ A, neu 'ix E H ta d~u c6 Anx ~ Ax. 

Chling minh, neu day toan tu (An) h<;>i t\1 y~u tdi A va 

lim I!Anxll = IIAxll, 'ix E H, 
n-+oo 

thi day ( Anx) h<;>i t\1 tdi Ax theo chufi.n trong khong gian H voi 
mQi X E H. 
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3.3 Bai t~p nang cao 

25. Cho khong gian dinh chu§.n X tren tnrong P (P =JR., P =C), 
trong d6 chu§.n thoa man cong thuc hlnh blnh hanh 

Chling minh c6 th§ dua vao khong gian X m(>t tich vo httong 
sao cho chu§.n sinh boi tich vo httong trung voi chu§.n da cho 
tren khong gian X. 

26. Chung minh trong khong gian L2 [-1; 1], khi ap d1,mg qua trlnh 
tr1,tc giEw h6a Hilbert-Schmidt d6i voi cac don thuc 1, x, x2

, ... 

ta dU<;Ic cac da thuc Legendre 

Pn(x) = Cn ddx: [(x2
- 1)n] (n = 0, 1, 2 ... ), 

trong d6 Cn la cac h~ng s6, va cac da thuc d6 l~p thanh m(>t co 
sd tn.tc chu§.n. 

27 .. Hay tlm ph§.n bu tntc giao trong khong gian L2 [0; 1] ci:m cac t~p 
h<;lp sau: 

a) Cac da thuc cua x; 

b) Cac da thuc cua x2
; 

c) Cac da thuc voi cac s6 h~;~.ng tv do b~ng 0; 

d) Cac da thuc voi t6ng cac hG s6 b~ng 0. 

28. Chling minh n~u Ala toan tit tuy~n tinh bi ch~n anh x~;~..khong 
gian Hilbert H vao chinh n6 sao cho to an tit tich A o A* la 
compak thl A la toan tit compak. 

29. Chling minh n~u A la toan tit tv lien h<;!p anh XI;L khong gian 
Hilbert H vao chinh n6 sao cho An ( voi n la me>t s6 nguyen 
duong nao d6) la toan·tfr compak, thl Ala toan tit compak. 
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30. Cho kh6ng gian Hilbert H voi Cd Sd tn,rc chu§.n (en) va toan tl'r. 
A: 

00 

Aei = L aijej (i = 1, 2, ... ). , 
j=l 

00 00 

Chung minh, n~u L L laijl2 < +oo thl Ala toan t11 compak. 
i=l j=l 
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3.4 H udng d§.n gi<ii 

1. Bt;tn dQc tv giiii. 

2. Bt;tn dQc t"tJ giiii. 

3. Khi: Giii sir X va y phl;l thu(>c tuy~n tinh, We la t5n tt;ti ). E p : 
X= >.y. Th~ thl: 

l(x,y)l = l(>.y,y)l = I>-IIIYII 2 
= llxiiiiYII· 

Chi khi: Giii stij(x, y)j = llxiiiiYII· 

N~u y = 8: c6 ngay di@u c§.n chung minh. 

N~u y =I= 8: Ta c6 

.(x - (X, y) y' X - (X' y) y) = 
(y, y) (y, y) 

= ( ) _ (X, y) ( . ) _ (X, y) ( ) + (X, y) (x:0 (· . ) 
x,x ( )x,y ( )y,x '( )? y,y y,y y,y y,y-

= -( 
1 

) [(x,x)(y,y)- (x,y)(x,y)] y,y 
1 

= -( -) [llxll 2 llYll2 
-. l(x, y)j 2

] = 0 y,y 
(x,y) 

=?x--(: )y=O, y,y 

suy ra X va y plw thu(>c tuy~n tinh. D 

4. B6 d~: Voi mQi x, y, z E lj, ta c6 . 

(x- y, x- z) + (x- z, x- y) = llx- Yll 2 + llx- zll 2
- IIY- zll 2

· 

Bt;tn dQc tv chung minh b6 d@ tren. 

Voi x = u ho~c x = y ho~c x = v, bat diing thuc hi~n nhien 
dung. 
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Voi x ¢:. {u, v, y}: ta di;i.t: 

x-u x-y x-v 
a= llx- ull2' b = II:L~- Yll2' e = llx- vll2. 

Ta c6 

lla- bll2 
= (a-- b, a- b) 

suy ra 

= llall2 (a, b) - (b, a)+ llbll2 
1 1 

llx- ull2 - llx- ull2llx- Yll2 [(x-u, x- y) 
1 

+ (x- y, x- 'u)] + llx- Yll2 
1 ' [ t 

= llx- ull211x- Yll2 llx- Yll - llx- ull2-
-llx- Yll2 + llu- Yll2 + llx- ull2] . 
llu- Yll2 

- _ __:.:_.____:_::___ 

llx- ull2llx- Yll2' 

llu-yll 
IJa ~ bll = llx- ullllx- Yll. 

B~ng each tttc:Jng t\r, ta. c6: 

IIY- vii llv- ull 
lib- ell = llx- Yllllx- vii' lie- all = llx- vllllx- ull. 

Cu6i cling, tlt b§,t diing thuc tam giac: 

lib- ell :::; lla- bll +lie- all, 

ta suy ra di~u phai chung minh. D 

147 



148 Clutdng 3. Khong gian Hilbert 

Th@ thl ta c6: 

Dinh thuc Crame chfnh la dinh th(tc ella h~ phtrong trlnh tuy@n 
tfnh ~hu§,n nh§.t (3.3) (§.n la cac s6 )11 , A2 , ... , An)· 

Khi: Gia sit cac vecto x1 ,x2 , ... ,xn d9c l~p tuy§n tfnh nlutng · 
dinh th(rc Crame b~ng khong, khi d6 h~ (3.3) c6 nghi~m khong 
t§,m tlurong (AI, A2, ... , An) 

(3.3) ~ (~A;x;,A;x;) ~ O,j ~ l,n 

~ (~A,x;, tA;x;) ~ 0 

n 2 

=0 
i=l 

n 

==? LAiXi = 0, 
i=l 

suy ra h~ x1, x2 , ... , Xn ph1,1 thu9c tuy§n tfnh, mau timan. Do 
v~y dinh thuc Crame phai khac khong. 

Chi khi: N§u dtnh thuc Crame khac khong thl h~ phuong trlnh 
(3.3) chi c6 nghi~m t§.m thuong, tlic A1 = A2 = ... = An = 0, 
suy ra h~ x1 , x2 , ... , Xn d9c l~p tuy§n tfnh. 0 

6. Voi IDQi X E lvf, ta c6 xj_(H e Jv!) nen X E He (He 1\1). Tu d6 

1\1 c He (He 1\1). (3.4) 

Ngu<;Jc l1;1i, voi IDQi X E He (He 1\1), ta c6 bi@u dien 

x = y+ z, y E !vi, z E H e 1\1. 
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Ta c6 x_Lz nen 0 = (x, z) = (y + z, z) = (y, z) + (z, z) = llzll 2
, 

suy ra z = () tU d6 x = y E AI. V?,y 

H 8 ( H 8 l'v1) c !VI (3.5) 

Tu (3.4) va (3.5) suy ra di~u phai chung minh. D 

00 

7. N §u chuoi L c~ h9i t1,1. thr 
n=l 

00 

(Vr:: > 0)(3n0 > 0) L c~ < ~-
n=no 

GQi A= {x = (x1, x2, ... , Xn0 , 0, 0, ... ) : lxil :::; ~, i = 1, no}, ta 
c6 A la t?,p h<;Jp compak va • 

