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Loi noi dau cho lan tai ban

Trong lan tdi ban nay chung t6i bé chuong Sai s6 va xem né nhu
mot phin nhé cta chuong 1. Chung téi cang bd sung thém nhimng
phan nho trong cac chuong nhu: dudng cong tham sé, tinh gan dung
tich phan suy rong, phuong phap ban giai bai toan bién tuyén tinh
va céac dang co ban ctia phuong trinh vi phan dso ham riéng: phuong
trinh parabolic, phuong trinh hyperbolic, phudng trinh elliptic. Cac
phén nay cing rat can thiét d€ giai cac bai toan trong ky thuat. Chung
t6i cling soan lai va bd sung thém cac bai tap cho sinh vién thuc hanh
cac thuat toan da hoc. »

Ngoai ra cic thuat toan con dugc lap trinh bang ngoén ngit Python
kha thong dung hién nay. Tuy nhién cac ham viét biang Python chi thé
hién phan chinh cta thuat toan, khong kiém tra cac diéu kién. Cho
nén khi ap dung vao trong cac bai toan cu thé. ban doc phai sira lai
cho dung véi nhu cau ctia minh.

Mot lan nira xin chan thanh cam on cac thay co trong Bo mon
Toan Ung dung - Trudng Pai hoc Bach khoa TP. HCM da dong gop
nhiéu y kién quy bau cho viéc hoan thanh lan tai ban nay.

TP. HCM, ngay 11 thang 07 nam 2023

Tac gia
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ban nhu Lagrange, Newton, Hermite, spline bac ba cﬁng VGi
giai bai toan xap xi ham thuc nghiém bing phuong phap binh
phuong bé nhat.

Chuong 5: Bao ham va tich phan. Trinh bay cac coéng thirc tinh gan
dung dao ham dua trén cac da thuac ndi suy va tinh gan dung

tich phan xac dinh nhu céng thitc Newton-Cotes, cong thuce cau
phuong Gauss.

Chuong 6: Phuong trinh vi phan. Trinh bay bai toan Cauchy véi cac
cong thuc Euler, Euler cai tién va Runge-Kutta déi véi mot

phuong trinh hodc h¢ phuong trinh vi phan cdp mét. Chuong

nay cung xét bai toan bién tuyén tinh cap hai véi phu0ng phap
sai phan hitru han.

D€ nam bét tét noi dung mon hoc, sinh vién can phéi‘ t‘.rang bi cac
kién thitc co ban cia cdc mén hoc trude nhu Giai tich 1. Giai tich 2.
Dai s6, Tin hoc dai cuong, v.v.

Chung t6i xin chan thanh cam on quy thay, co6 va déng nghiép
da danh nhiéu thoi gian doc ban thdo va déng goép nhimng y kién xac
dang. Nhing déng gép nay da lam cho gido trinh ngay cang hoan
thién hon. Tuy nhién, nhitng thiéu sét la khong tranh khéi.

Moi y kién déng gop cuia ban doc xin g vé:

B6 mén Toan ttng dung, Trudng Pai hoc Bdch khoa, DPHQG TP HCM,

‘ 104 Nha B4, 268 Ly Thuong Kiét, P.14. .10, TP HCM.
Dién thoai: 08-8647256 (ext. 5305)

E-mail: tlethai@hcmut.edu.vn

TP. HCM, ngay 20 thang 03 nam 2017

Tac gia
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Loi noi dau cho lan tai ban

Trong lan tdi ban nay chung t6i bé chuong Sai sé va xem né nhu
mot phan nhé ctia chuong 1. Chung t6i cing bgd sung thém nhitng
phan nhé trong cac chuong nhu: duong cong tham sé, tinh gan dung
tich phan suy réng, phuong phap ban giai bai toan bién tuyén tinh
va cac dang co ban ctia phudng trinh vi phan dao ham riéng: phuong
trinh parabolic, phuong trinh hyperbolic, phuong trinh elliptic. Cac
phan nay cing rat can thiét dé giai cac bai toan trong ky thuat. Chung
toi cting soan lai va b8 sung thém cac bai tap cho sinh vién thyc hanh
cac thuat toan da hoc.