(Vx E !VI)(3x' E A) : llx- x'll < r:: (3.6) 

Th?,t vf}.,y voi mQi x = (xn) E !VI, ta chQn x' E A sao cho n0 tQa 
dQ d§,u tien tri:mg voi cac tQa dQ tudng ling cua X, COn cac tQa 
d9 ti§p theo d~u b~ng 0. Th§ thl 

00 00 

llx- x'll.= L x~:::; L c~ < ~· 
·, · n~no n=no 

Tf}.,p h<;Jp A compak, do d6 n6 hoan toan bi ch~n, suy ra t6n tq.,i 
kEN*: 

k 

A C US ( x(i), ;) , trong d6 x(i) E A 
i=l 

Tu day vatu (3.6) ta suy ra: 

k 

!VIc U S(x(i), r::), 
i=l 

nghia la t?,p h<;Jp !VI hoan toan bi ch~n, hdn nua n6 dong. V?,y 
l\1 compak. 
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00 

NguQc l<;J..i, gia sl'r AI compak nlnrng L c~ = ~oo. The thl. chQn 
n=1 

nk+I-1 

L ci > 1, Vk = 1, 2, ... 
i=nk 

GQi x(k) = (0, ... '0, Cnk' ... 'Cnk+l-11 0, 0, ... ) E AI, Vk = 1, 2, ... 
Khi d6 

llx(k) - x(k') II ~ v'2, Vk =/= k'. 

Day ( xCk)) :
1 

khong chua day con nEw h<)i ttJ nen AI khong la 

t?,p hQp compak, mau thuan. 0 

8. Neu x E E thl chQn y = x, ta duQc di~u phai chung minh. 

Neu x ¢:. E, gQi d = d(x, E)= inf llx- ull. Vl E dong nen d > 0. 
uEE 

Theo tfnh ch§.t cl'1a c?,n dtroi d"Lmg, ta tim dtrQc day ( un) c E : 
llx- unll --+ d khi n--+ oo. 

Theo dilng thuc hlnh blnh hanh: 

2llx- unll 2 + 2llx- Umll 2 
= 

= ll(x- Un) + (x- Um)ll2 + ll(x- Un)- (x- Um)ll 2 

= 4llx- Un ~ Um 112 + llu~- Umll2 

' 1 . 
Vl E la t?,p loi nen 2(un + um) E E, do d6: 

Tu d6 nh?,n dUQc lim llun -umll = 0, suy ra ( un) la day Cauchy 
n,m.~oo 

trong E. Nen, t6n t<;J,i y = lim un, hdn m1a E d6ng nen y E E 
n->oo 

va 
llx -·yll = lim llx- unll =d. 

n->oo 
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D§ y r~ng y E E, nen dl:r±g"thuc tren dan toi 

llx- Yll =min llx- ull· 
uEE 

Ph§..n tu y la duy nh§..t, th?,t v?,y, gia su c6 

y' E E : II X - y'll = II X - y II· 

Theo d[ng thuc hlnh blnh hanh: 

4d2 = 2llx- Yll 2 + 2llx- y'll 2 

~ 411x- y ~ y' II'+ IIY- y'll' 

2: 4d2 + IIY- y'll 2 

=? II Y - y'll 2 = o =? Y = y' 

V?,y ta c6 di~u phai chung minh. D 

9. N@u x E H0 , ta c6 ngay di§u phai chung minh. 

N@u X ¢:. Ho, khi d6 ta c6 bi~u dien: X = Uo +Yo voi Uo E Ho, 
Yo E H 8 Ho, han nua-

. ' 

' 
IIYoll = llx- uoll =min llx- ull (3.7) 

. uEE 

De th§..y Yo =f B, khi d6 d~~ Y1 = ~~~:~~· Ta c6 Y1 E H 8 Ho, 

IIYIII = 1 va voi m<;>i y E He Ho, IIYII = 1: 

i(x,y)i = i(uo+Yo,Y)i = i(Yo,Y)i ::S IIYoiiiiYII = IIYoll= i(x,yl)i. 

Suy ra 
IIYoll = l(x, YI)i = mHaxu l(x,_y,)l (3.8) 

YE 8no 
IIYII=l 

Tu (3. 7) va (3.8) suy ra di§u phiH chttng minh. D 
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10. Ta c6: 
n 

(Yn, ei) = (2:)x, ej)ej, ei) = (x, ei), Vi= 1, n, 
i=l 

suy ra 

Til d6 ta c6 bi@u dien: x = Yn + (x- Yn), v6i Yn E Hn, x- Yn E 
He Hn. V~y Yn la hlnh chi§u ella X len Hn. 

N§u (en) la Cd Sd tn,rc chuiin thl: 

(X) 

x ~ .I:(x, ej)ei 
j=l 

va Yn chfnh la t6ng rieng thu n ctla chuoi. 

Do d6, lim Yn = x hay lim llx- Ynll = 0. D 
n--+co n--too 

11. Ta chung minh h~ sin mx, cosnx (m = 1, 2, .... ; n = 0, 1, ... ) la 
h~ tnrc giao d§,y du. 

-· 
Th~t v~y, v6i m = 1, 2, ... ; n = 0, 1, ... va m t- n 

12

7r sin mx sin nx dx = ~ 12

7r [cos(m- n)x- cos(m + n)x] dx 

27r 

= ~ [sin(m _:__ n)x _ sin(m + n)xl = O; 
2 m-n m+n 

0 

v6i m = 1, 2, ... ; n = 0, 1, ... , n§u m ¥- n thl 

12

-;r sin mx cos nx dx = ~ 12

-;r [sin(m + n)x + sin(m- n)x] dx 

27r 

= -~ [cos(m + n)x + cos(m- n)xl 
2 m+n m-n 

0 

.=0, 
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n§u m = n, do d6 m =/= 0, thl 

1
27r 1127r cos 4rnx 

27r 
sinmxcosmxdx =- sin2mxdx =- = 0: 

o 2 0 8m · 
0 

cu6i cling, voi m = 1, 2, ... ; n = 1, 2, ... va m =I= n, thl 

1
27r 1127r 

cos mx cos nx dx = - [cos( m + n )x + cos( m - n )x] dx 
0 2 0 

= ~ [sin(m + n)x + sin(m- n)x] = O. 
2 m+n m-n 

0 

Nen h~ da cho tn.rc giao. Tfnh d§.y d-l1 ella h~ dtt(Jc suy ra tu dtnh 
lf Weierstrass v§ x§..p xi m<)t ham tu§.n ho~m lien t1.1c bCii cac da 
thuc ltt(Jng giac (tlic la cac ham s6 ella h~ n6i tren). Tu ct6 suy 
ra di§u phai ch(rng minh. D 

12. a) :::? b) Hi@n nhien. 

n 

b) :::? c) Xet t6ng rieng thu n cua chuoi da cho: Sn = L X k. Vl 
k=l 

chuoi h<)i t\l y§u nen voi moi X E H, day {(Sn, x)} h<)i tl_l, suy ra 
day { (x, Sn)} cilng h(ii tv, do d6 bi chi;in. Di;it 

fn(x) = (x, Sn), Vx E H, 

th§ thl fn la m<)t phi§m ham tuy§n tfnh lien tl_lC Va bi chi;i,n tUng 
di@m tren H. Han nua, theo dtnh lf Risez: llfnll = IISnll- 1?-i theo 
nguyen lf Banach-Steinhaus, thl day toan til' Un) .bi chi;in d§u, 
t(rc la t5n t?-i !vi> 0: llfnll = IISnil ::; !vi, Vn. Tu ct6 

n 

IISnll 2 = (Sn, Sn) = L llxkli 2 
::; !vi, Vn. 

k=l 

00 

V~y chuoi Lllxnll2 h<)i tv. 
n=l 
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c) =? a) Voi moi n, p nguyen dttdng: 

p 

IISn+p- Snll 2 
= L Xk+j 

2 p 

= L llxk+ill
2

· 

k=l k=I 

00 

Tu day vatu gia thi@t chuoi L llxnll 2 hOi t1.1 suy ra (S11 ) la day 
n=l 

00 

co ban, rna H la kh6ng gian d§.y nen LX~ hOi tl,l m~;tnh. 0 
n=I 

13. a) f kh6ng xac dinh tren l2. 

Th~t v~y, l§.y x = ( 1, ~, ... , ~' ... ) E l2 nhung f(x) = +oo. 

b) f kh6ng tuy@n tfnh. 

c) f khong tuy@n tfnh. 

d) f kh6ng tuy@n tinh. 

e) f kh6ng ttiy@n tfnh. 

f) De th§.y f tuy@n tinh va lf(x)l = lxnl :S llxll, Vx E l2. Do d6 
f lien tl,lC Va llfll :S 1. Ivif;it khac, l§.y X= en = (0, 0, ... , 1, 0, ... ) 
(so 1 d vi trf th(r n) thl en E l2· va lien II = 1. Ti:r d6 llfll ;::: 
if(en)l = 1. 

V~y IIJII = 1. 0 

14. a) De th§.y F tuy@n tfnh va 

IF(x)l , 111 

~(t). sign(t- 1/2) dtl 
r--------

< 11 

x2(t) dt 11 

sign
2 
(t- ~) dt 

= llxiL. Vx E L2[0, 1]. 
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Tu d6 suy ra F lien t1,1c va IIFII :::; 1. Mi;it khac, l§.y x0 (t) = 

sign (t- ~) thl Xo E £2[0,1] va llxoll = 1. Ta c6 

IIFII ~ IF(xo)l = 111 

sign
2 

(t ~) dtl = 1. 

V~y IIFII 1. 

b) F khong tuy~n tinh. 

c) F khong xac dinh tren £ 2 [0; 1]. Th~t v~y, xet hani s6 

. { 1 4 
, O<t<1 

x(t) _ 0-=-t - . 
0,. t = 1 

· Ta se chling minh x E £ 2 [0; 1] nhling F(x) = oo. 

Xet day ham {xn(t)} xac dinh nhtr sau 

{ 

x2 
( t), 0 :::; t :::; 1 - ~ 

Xn(t) = · 
1 

0, 1-- < t:::; 1 
. n 

Ta c6 {xn} la day ham khong am, do dtrQC va hQi tl,l·d~n x 2 tren 
[0; 1]., hdn nua 

t Xn(t) dt = rl-~ x2(t) dt {Ol-~ ~ dt 
Jo Jo : Jo 1- t 

= -2vr=tjl-~ = 2- 2 !I:::;' 2 
0 y; . 

do d6 day tich pharr 11 

xn(t) dt bi ch~n bdi 2. Suy ra ham x
2 

0 . 

kha tich va ta ciing c6 

. t x2 (t) dt-:- lim 11 

Xn(t) dt = 2. · lo o 
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Tu day suy ra x E L2[0; 1]. 

Bay gio ta xet tfch phan 

F(x) = t x(.t2
) dt. 

· lo 
Gia sli tich phan nay t6n t~i hliu h~n va c6 gia tri la !vi, th~ thl 
ta c6 

1
8 18 

dt x(t2
) dt = 0=t2 :::; !vi, Vs E [0; 1). 

0 0 1- t 2 . 

Thl,!c hi~n phep d6i bi~n t = sin u, ta du<;Jc 

t ~ r V COS U du, VOi T arcsin S lo 1- t2 lo 
r:::::::-:::jr 11r u sin 1.L du 

= Uy~.,;v;::,u +-
o . 2 0 ..jcosu 

:::; TJCQSi + vkr r u sin u du 
. 2 COST } 0 · 

. 1 
= TJCQSi + 

2
..;CoSi (sin T - T cosT) 

COST 

1 ( . ) . = r;::;::;:::-;; Slll T- TCOST --+ +oo, 
2yCOST 

khi r--+ ~'ling voi s--+ 1 (mau thuan). . 2 

Do d6 F(x) = +oo, tuc F khong-xac dinh tren L2 [0; 1]. 

d) F khong tuy~n tfnh .. 

e) F khong tuy@n tfnh. . 

f) Xet day (xn) c L 2 [0; 1] xac dinh nhu sau 

{

n, 
Xn(t) = 
. 1 . '. 

' 1 neu t = 2 
' 1 neu t #- 2 
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voi ffiQi n = 1, 2, .... 

Ta c6 IF(xn)l = n, llxnll = 1, 'rfn. 1, 2, ... , suy ra F khong bi 
chi;in. D 

15. Voi m6i m = 1, 2, ... , xet phi~m ham fm xac dinh theo cong 
thuc: 

m 

fm(x) L dkxk, 'rfx = (xn) E l2. 
k=l 

De th§.y fm tuy~n tfnh, ta se chling minh fm bi chi;in va tlm 
chu§.n cua n6. 

Voi m9i x = (xn) E l2: . 

m m 

lfm(x)l . LdkXk < L lxkl2 -s:' l\!Imllxll, 
k=l k=l 

m· 

voi l\!Im = 2: idkl2 . Do d6 fm bi chi;in va llfmll :S l\!Im· 
k=l 

Mi;it khac, l§.y x = (d1, d2; ... , dm, 0, 0, ... ) E l2, ta c6 llxll =111m 
va 

. - m 

lfm~·x)l ~ L idkl 2 '5: llfmllllxll. 
k=l 

. Suy ra llfmll ~ jvjm· Do d6 llfmll = l\!lm• 

Voi m6i x E l2 thl day {fm(x)}~=1 ' h9i. t1;1, nghia la day Um) 
h9i t\1 tling di@m tren l2': nen day . nay bi chi;in tling di@m tren 
l2 • Theo dinh lf Banach-Steinhauss, day Um) bi chi;in d~u,_tuc la 
t6n t~;ti m9t s6 l\1! ?. 0 sao cho · 

m 

llfmll= L !dk! 2 '5: l\1!, 'rim. · 
k=l 

Tu d6 suy ra (dn) E h· D 
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16. Slj tbn t~ 

GQi P : H -+ H0 la toan tfr chi§u tu H len H0 . Ph!§m ham 
F = f o P chfnh la phi§m ham tuy§n tfnh c§.n tlm. Th~t v~y 

,. Voi ·mQi x E Ho: F(xo) = f(Pxo) = f(xo). 

- Voi mQi z E H eHo: F(z) . f(Pz) = f(B) = 0. 

- Ta c6 

IIFII = sup IF(x)l ~ sup IF(x)l = sup lf(x)l = 11!11, 
llxJI=l xEHo llxJI=l 

Jlxll=l , 

mi;it khac 

IIFII = II! 0 PI! ::; II!IIIIPII = llfll. 

Do d6 IIFII = 11!11· 

Tfnh duy nh~t 

Gia sfr c6 m<)t phi§m ham tuy§n tfnh F' cling thoa man bai toan. 
Theo d!nh lf Riesz t5n t;;ti a E H: F(x) = (x~ a), Vx E H va t5n 
t;;ti a' E H: F'(x) = (x, a'), Vx E H. Ta c6 

F{x)--.: F'(x), Vx E Ho U (H 8 Ho), 

suy ra 
(x, a__:_ a')= 0, Vx E-Ho U (H 8 Ho). 