Ngoai ra cac thuat toan con dugc lap trinh bang ngén ngix Python
kha thong dung hién nay. Tuy nhién cac ham viét bang Python chi thé
hién phan chinh ctia thuat toan;, khong kiém tra cac diéu kién. Cho
nén khi ap dung vao trong cac bai toan cu thé, ban doc phai sira lai
cho dung véi nhu ciu ctia minh.

Mét lan nita xin chan thanh cdm on cic thay co trong Bo mon
Toan Ung dung - Trudng Pai hoc Bach khoa TP. HCM da dong gop
nhiéu y kién quy bau cho viéc hoan thanh lan tai ban nay.

TP. HCM, ngay 11 thang 07 nam 2023
Tac gia
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§1.1 SA1sO

Trong hau hét cac bai toan ky thuat, chung ta thuong khéng thé
xac dinh dudgc gia tri chinh xac ciia mot dai lugng ma chi lam viéc véi
gia tri gin dung ctia né. Do d6, viéc tim hiéu su sai léch gitra gia tri
chinh xac va gia tri gin dung la yéu ciu bat bugc truée khi st dung
cac gia tri gan dung trong cac phép toan tiép theo. Do sai léch gita
gia tri gan dung va gia tri chinh xac dudc goi 14 sai sé.

S6 a dugc goi la s6 gan dung cuia s6 chinh xac .| néu « khac .\
khong dang ké va dugc dung thay cho A trong tinh toan. Ta ky hiéu
la a ~ A (doc 1a e xap xi A). Vi du, sb gan dung « = 3.14 dudc sir dung
dé thay thé sé chinh xdc 4 = 7; s6 gan dung « = 0.33 dung d¢é thay thé
s6 chinh xac A = % v.v... Dai lugng

A =|a— Al

dugc goi 1a sai sé tuyét déi cuia sé gan dung « so véi A. Trong thuc té,
do khong biét A nén khong tinh dugc A. Do d6 ta thusng udc lugng
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mot dai lugng duong A, cang bé cang tét thoa diéu kién
|A—a| < A, (1.1)

dugc goi 1a sai sé tuyét dbi giéi han ctia sé gan dung a so vai A. T
cong thite (1.1) ta c6: a— A, < A < a+ A,. Tuy nhién, ta thudng viét
bét ding thitc trén dudi dang A = a + A,.

Sai s6 tuong dbi gidi han ctia sd gan dung a so véi A la dai lugng 6,
dudc tinh theo cong thuc
A—a A,

ba =
4| |al

Q

(a+0, A+0)

Chu y ring, sai sb tuyét dbi gioi han la dai lugng c6 thit nguyén
tring véi thit nguyén ctia dai luong can do hodc can tinh toan, trong
khi sai sb tuong dbi giéi han la dai lugng khong c6 thi nguyén. Do d6
trong thuc hanh, ta thudng nhan sai sb tuong déi gisi han véi 100 dé
tinh bing phan tram.

Vi du 1.1: Van téc ctia mot vat thé do dugc 1a v = 2.8 m/s véi sai

s6 0.5%. Khi d6 sai sb tuyét déi la: A, =% 2.8 m/s = 0.014 m/s.

Vi du 1.2: Do d6 dai hai doan thing ta dudc a = 10 cm va

b=1cm véi Ay —Ab—001cm Khi d6 ta cé 4, —01—?]1=0.1%

trong khi 6, = 0—31 — 1% hay 6, = 105,.

Hién nhién 1a phép do a chinh xac hon phép do b mic du A, = A,,.
Nhu vay, d6 chinh xédc ctia mét phép do thé hién qua sai sé tuong déi.

Bay gid ta tim cong thitc tdng quat cta sai s6. Gia sit phai tim dai
lugng y theo cong thic

Y= f(xl,$2,--w1'n)_

Goi z;,y va z;,y, i = 1,2,...,n, la cac gia tri chinh xac va gia tri gn
ding ctia d6i s6 va ham sé. Néu f 1a ham kha vi lién tuc thi

of

Iy—gl = If(IL'],IEQ,...,l'n)—f(.’i‘l,(l_iz,...,ﬂ_,'n)l ~ 2 6:1:

i=1

|z; — @i

o
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trong d6 cac dao ham riéng % dudc tinh tai cac diém trung gian. Do
of lién tuc va A, kha bé, ta c6 thé xem
T
n

1a sai sb tuyét d01 can tim ctia ham s va, do d6, ta c6 cong thic tinh
sai s6 tuong d6i:
A
6 = —Y =
Yyl Z

i=1

—(:61,932, - Zn)| Do (1.2)

(In f)
axi

A, (1.3)

Vi du 1.3: Dién ti‘ch cta hinh tron dudc tinh theo céng thiic
S = 7R2 véi 7 = 3.14 + 0.002 va R = 5.25 + 0.001(m). Tinh sai

sb cia S ~ s = 3.14(5.25)% = 86.54625(m?). Xem S nhu la ham
' ctia hai bién 7 va R, ta co i R? va 95 _ 27R. Vay A; =

OR
(5.25)2 x 0.002 + 2 x 3.14 x 5.25 x 0.001 ~ 0.0881.

T cac cdng thirc sai sb tdng quat (1.2) va (1.3), ta thu du00 danh
gia sai s6 ciia mot s6 truong hop dic biét sau.

Trudng hop 1: Xét ham f(z1,...,z,) = +z; + --- + x,. Khi d6
% =1, Vi = T,n. Tit cong thitc (1.2) ta dudec Ay = Az +- -+ A,,.

N6i cach khac, sai sd tuyét déi clia mot téng bing téng cac sai
sb tuyét d6i.

Trudng hgp 2: Xét ham f(z1,...,z,) = 2122 .. zn. Khi d6 a;:f I—xLl
) i P

Tt cong thiec (1.3) ta duge 6, = 0z, + -~ + d5,. N6i cach khac, sai
s6 tuong déi ctia mot tich bing téng cac sai s6 tuong doi.

Bay gid xét a 1a mot sé thap phan, khi d6 ta c6 thé viét a duéi dang

k=—-n (14]

: m
a4 = QmQm-1-..Q100,A—10_2...0p = 3, 10k
mneN, m=20,n>1, an#0, o € {0,1,2...,9}

Vi du, s6 a = 12.3456 dugc viét duéi dang

a=1x101+2x10043x1071+4x1072+5x 1073 +6 x 1074
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Lam tron mét s thap phan a theo cach viét (1.4) 1a bé mot sb cac
chit s6 bén phai a sau dau phdy thap phan dé dugc mét sé a* ngan
gon hon va gan ding nhét so véi a. Gid st ta mubn lam tron dén
chit sé6 thit k (1 < k < n) sau diu phdy thap phan cia sé a, ta xét
chit s6 thit k£ + 1. Néu chit s6 tha k + 1 16n hon hay bang 5, ta tang
chit s6 thit k 1én mét don vi; con néu chit sé thit k£ + 1 nhé hon 5,
gitt nguyén chit s6 thit k. Sau d6 bé phan duai tir chix sé thu k + 1
tré di. Sai s6 thuc su clia a* so v6i a dudc goi 1a sai s6 lam tron:
fa¢ = |a — a*|. Khi d6 sai sb tuyét d6i ctia a* so v4i A dugc danh gia
nhubdi: |a* — A < |a* —a| + |a — A] < Ops + Aq = Ags.

Vi 6+ > 0 nén A, > A,, nén sau khi lam tron sai sé tang lén.
Do d6 trong thuc té tinh toan ta tranh lam tron cac phép toan trung
gian, chi lam tron két qua cudi cung.

Trudng hop lam tron s trong bat ding thirc, ta st dung cac
khai niém lam tron lén va lam tron xuéng. Lam tron lén o* = ot
hay lam trdon xuéng a* = a~ can luu y dén chiéu bat ding thc.
Vi dy, e < 13.9236 khi lam tron lén dugc a < 13.93 va b > 78.6789
khi lam tron xuéng duge b > 78.67. Chu y ring, do sai sb tuyét
d6i gisi han nim' & phia 16n hon chia bat ding thic (1.1), nén
dbi véi sai sé tuyét dbi gidi han ta phdi lam tron lén.