V~y phai c6 a= a' hay F = F' tren H. D 

- 17. a) N~u (an) bi chi;in thl de th§_y AxE l2, Vx E l2. 

N~u(an) khong hi chi;in thl t5n t;;ti day con (ank) cua (a~) thoa 
man lank! > k, Vk. 

GQi X= (xn) thoa man 
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Th~ thi x E Z2 nhung Ax t/: Z2 . 

V~y di~u kiE;ln d .. n va dii d@ A la anh Xl;L ,tu lz vao chfnh no la 
day (an) bi ch~n. 

Taco: 

00 00 

n=l n=l 

voi lvi =sup !ani· Suy ra A bi ch~n va IIAII ::; lvf. 
n 

M~t khac, voi IDQi c > 0 nho tuy )r, t6n t~;Li n: !ani > M- c va 
do do 

l!All = sup l!Axll 2: l!Aenll =!ani 2: l\1- E. 
llxll=l 

Suy ra IIAII 2: l\1. V~y IIAII =sup !ani· 
n 

b) Day (an) la day s6 thvc bi ch~n. 0 

18. Chling minh A la song anh. 

Voi IDQi X E H rna A1: . ()' ta c6 

0 = (Ax, x) 2: m(x, x) 2: 0 => (x, x) = 0 => x = (). 

Do do A la don anh. Sau day ta se chling minh A la to~n anh 
bitng each ch(rng minh A( H)= H. Throe h~t, ta se chling minh 
A(H) dong trong H. · 

Th~t v~y, voi m9i day (Yn) C A(H) va Yn --t y E H t6n t1;1i 
(xn) C H sao cho Yn = Axn, 'Vn = 1, 2, .... Voi m9i n, m nguyen 
duong 

llYn- Ymllllxn- Xmll 2: (Yn- Ym, Xn ~ Xm) .. 
2: m(Xn- Xm,Xn- Xm) .. ml!Xn- Xmll 2

, 
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suy ra 

Tu day nh~n d11<;1c (xn) la day co ban trong H, do d6 n6 h9i t1,1 
tai ph&n tux ·E H nao d6. D~ th§.y y =Ax tuc yEA( H); suy 
ra A( H) dong trong H. 

Hon nua, n~u z..LA(H) thl 

0·= (Az, z) ;::: m(z, z) = mllzll 2 =? z =e. 

Suy ra A( H) = H va A la toan anh. Tu d6 A la .song anh, nen 
t6n tl;ti -anh xl;t ngu<;Jc A - 1. D~ th§.y day cling la toan tu tuy~n 
tinh tu H vao chinli n6 .. 

Voi mc;>i X E H 

IIAxllllxll 2: (Ax,x) 2: m(x,x) = mllxll2
, 

do d6 
IIAxll ;::: mllxll, \lx E H. 

Tu dO nh~ du<;Jc IIA-111::::; m-1. 0 

19. a) =?) Gia su-c6 A(H0 ) c H0 , voi·mc;>i x -E H, gc;>i y = Px,. · 
.z = Ay. Ta c6 y E H0 va do gia thi~t nen cling c6 .z E Ho. Tu 
d6. 

(Po A o P)(x) = (Po A)(Px) ----: P(Ay} = P(z) = z 

va 
(A o P)(x) . A(Px) = Ay = z. 

V~y suy ra Po A o P . A o P. 

¢=) Gia su c6 p 0 A 0 p =A- 0 P, voi mQi X E Ho, ta c6 

A(x) = (A o P)(x) ={Po A o P)(x) = P(Ax) E H0 . 

V~y suy ra A(Ho) C Ho. 

b)=?) Gia su c6 A(Ho) c H0 ,A(H e H0 ) c He Ho. Voi mc;>i 
X E H ta c6 X = y +' z, trong d6 y E Ho, z E H e Ho, suy 
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ra Px ·~ y. Ta cling c6 Ax = Ay + Az va theo gia thi~t thl 
AyE H0 , Az E H 8 H0 , suy ra P(Ax) = Ay. 

Tu ct6 ta nh?,n ctuQc 

(P o.A)(x) = P(Ax) = Ay .-:..(A o P)(x).· 

V?,y A o P . P o A. 

-{::::) Gia sit c6 A o P = P o A. 

. VOi mQi x E H0 : Ax - A(Px) = (A o P)(x) = (Po A)(x) = 
P(Ax) E H0 , suyra A(Ho) c Ho. . · 

Voi mQi z E H 8 H0 : P(Az) = A(Pz) = A(O) = 0 :::::> Az E 
HeH0 , suy raA(HeHo) c HeHo. · 

V?,y c6 cti@u phai chling minh. 0 

20. a) Ta c6 

"' _ < "' · = ei>-IIIAII 00 II A_k Ak II 00 IA.IkiiAIIk . 
L..t k! - L..t k! . ' 
k=O k=O 

- 00 II A_k Ak II . ' do ct6 chuoi {; k! h()i t\J.. Do khong gian I ( H, H) ctay nen 

- oo A_k Ak . . 

chuoi L -~ h()i t1J::· . 
k"=O · 

Voi A=() (ki hi~u toan .tti khong) ta ctuoc exp(O) · I. Voi mQi 
·A., A', ta c6 

· = exp[(A. + A.')A] 
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Cho )..' = -A ta dU<;:Jc exp(-\A) exp( --\A) = exp(B) = I, tU d6 
suy ra 

(exp(-\A)t1 = exp( -,\A). 

b) Ta c6 

V~y c6 di~u phai chling minh. 0 

21. B~n d9c tl;l giai. 

22. a) De th~y Ala toan tu tuy~n tinh bi chi;in nen t6n t~i toan tU 
lien h<;:Jp A*. 

Voi m9i x = (x1, xz, .. . ), y = (y1, yz, .. . ), ta c6 

(Ax, y) = Oy1 + X1Y2 + · · · + XnYn+l + · · · 
= X1Y2 + ~ · · + x_nYn+l + · · · 
= (x, A*y) 

Tu d6 suy ra A*y = (yz, Ya, .. . ). 

b) Ta c6 

(Ax, y) = Oy1 + X1Y2 + · · · + Oyzn-1 + XnY2n + · · · 
= X1Y2 + · · · + XnY2n + · · · 
= (i, A*y) 

Tu d6 suy ra A*y = (yz, Y4, ... , Yzn, · .. ). 
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c) Ta c6 

(Ax, y) = Oy1 + · · · + 0Yn-1 + XnYn + · · · 
= x10 + · · · + Xn-10 + XnYn + ... 
= (x, A*y) 
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Til d6 suy ra A*y = (0, 0, ... , Yn, Yn+l, ... ) = Ay. Vfj,y Ala toan 
tit tv lien h<;Jp. 

d) Tudng tv nhtt tren ta du<;Jc 

23. a) D@ th§.y Ala toan tit tuy~n tfnh trong L2 [0, 1] va Vt E [0, 1]: 

ll ~(s) dsl' :'0 ([ lx(s)l ds) 
2 

:'0 [ lx(s)i' ds = llxll2
, 

Suy ra 

[If x(s) dsl
2 

dt :'0 llxll2 

hay IIAxll2 
:::; llxll 2

, nen IIAxll :::; llxll· Vfj,y A la toan ti't tuy~n 
tfnh bi chi;in, do d6 t5n tl;ti toan til: lien h<;Jp A*. 

Voi moi x, y E L2 [0, 1], ta c6 

(Ax, y) = 11 

(Ax)(t)y(t):dt = 11 (1t x(s) ds) y(t) dt 

Til d6 

= 11 1t x(s)y(t)dsdt= 11 

x(s) (11 

y(t)dt) ds 

= (x, A*y) = 11 

x(s)(A*y)(s) ds 

(A*y)(s) = 11 

y(t) dt, Vs E [0, 1]. 



164 Chttdng 3. Khong gian Hilbert 

b) De th§,y E A la to an tit tuy~n tfnh bi ch~n trong L2 [ 0, 1], do 

do t6n t~i to an tit lien hQp E~. 

Voi mQi x, y E L2[0, 1], ta c6 

(EAx, y) = 11 

(EAx)(t)y(t) dt 

· A . 1 

= 1 x(t)y(t) dt + 1 0 · y(t) ~t 
A · 1 

= r x(t)y(t) dt + r x(t) . 0 dt 
Jo · JA 

= (x~ E~y) = 11 

x(t)(E~y)(t) dt 

Tud6 

(E~y )(t) = {y(t), 0 :s; t < A 
0, A :s; t :s; 1, y E. L2 [0. 1] 

. V~y EA la toM. tit t1,r lien ~Qp. 

c) Ta c6 Ala toan tli tuy~n tfnh bi ch~n trong khong gian L2[0; l] 
nen t6n t~i to an tit lien hQp A*. 

Voi moi x, y E L2[0; 1], ta c6 

(Ax, y) = 11 

x(tP)y(t) dt. 

· 11 
--1 du = x(u)y(u"P) . E=l ,· (d6i bi~n u = tP) · 

· o . pu p 

= {
1 

x(t) [y(~l dt 
Jo pt P 

= (x, A~.Y) = 11 

x(t)(A*y)(t) dt 
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Tu d6 suy ra 
.1 . 

(A*y)(t) = y(~, y E £2[0; 1]. 
pt p 

d) (A*y)(t) . a(t)y(t), y E £ 2 [0, 1]. 0 

25. Truong h<Jp P = JR 
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VC!i tntong h<;Jp nay, tich vo huC!ng trong X xac dinh nhu sau:. 

. 1 . 
. (x, y) = 4(llx + Yll 2 ~ llx- Yll 2

), Vx, y EX. 

Th~t v~y, ta se chling minh n6 thoa manb6n tien d~ v~ tfch vo 
.huC!ng. 

a) De th§,y (y, x) = (x, y), Vx, y EX. 

b) VC!i m9i x, y, z EX, t~ c6: · 

(x+y,z)= 

= !{llx + Y + zll2 -llx + Y- zll 2
). 

4 . .·. 
1 . '. 

= - [(l!x + Y + zll 2 
- llx - Y + zll 2

) 4 . . 
+(llx·- Y + zll 2 + llx + Y- zll 2

) 

1· . 
= 2 [(llx + zll 2 + IIYII~)- (llxll 2+ IIY-:- zll2

)] 

·. 1 1 . . 
. = 2(11x + zll 2

- llxll2-llzll 2
) + 2CIIYII2 + llzii 2·-IIY- zll 2

) 

1 1 . . . 
= 4CIIx + zll 2

- llx- zll 2
) + 4(lly + zll 2

- IIY- ill2
) 

= (x, z) + (y, z) 

c) VC!i moi x,y EX, ham s6 (bi~n s6 a:) f(a:) = (a:x,y) lien 
t1.1c tren JR va c(>ng tinh · ( suy ra tu b)). Do d6 f ph:H c6 
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d~;mg: j(a) = Ca, C la hiing s6. Thay a = 1 vao ta dtt<;Jc 
C = f(1) (x, y). 

V~y (ax, y) = a(x, y). 

d) Ta c6 (x, x) = llxll2 nen (x, x) ~ 0, (x, x) = 0 {::} x =e. 

Truong hc;Jp P = c 
Tfch vo httong trong X xac dinh nhtt sau: ,. 

Ta ki~m tra cac tien d~ v~ tfch vo httong. 

a) Voi moi x,y EX: 

1 
(y, x) = 4(lly + xll 2

- IIY- xll 2 +illy+ ixll 2
- illy- ixll 2

) 

1 
= 4(llx + Yll 2 -.llx- YW+ 

+ illi(x- iy)ll 2
- illi(x + iy)ll2

) 

"1 
= 4(llx + Yll 2

- llx- Yll2 + illx- iyll2 
__:_ illx + iyll2

) 

= (x,y). 

b) Chling minh tttcmg tt,t nhtt tnrong h<;Jp d§.u. 

c) Tuong t1,r nhu tren ta xet ham s6 f (a) = (ax, y) lien tlfc 
va ci)ng tfnh. Do d6 f(a) = Ca, Va ho~c f(a) = Ca, Va. 
Thay a= 1 ta du<;Jc C = (x, y) vatu diing thuc (ix, y) 
i(x, y) ta suy ra (ax, y) = a(x, y). 

d) Tuong tt,t nhu tren. D 

26. Ta c6 h~ 1, x, x2, ... dt)c l~p tuy§n tfnh trong khong gian L2[-1; 1), 
nen nho qua trlnh tnrc giao h6a Hilbert-Schmidt, h~ nay se trd 
thanh mi)t h~ trt,tc chu§.n va kf hi~u la 
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De th§,y ding en, n = 0, 1, ... la da thuc bac n va e0 = ~- Ti~p 
· v2 

theo ta chung minh he ( Qn)~=O VOi 

Qn(x) = ddn (x2- 1)n 
xn 

tn,rc giao trong khong gian L2 [ -1; 1], do d6 la m9t he doc l~p 
tuy§n tfnh. 

Th~t v~y, xet hai ph§.n tv b§,t kl khong trung nhau Qn, Qm va 
gia sl! m < n. Ta c6 

dk dk . 

d 
k (x2

- l)nl = d k (x2
- ltj = 0, k = 0, 1, ... , n- 1 

X :z:=-1 X x=1 

nen khi ap dl).ng phtfOng phap tfch phan tiJng ph§.n ta dlt<;IC 

11 11 dm+l dn-1 
Qm(x)Qn(x) dx =- d m+l (x2

- 1)m d n-1 (x
2

- 1t dx 
-1 -1 X . X 

= ( -1 t 1: [ !::n ( x
2 

- 1) m] ( x2 
- 1 t dx 

=0 

Tu d6 suy ra he ( Qn)~=o tn.rc giao. 

Sau day ta se chling Ip.inh Q n va en ph\1 thu<:>c tuy§n tinh voi 
mQi n = 0, 1, .... Ro rang di€u nay dung voi n = 0. Gia Slf 
n6 dung d§n n, ta chling minh n6 dung d@n n + 1. Th~t v~y, 
trong khong gian En+l bao g6m t§,t ca cac da thuc b~c n + 1 
thl he { e0 , e1 , ... , en+1} la he doc l~p tuy§n tinh t6i d;;ti. Voi m6i 
k = 0, n thl Qn+l va Qk d9c l~p tuy§n tinh, rna Qk va ek phl). 
thUQC tuy§n tfnh, nen Qn+l va ek dQC l~p tuy§n tfnh. Nhung vl 
Qn+l E En+l nen ta phai c6 Qn+l va en+l ph\1 thut)c tuy§n tinh. 
Theo nguyen li quy n;;tp ta nh~n duc;c khling dinh tren. 