Ta xét vi du sau d€ théy viéc 1am tron sé c6 thé din dén sai lam.

_ 1 '

Vi du 1.4: Xét tich phan I,, = {z"e®dz, n=0,1,2,....Tanhan
0

thay v6i moi z thude [0,1], 2" > 0 va e~ > 0, nén I, > 0 v6i moi

n € N. Bdng cach lay tich phan titng phén, ta di dén cong thic

truy héi:

1

1
In=—-é +nl,-;, n=12,3,...
Ty=1--

’ €

bay la cong thic dung dung dé€ xac dinh I,,. Bay gio ta lam tron
sd e ~ 2.71828; khi dé p ~ 0.36788 va 1 — % ~ 0.63212. Ta c6 cong
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thic gan ding dé xac dinh I,:

I, =—036788 +nl,_y,” n=1,2,3,...
Io = 0.63212

Bang sau day cho ta mot sb gia tri gan diang ctia I,:

I, n| I, n I,

0.26424 | 5 0.07112 | 8| —0.01588.
0.16060 | 6 | 0.05884 | 9 | —0.51080
0.11392 | 7| 0.04400 | 10 | —5.47588
0.08780

NQJUIN R s

Ta nhan thay bit diu tit n = 8 trd di thi I, < 0. Diéu nay mau

thuén véi nhan xét I, > 0 véi moi n € N. Két qua sai 1am nay la

do chiing ta da sit dung gia tri gin dung ctia s6 e sau khi lJam

tron, mac du ta da lam tron "kha chinh xac" dén 5 chit sé sau
. dau phdy thap phan. '

§1.2 GIAI PHUONG TRINH f(z) = 0

Muc dich cfia chuong nay la tim nghiém gan dung ctia phuong
trinh
f(z)=0 (1.5)

véi f(z) 1a ham lién tuc trong mién xdc dinh cta né.

a

/

Hinh 1.1: Nghiém ctia phuong trinh f(z) =0




1.2 Giai phuong trinh f(z) = 0 ' ' 16

Nghiém ctia phuong trinh (1.5) 1a gia tri p sao cho f(p) = 0. V& mit
hinh hoc, nghiém cta phuong trinh (1.5) 1a hoanh d6 giao diém ctia
dudng cong y = f(z) véi truc hoanh (Hinh ve 1.1).

Trong giao trinh nay ta chi xét nhimg nghiém don va co lap; nghia
12 c6 mdt khoang déng [a, b] chita duy nhat nghiém dé va f(a)- f(b) < 0.
Khoang déng [a, b] d6 dugc goi 1a khodng cédch ly nghiém.

Dinh Iy 1.1: Néu ham f(z) lién tuc trén doan [a,b] va f(a)f(b) <
0 thi phuong trinh (1.5) c6 nghiém trén [a,b]. Thém vao dé, néu
ham f(x) don diéu thi nghiém la duy nhit.

Chung ta c6 thé tim cac khoang céch ly nghiém ctia mét phuong
trinh bang nhiéu cach va dinh ly trén 1a mot coéng cu hiru ich cho muc
dich nay.

7~

Vi du 1.5: Tim cac khoang cach ly nghiém cua phuong trinh
f(z) = 2® — 3z + 1 = 0. Chiing ta tinh gia tri clia ham tai mot sb
diém dic biét va lap bang gia tri nhu sau:

z|-2 -1 0 1 2
f@)[-1 3 1 -1 3

T bing trén ta thay phuong trinh c6 nghiém nim trong céc

khoang khong giao nhau (-2,-1), (0,1), (1,2). Vi phuong trinh

bac ba c6 t6i da ba nghiém, nén méi doan trén chita duy nhat

mét nghiém. Vay chung 1a cic khoang cach ly nghiém cta
. phuong trinh da cho. .

Vi du 1.6: Xét phuong trinh f(z) = 25 + z — 12 = 0. Ta ¢6 fl(z) =
52%+1 > 0 v6i moi z. Cho nén f 1a ham don diéu tang. Ta clng c6
fd) <o0va f(2) > 0, nén phuong trinh chi c6 duy nhat nghiém
nam trong [1,2].

Ta ciing c6 thé sit dung dé thj d€ tim khoang cach ly nghiém ctia
phuong trinh.,

T N A TR AT SN I T
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’ﬁ \

Vi du 1.7: Xét phuong trinh f(z) = 22 — sin(rz) = 0. Ta dua vé
phuong trinh tuong duong z? = sin(rz). Nghiém la hoanh do
giao diém ctia hai dudng cong. D6 thi cia hai ham y = z2 va
y = sin(wz) c6 dang

A

-2

+
NN - -
<

y = sin(nz)

Tir d6 thi ta thay phuong trinh c6 hai nghiém: mét nghiém p; = 0
va nghiém thit hai p; € [%, 1].

Théng thudng, dé tim nghiém ctia phuong trinh (1.5) ching ta tién
hanh theo cac budc sau:

Budc 1: Tim tat ca cac khoang cach ly nghiém ctia phuong trinh (1.5).

Budc 2: Trong timg khoang cach ly nghiém, tim nghiém gan dung
ctia phuong trinh bang mét phuong phap nao dé. Phuong phap
thong dung nhat la xay dung moét day sé {z,}2_, sao cho tén tai
giéi han lim z, = p. . '

Buéc 3: Cb dinh n va xem z,, ~ p, ta cdn danh gia sai s6 clia z,, so véi
p. nghia la tim s6 A, > 0 sao cho |p — z,| < A,,.
Cong thic danh gia sai sb tdng quat clia nghiém gin dung ctia
phuong trinh (1.5) duge thé hién qua dinh ly sau.

Pinh 1y 1.2: Gid sit ham f(z) lién tuc trén [a,b], khé vi trong
(a,b). Néu z* la nghiém gin dung ci’a nghiém chinh xdc p trong
[a,b] va Vz € [a,b], |f'(z)| = m > 0. Thé thi ta cé cong thuc dinh
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gid sai s6 tong quat sau diy

FiEa)] .6

» *
e A <

Vi du 1.8: Xét phuong trinh f(z) = z3 —522+12 =0 trong [-2, -1]
c6 nghiém gan ding z* = —1.37.
Khi d6 |f'(z)| = |32® — 10z| > 13 = m, Yz € [-2,-1].

Do @6: [p — z*| < 1£(=137)| ~ 0.0034.

13

§1.3 PHUONG PHAP CHIA POI

Xét phuong trinh (1.5) ¢6 nghiém chinh xac p trong khoang cach
ly nghiém [a,b] va f(a)f(b) < 0. Pat ap = a,bgp = b,dy = by — ag = b — a.
Chia d6i doan [ao, bo] béi diém gitta zo = 2% Néu (o) = 0 thi zg
chinh 1a nghiém va qua trinh dimg lai. Ngugc lai, néu f(zo) - f(ao) <0,
dat a; = ag, by = zo; cdon néu f(zg) - f(by) < 0, dit a; = zo,b; = by. Nhu
vay ta thu dugc khodng céach ly nghiém mdi [a1, b1] < [ao, bo] va do dai
di =by—a; = % = b;a. Tiép tuc qua trinh chia d6i nhu vay dén n
lan, ta dugc cac két qua:

_ap+by b
= T a X Un,

| 2 .-, ¥=012.. (L7
fan) - f(bn) <0, dp=bp—an= on

anSPSbn) an < ITn

Nhu vay ta dudc {a,}?, 1a day ting va bi chan trén, con {b,}%_, la

n=0
day gidm va bi chan duéi. Do d6 ching cung héi tu. Tir (1.7) ta c6
i an = Jim b = Jim 7 = as
Théng thudng ta sit dung cong thitc danh gia sai sb:

b—a
lp— Zn| < presy (1.9)

et
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Vi du 1.9: Cho phuong trinh f(z) = 523 — cos3z = 0 trong
khoang céch ly nghiém [0,1]. Bang phuong phap chia déi, hay
tim nghiém gan ding z5 va danh gia sai sé ctia n6. Két qua dugc
cho trong bang sau:

n 0 1 2 3 4 5
an(-) [ 0 0 1/4 3/8 3/8 13/32
bu(+) | 1 12 1/2 12 7/16 7/16
Tn 1/2 1/4 3/8 7/16 13/32 27/64
signf(z) | + — - + -