Tu d6 b~ng each l§,y Cn sao cho len!= ll~nll, ta c6 he (Pn) trung 

voi he (en)· Nen nho.qua trlnh tn.rc giao h6a Hilbert-Schmidt M ... 
1, x, x2 , .. . , ta nh~n dtr<;Jc he tn.rc chuiln (Pn)· · 
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Khong gian E c £2[-1; 1] .bao g5m t§.t ca cac da th1rc xac dinh 
tren do~,tn [ -1; 1] tru m~t trong khong gian C c £ 2 [ -1; 1] bao 
gBm t§.t Ca cac ham sB lien tl).C tren do~,tn ( -1; 1), con C l~,ti tru 
m~t kh~p noi trong £2(-1; 1) (b~,tn dQC tl)' chling minh di@u nay). 
Do d6 E tru m~t kh~p noi trong £2 [ -1; 1]. HE;\ 1' X' x2' ... la mot 
hE;\ sinh cua E, suy ra hE;\ (Pn) cling la mot hE;\ sinh cua E. Tu d6, 
voi moi X E £2 ( -1; 1) ta c6 th@ x§.p Xl X biJi mot tB h<;Jp tuy~n 
tfnh nhung ph§.n tlr cua hE;\ (Pn) voi do chfnh xac tuy y, vl v~y 
ta c6 th@ d5ng nh§.t chung voi nhau. Suy ra (Pn) la m¢t hE;\ trl)'c 
chu§.n dii, nen (Pn) la mQt co Sd trl)'c chu§.n cua L2[-1; 1]. 0 

. 27. a) np h<;Jp p t§.t ca CaC da thuc CUa X lam thanh mot khong 
gian con cua khong gian L2[0; 1]. Han mra P tru m~t kh~p ~oi 
trong £ 2[0; 1]. Gia su y E £ 2(0; 1] trl)'c giao voi P, th~ thl y cling · 
trl)'c giao voi m<;>i z E L2(0; 1]. Th~t v~y, t5n t~,ti (zn) C P va 
limzn = z. Khi d6 (z, y) = lim(zn, y) =limO= 0. Do d6 y cling 
trl)'c giao voi y, til d6 y =e. 
V~y ph§.n bu trl)'c giao cua P la {B}. 

b) np h<;Jp pl cac da thuc cua x2 l~p thanh mot khong gian con 
cua £2[0;1]. HE;l1,cos7rx,cos27rx, ... ,cosn7rx, ... (1) la mot hE;) 
trl)'c giao du trong £ 2(0; 1] (b~,tn d<)c t1,r chling minh dH~u nay). 
Han nua tu khai tri@n ham cos thanh chuoi lliy thua, t~ suy ra 
moi ph§.n tu cua h~ (1) d~u la gidi h~,tn cua mQt day cac ph§.n tu 
nao d6 trong P1 . Tu d6 n~u y E £2 (0; 1] trl)'c giao voi P2 thl n6 
cling trl)'c giao vdi h~ (1), vl th~ cling trl)'c giao voi £ 2[0; 1]. Suy 
ray= 0. 

V~y ph§.n bu trl)'c giao cua P1 la { B}. 

c) np h<;1p p2 cac da thvc voi s6 h~,tng tl)' do b~ng 0 lam thanh 
m<?t khong gian con cua £ 2[0; 1]. H~ sin 1rx, sin 21rx, ... ,sin n1rx, ... 
(2) ·la m¢t hE;\ trl)'c giao du trong £ 2[0; 1]. Hon nua tu khai tri@n 
ham sin thanh chuoi lliy thua, ta suy ra moiph§.n tu cua h~ (2) 
d~u la gidi h~,tn cua m¢t day cac ph§.n tu nao d6 trong P2. Tu 
d6 n~u y E £2 (0; 1] tn,rc giao voi P2 thl n6 cling trl)'c · giao voi h~ 

· (1), vl th~ cling tntc giao voi L2[0; 1]. Suy ray 0. 



Bai t~p Giai tfch ham 169 

V~y ph§.n bii tn;rc giao cua P2 la { B}. 

d) B~n dQc.tv giai o 

28. Gia su (xn) la m<?t day ph§.n tu b[t kl trong hlnh c§.u don vi dong 
cua khong gian Hilbert H. Theo gia thi~t, A o A* la toan t{r com

. pak neri tu day (A(A*xn)) l[y ra dtt<;Jc m<?t day con (A(A*xnk)) 
h9i t1;1 trong H. Do d6 (A(A*xnk) cling la m<?t day Cauchy va 

IIA*xnk ~ A*xmkll 2 = (A*(xnk- Xmk),A*(xnk- XmJ) 

= (xnk- Xmk' A(A*(xnk- Xmk))) 

:s; llxnk- XmJIIA(A*(xnk- Xmk))ll · 

:s; 2IIA(A*x1ik)- A(A*xmk)il-tO, khi k -too 

Tu d6 suy ra (A*xnk) la mQt day Cauchy trong khong gian d§.y 
H, do d6 n6 hQi t1;1. Suy ra A* la toan tU compak, nen A* o.A 
ciing compak. L~p l~i qua trlnh tuong t't,t nhu tren ta nh~n du<;Jc 
Ala toan tu compak. 0 

29. Truoc h~t ta th[y ding n~u A la toan tu tv lien h<Jp thl Ak 
cling la toan· tu t1;r lien h<Jp voi mQi k = 1, 2, .... L~i theo bai 
28 ta suy ra n~u A la m<?t toan tu tt,L lien h<;Jp b[t kl thl tU 
A 2 = A o A* compa~ ta se c6 A compak. Bay giO gia su voi 
n E N* nao d6 ta c6 An compak, trong d6 A tt,Llien h<;Jp. Th~ thl 
A~n =An oA2n-n cling la toan tu compak. Theo nh~n xet (J tren 

thl toan tu A2n-l t'l,'( lien h<;Jp va ( A2n-l) 
2 

= A2n compak, do d6 

A 2n-l compak. L~p lu~n tuong tl;r, S?-U n buoc ta nh~n dtt<;Jc A 
la toan tu compak. 0 · , 

30. Voi m6i n = 1, 2, ... , xet toan tU An xac dinh nhtt sau: . If aiiei, 1 :s; i :s; n 
Anei = j=l . 

· (}, i > n 
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De th§.y An la toan t{t tuy~n tfnh lien tl).c huu h~;tn chi~u, do d6 
00 

n6 la toan tit compak. Voi mQi x E H ta c6 ,L)x, ei)ei va 
i=1 

oo n 

Ax= :L,)x, ei)Aei, Anx = :L,)x, ei)Aei, 
~1 ~1 

suy ra 
00 00 00 

Anx- Ax= L (x, ei)Aei = L (x, ei) L aijej 
i=n+1 i=n+l j=l 

Ti:r d6 
00 00 2 

I!Anx- Axll 2 
= L L (x, ei)aij 

j=l i=n+1 

00 00 

j=1 i=n+l 
00 00 

= llxll 2 L L laijl
2 

i=n+1 j=1 

00 00 

L Llaijl2 

i=n+1 j=1 

Chuy~n qua giOi h~;tn trong (3.9) khi n ~ oo ta dU<;Jc 

lim IIAn- All = 0. 
n->oo 

(3.9) 

V~y Ala giOi h~;tn theo chuiln dm day toan ti'r compak (An), do 
d6 A la toan ti'r compak. 0 



Chu'dng 4 

Ph6 cua 
hi chan 

~ 

toan ttl' tuyen tinh 
0 0 

4.1 Tom t&t ly thuy~t 

4.1.1 Ph6 cua toan til tuy~n tfnh bi ch~n trong 
khong gian Banach 

Cho khong gian dinh chu~n 1)( tren tnrong P (P la tnrong s6 thvc ~ 
ho~c tntong s6 ph(rc C), toan tU: tuy~n tfnh bi ch~n A anh ·J<;~;t khong 
gian X vao chfnh n6 (hay to~n tl'r A tac dl).ng trong khong gian X), 
phUdng tdnh 

(A- Al)x = y, (4.1) 

trong d6 x, y E X, y la ph§.n tU: da cho, x la ph§.n tU: c§.n tlm, A la 
tham s6 thu<;>c P, I la toan tU: dBJ?.g nh§.t. 