27 1-0 1 27 1
’ 5 64 e 26 64 64 — 64

Thuat toan chia déi dudc thé hién bdi ham
z, tol = bisect(f,a,b, N,eps = None,m = None)

véi f 1a ham b, a, b 12 hai bién clia khodng cach ly nghiém [a, ], N la
s6 1an 14p t6i da, eps la sai sbvam = ming, ) | f'(z| . Ham tra vé day lap
z[] trong bién z va day cac sai sé tuong tng tol[]. Néu khéng dua vao
cac thong sb eps va m, thi ham chi tinh day lap z[]. Néu c6 thong s6
eps ma khong c6 m, thi ham tinh tol[n] = |z, — zn—1|. Cudi ciing, néu
c6 thong sb m thi ham tinh day cac sai s tol[n] theo cong thitc danh
gia sai s6 tdng quat.

{

def bisect(f, a, b, N, eps=None, nFNone):
X = np.zeros(N + 1, dtype=float)
tol = np.ones(N + 1, dtype=float)
fa = f(a) o
n=20 '
while n <= N:
X[n] = (b +a) / 2.0
fc = f(x[n])
if fa = fc > 0:
a = x[n]
fa = fc
else:
b = x[n]
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if n > 0 and eps is not None:
if m is None:
tol[n] = abs(x[n] - x[n-1])
else:
tol[n] = abs(f(x[n])) /m
if tol[n] < eps:
break
n+=1
return x, tol

Phuong phap chia déi la phuong phdp don gidn nhat d€ tim
nghiém gan ding ctia phuong trinh (1.5), tuy nhién do chinh xac
khong cao. Thong thudng phuong phap chia déi duge sit dung néu
khong thé sit dung cic phuong phap khac hodc véi muc dich thu hep
khoang cach ly nghiém.

§1.4 PHUONG PHAP LAP BON

Pay la phuong phap phé bién dé giai phuong trinh (1.5) trong
khoang cach ly nghiém [a, b] chita nghiém chinh xac p. Trudc tién, tu

phuong trinh (1.5) ta chuyén vé dang tuong dudng trong [a, b] "

z = g(z). (1.10) |
Khi d6 nghiém ctia phuong trinh (1.10) con dudc goi la diém bat }
déng ctiia ham g(z). V& mit hinh hoc, né la hoanh d6 giao diém ctia !
dudng thing y = z va dudng cong y = g(z) (Hinh 1.2).
Bay git chon mét gia tri ban dau z, € [q, b] tuy y. Xay dung day lap
{rn}X_; theo cong thitc lap

ZTn = g(Tn-1) Yn=12,3,... (1.11)
Ta di tim diéu kién d€ cho day {z,}2; hoi tu vé nghiém p cha

. phuong trinh (1.10) va dua ra cong thitc danh gia sai s6 ctia ,, so véi
p. Ta c6 khai niém ham co nhu sau.

Ham g(z) dudc goi 1a ham co trong doan [a,b] néu toén tai mot s6
g:0< g <1, goila hé sé co, sao cho:

Va1,2 € [a,1], [g(z1) — g(z2)| < qlo1 — 22
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Ya

y =g() N

r

(L)) N
\/
8

T1

N

To

Hinh 1.2: Y nghia hinh hoc ciia phuong phdp lap

o

Vi du 1. 10: Xét ham g(z) = +/z trong doan [1,2]. Ta c6 Va1,z; €
[1,2],

1
|z1 — x2 < B |21 — o

1
I\/ﬂf_l—\/ig|=—ﬁ\/—:

Do do ham g(z) = v/z 1a ham co trong doan [1,2] vdi hé s6 co la
q =

DN =

Ta c6 cac dinh ly sau day.