Dinh nghia 4.1.1. SfJ A E P gQi la gia tri chinh quy (hay diim chinh 
quy) cua toan tit A, n§u tbn tg,i toan tit R>. = (A- AI)-1 xac dinh 
va bi chdri tren toan khong gian X. SfJ A goi la gia tri ph6 (hay diim 
ph6) cua toan tit A, n§u sfJ A khong la gia tri chinh quy cua toan tit 
A. TfJ,p hc;Jp tat ca gia tri ph6 cua toan tit A gQi la ph6 cua toan tit A. 
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D!nh If 4.1.1. Cho cac toan tit tuyen tinh bi ch(in A, B tac d1,mg trong 
khong gian Banach X sao cho toan tit A c6 toan tit ngu(lc bi chiJ,n A-1 

. va toan tit B thad man ditu ki~n II B II < II A~ 1 II" 

Khi d6 toan tli A + B c6 toan t1t ngU'Qc bi chi;in. 

Tu dinh If tren suy ra mt;lnh d@ sau: 

N~u s6 )..0 E P la gia tri ch1nh quy cua toan t{r A, thl \f).. E P thoa 
man di@u ki(ln: 

1 
IJ..o- J..l < II(A- J..oi)-111 

d@u la gia tri ch1nh quy cua toan tli A. 

Djnh If 4.1.2. Cho toan tit tuyen tinh bi chiJ,n A tac d'lf,ng trong khong 
gian Banach X va s6).. E P thoa man ditu ki~n IJ..I > IIAII. Khi d6 s6 
).. la gia tri chinh quy cua toan tit A va toan tit giiii R>. c6 biiu diln 
dr;mg: 

(4.2) 

' i] 

Dj:rih li 4.1.3. Neu toan tit compak A tac d'lf,ng trong khong gian 
Banach X, th'i vrJi mQi s6 a > 0 toan tit A chi c6 hitu hr;,n vector rieng 
a9c lf),p tuyen tinh tudng un9 v6i 9ia tri rien9 J.. ma 1 J..l ?: a. 

4.1.2 Ph6 cua toan tli tuy~n tfnh bi ch~n trong 
khong gian Hilbert 

Cho toan tli tv lien hQp A tac ·dl).rig trong khong gian Hilbert H. 

Djnh If 4.1.4. Cac gia tri rieng cua toan tit tv: lien h(lp A dtu la s6 
thV:c~ 

D!nh If 4.1.5. Hai vector rieng cua toan tit tV: lien h(lp A tudng ung 
v(Ji hai gia tri rieng khac nhau thi th}:c giao v(Ji nhau. 
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D~nh If 4.1.6. 86 A la gia tri chinh quy cua toan tit t'lt lien hr;p A khi 
va chi khi .. 

(3a > O)(Vx E H) II(A- AI)xll2= ailxll· (4.3) 

Tu dinh lf suy ra: 86 A thu9c ph6 cua toan ti'r tV lien h<;Jp A khi va 
chi khi 3(xn) C H, llxnll = 1 (n = 1, 2, ... ) sao cho 

lim II(A- A!)xnll = 0. (4.4) 
n-+oo 

D~nh If 4.1. 7. M 9i s6 ph(tc A = a + bi v6i b =f: 0 rliu la gia tri chinh 
quy cua toan tit t'{t lien hr;p A. 

D~nh If 4.1.8. Ph6 cua toan tit t'{t lien hr;p A la khac r8ng. 

D~nh If 4.1.9. Ph6 cua toan tit t'{t lien hr;p A nlim tren doQ,n [m; IV!), 
trong d6 

m = inf (Ax, x), !11 = sup (Ax, x). 
l!xll=l llxll=l 

D~nh H 4.1.10. Ph6 cua toan tit compak t'lt lien hr;p tac dtmg trong 
khong gian Hilbert H chi g6m gia tri rieng. 

Tu dinh lf suy ra: N~u toan -tit compak tv lien h<;Jp A tac d1,mg trong 
khong gian Hilbert H c6 vo ~6 gia tri rieng, thl tf),p h<;Jp gia tri rieng la 
d~m du<;Jc va s6 0 la di§m giOi h~?-n duy nh§,t cua tf),p h<;Jp gia tri rieng 
d6. 
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4.2 D~ hEti t~p 

1. Tim ph6 cua toan tit Voltere 

(Ax)(t) =it x(s) ds, 0::; t < 1, x E C[O; 1] 

tac d1,mg trong khong gian C[O; 1]. 

2. Cho toan tit 

Ax= (x2, X3, •• . ), x = (xi, x2, .. . ) E lp, 1 ::; p::; +oo. 

Hay tlm ph6 cua toan tit A. 

3. Cho toan tit 

Ax= (O,x1,x2, .. . ), x = (x1,x2, .. . ) E lp, 1::; p::; +oo. 

Hay tlm ph6 cua toan titA. 

4. Tim ph6 cua toan ti't Volterre 

(Ax)(t) =it x(s) ds, 0::; t::; 1, x E L2[0; 1] 

tac d1,1ng trong khong gian L2 [0; 1]. 

5. Tim ph6 cua toan tit chi~u khong gi.an Hilbert H len khong gian 
con H0 c H va cac vecto rieng cua toan tit d6. 

4.3 BEti t~p nang cao 

6. Tim ph6 eli a toan tit budc nhay: 

(Ax)(t) = x(t +h), x E L2 (JR?.), h = const 

tac dl,lng trong khong gian L2 (JR?.). 
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4.4 Httdng dan giai 

1. Ki hi~u ph6 cua Ala CJ(A). XetphtWng trlnh Ax- AX= y, h_ay 

1t x(s) ds- Ax(t) = y(t) (4.5) 

N~u A = 0, phudng trlnh ( 4.5) khong c6 nghi~m n~u y lien 
tl).c tren do~;tn [0; 1] nhling khong kha vi tren do~;tn d6. Suy ra 
0 E CJ(A). 

Xet A i 0, d~t 

[
1 t t u 1 ] (Fx)(t) =- A2eX Jo x(u)e-x du.+ 'Xx(t) , 

trong d6 t E (0; 1], x E C[O; 1]. 

Ta c6 F la t01in tU: tuy~n tinh bi ch~n tac dl).ng trong kh6ng gian 
C[O; 1]. Bay gio ta se ch11ng minh F chinh la toan tU: giiU cua A 
(11ng voi .A), tuc la chung minh 

[F(A- AI)](x) =[(A- AI)F](x) = x, '1/x E C[O; 1]. (4.6) 
.. 
' 

Th~t v~y 

[F(A- Al)x](t) = F(Ax)(t) - A(Fx)(t) 

= -~et rt [: ru x(s) ds] e-:X du- ~ t x(s) ds 
A2 Jo lo A Jo 

1 t t u . 

+ AeX lo x(u)e-X du + x(t) 

= ~et 1t [1u x(s) ds] d(e-:X)- ~ 1t x(s) ds 

1 t 1 t t u - X lo x(s) ds + xeX lo x(u)e-x du + x(t) 
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[ 
1 t u ru ] u=t 1 t t u 

= ;:ex e-x Jo x(s) ds - ;:e>: Jo x(u)e-x du 
u=O 

1t .. 1tt u - 3: Jo x(s) ds + ;:e>:J
0 

x(u)e-x du + x(t) 

11t . 1 t 1t u =- x(s) ds- -e>: x(u)e-x du 
A o A o 

1 t 1 t t u - 3: Jo x(s) ds + ;:e>: Jo x(u)e-x du+ ~(t) 

= x(t), 

va 

Tu d6 suy ra ( 4.6) duc;1c thea man voi mQi x E C[O; 1], do d6 F 
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la toan tU' giai cua A. Vl th§ ), =I= 0 la gia trt chfnh quy ella A. 
Vf),y a(A) = {0}. 0 

2. De th§.y Ala toan tU' tuy§n tinh bi chi;in va II All = 1. Khi ct6 mQi 
gia trt .A: 1>-1 > 1 ct§u la gia trt chinh quy, do ct6 

a(A) C {.A E C: 1>-1::; 1} (4.7) 

Gia sU' .A la m9t gia trt rieng cua A. Khi ct6 t6n t!;Li 

sao cho 
Ax= .Ax 

hay 
(x2, X3, ... ) = (.Ax1, .Ax2, .. . ). 

Til day nhf),n dttc;:lc Xn+l = AX77 , n = 1, 2, ... , suy ra 

Va do ct6 X = xl(1, A, >.2 , ••• ). Ta c6 X E lp, X =I= e nen suy ra 

I-AI< L 

Nguc;:lc l!;Li, n§u 1>-1 < 1-thl phu:ong trlnh Ax = .Ax se c6 nghi~m 
X =I= e, chling h!;tn X = '(1, A, .A2, ... ). Do ct6 tf),p cac gia tri rieng 
cua Ala 

{.A E;C: 1>-1 < 1}. (4.8) 

Nhltng vl a( A) la tf),p ct6ng nen til (4.8) suy ra 

{.A E C : I .AI ::; 1} C a( A). (4.9) 

Til (4.7) va (4.9) ta suy ra a(A) ={.A E C: I.AI::; 1}. 0 

3. Tuong tl,t nhtr bai tren ta cling c6 Ala toan tU' tuy§n tinh lien 
tl,lC va IIAII = 1. Do ct6 

a(A) C {.A E C: I.AI::; 1}. (4.10) 
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L§,y· m<)t s6 ). c6 dinh tuy )r thoa man 1>-1 < 1 va xet ph1.tCJng 
trlnh 

Ax- >.x = y, yElp. 

ChQn y = (1, A, >.2 , ... ) E lp, ta se ch(tng minh phuong trlnh da 
cho khong c6 nghi~m trong lp. 

Gia s{i' ngU<;lc ll;Li, X= (xi, X2, ... ) E lp la m<)t nghi~m cua phl.fong 
trlnh da cho. Th~ thl ta c6 

suy ra 
->.x1 = 1, Xn- Axn+l = >.ri (n = 1, 2, ... ). 

B~ng phuong phap quy nl;l,p ta chling minh d1.t<;1c 

1 _ ).2n 

Xn = - ).n(l- ).2), n = 1, 2, ... 

Tu d6, voi n = 1, 2, ... 

suy ra lim lxnl +oo, mau thuan voi x E lp. L~p lu~n tren day 
n->oo 

chling to A khong phai la gia tri chfnh quy cua A, tuc n6 la gia 
tri ph5 ciia A. Tu d6 vatu tfnh dong cua u(A), ta suy ra 

{>. E C: I.AI ::S 1} C u(A). (4.11) 

Tu (4.10) va (4.11) ta nh~n dU<;lc 

u(A) = {>. E C: I.AI ::S 1}. 0 

4. Xet phuong trlnh Ax - >.x = y, hay 

1t·x(s) ds- >.x(t) = y(t). (4.12) 
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Vdi A = 0, phu:dng tdnh ( 4.12) khong c6 nghi~m n@u y kha 
tfch tre11 do~;tn [0; 1] nhung khong lien t1,1c tren do~;tn d6. Suy ra 
0 E u(A). 

Vdi A =J 0 c6 dinh tuy y, ta d~t 

[ 
1 t lt u 1 ] (Fx)(t) =- A2 eX 

0 
x(u)e-x du + -:\x(t) , 

trong d6 t E [0; 1], x E £ 2[0; 1]. 

Ta c6 F la toan tli tuy@ri tfnh bi ch~n tac d1,mg trong khong gian 
£ 2 [0; 1]. Bay gio ta se chling minh F chfnh la toan tli giai cua A 
((mg vdi A), tuc la chling minh 

[F(A- AI)](x) =[(A- Af)F](x) . x, Vx E £ 2 (0; 1]. (4.13) 

Do t~p hQp cac ham s6 lien tvc tren do~;tn [0; 1] trli mM khlip ndi 
trong khong gian £ 2 [0; 1] nen ta chi c§..n ch(mg minh ( 4.12) thoa 
man vdi mQi ham X lien tvc tren [0; 1]. Theo bai 1 ta c6 di§u nay 
dung. Tu d6 suy ra (4.13) dHQc thoa man vdi mQi x E £ 2 [0; 1], 
nen F la toan tl'r giai c1h A. Vl th@ A =J 0 la gia tri chfnh quy 
cua A. V~y u(A) = {0}. D 

5. Kf hi~u toan tl'r chi@u cua H len Ho laP. Khi d6 vdi moi X E H, 
t6n t~;ti duy nhlit 

u E H0 , v E ](e Ho : x = u + v 

' 
va ta c6 Px = u. Xet phudng tdnh 

Px - Ax = y_, y E H. (4.14) 

Vdi A= 0, (4.14) trd thanh Px = y. PhHdng tdnh nay khong c6 
nghi~m khi y tj_ H0 . Do d6 0 E u(P). 

Vdi A= 1, (4.14) trd thanh Px- X= y. Vl Px- X E He Ho, 
Vx E H nen phHdng tdnh nay khong c6 nghi~m khi y tj. H 8 Ho. 
Do d6 1 E u(P). D§ k:i§m trading 0 va 1 ciing chfnh la nhU:ng 
gia tri rieng cua p. 

Vdi A =J 0, A =J 1 va y E H tuy y, khi d6 ta c6 bi§u dien duy · 
nhlit 

179 
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y = Uo + Vo, Uo E Ho, Vo E He Ho. 

Gia si'r (4.14) c6 nghi~m X va ta c6 

X= u + v, u E Ho, v E He Ho. 

Thay vao ( 4.14) ta du<;Jc 

u - A ( u + v) = uo + vo ==> ( 1 - A )u - .Av = u0 + v0 

uo Vo 
==>u= l-.A' v= "I 

Thu ll;ti ta th§.y ding X= 1 ~A+~ thoa man (4.14) va d6 cling 

la nghi~m duy nh§.t cua phudng tr'inh nay. Do d6 P- .AI c6 anh 

x1;1 ngU<;Jc F xac dinh nlllr sau F(x) = _u_ + ~ \lx E H 
- . 1- .A .A' ' 

trong d6 X= u+ v, u E H, v E He Ho. 

D~ th§.y F la m<)t toan tu tuy@n tfnh, ta se chling minh n6 bi 
chi;tn. Th~t v~y · 

IIF(x)ll =Ill~ A+ xll 
~ Ill ~ A II + II* II 
= llull +M-

11-.AI I-AI 

< (1 ~ _A)2 + ~. vllull 2 + llvll2 

1 1 
(l _ .A)2 + _x 2 • llxll 

do d6 F bi chi;tn. 

Tu day suy ra mQi .X khac 0 va khae 1 d~u la gia tri chfnh quy 
etta P. V~y u(P) = {0; 1} va ph6 cua P cling la t~p t§.t ca cac 
gia tri rieng cua p. 0 . 

~ 

6. B1;1n dQc tl,t giai. 
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