Binh 1y 1.3: Néu g(z) la ham co trén [a,b), thi né lién tuc trén
do. ’

Pinh 1y 1.4: Néu g(z) Ia ham khd vi lién tuc trén [a,b) va voi moi
x thuéc [a,b] ta co |¢'(z)| < ¢ < 1, thi g(z) 1a ham co trén [a,b] vai
hé sé co laq.

Vi du 1.11: Xet ham g(z) = 10—z trén doan [0, 1] Ta cb

9'(a)| = <
3{/(,10 — )2 S 373
ham co trén [0, 1] véi hé sb co g = 0.078.

~ 0.078 = ¢ < 1, Do @6 g(z) 1a
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z? — e +2
3
. Khao sat ham ¢/(z) trén doan [0,1] cho ta

Vi du 1.12: Bay gig xét ham g(z) =
2z —e” '

trén doan [0, 1].
Ta cé ¢'(z) =

; 2In2-2 . A
STt N —0.204
zrél[g.}]g (z) = 3 0‘20 6 va ren(llri] Jd (@) =

Tir day ta dudgc Vz € IQ, 1], |d'(z)| < % = ¢ < 1. Do d6 g(z) 1a ham

. 1
co trén [0,1] v6i hé¢ s6 co ¢ = 3

Sau day 1a mot dlnh ly quan trong va thudng dudc goi 1a nguyén

" Iy anh xa co. Pinh ly nay 12 cd sd cia phuong phap lap don.

Dinh ly 1.5 (Nguyén 1y dnh xa co): Gid si¥ g(r) la ham co trong
[a,b] v6i hé s6 co la q. Khi do vii mol gid tri zo ban diu trong
[a,b], day 13p {z,}%., xdc dinh theo cong thitc (1.11) sé hoi tu vé
nghiém duy nhat p ctia phuong trinh (1.10) va ta cé cong thirc
danh gid sai sé |

|a:1 —Io (1.12)

 hodc

Ixn —PI < "—_({_q |.’L‘n - xn_ll » (113)

Cong thitc (1.12) thudng dudce goi 1a cong thitc danh gid sai sé tién
nghiém; con cong thitc (1.13) dugc goi la cong thitc danh gid sai sé
hau nghiém

Vi du 1.13: Xét phuong trinh z° + 2 — 1000 = 0 trong khoang
cach ly nghiém [9,10]. Chuyén phuong trinh da cho vé dang:
z = g(x) = /1000 — z. Khi d6

1
Vre[9,10], |J(z)|< —=—==¢<1
[ ] |9()| 3\3/9—965 q
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Do d6 g(z) 1a ham co trén [9, 10]. Ta ciing dé dang kiém tra ring
Yz € [9,10],g(z) € [9,10]. Do d6 phuong phap lap héi tu. Chon
zo = 10, xay dung day lap theo cong thitc z,4+; = /1000 — z,,,Vn =
0,1,2,.... Tur cong thirc (1.12) ta c6 sai sb ctia nghiém gan ding

zp 12 |z, — F| < lqu |Zn — Tn_1| = A,,. Ta c6 bang sau:

Tn Ay,

10 ]
9.966554934 0.1127 x 1073
9.966667166 0.3779 x 10~
9.966666789 0.1270 x 10~8
9.966666791 0.6735 x-10~11

W N = Ol

Vi du 1.14: Bay gio ta xét phuong trinh z = g(z) = cosz ¢6
nghiém duy nhat trong doan [0, 1]. D& thay g(z) 1a ham co trong
[0,1] v&i hé sb co ¢ = sinl < 1, va Vz € [0,1],g(z) = cosz € [0,1].
Chon z¢ = 1, phuong phép lap cho ta bang sau:

Tn Azn

1

0.5403023059 2.6049536001
0.8575532158 1.7977551565
0.6542897905 1.1518260770

w N - oS

............

33 0.7390845496 0.0000082171
34 0.7390855264 0.0000055351

Qua hai vi du vira néu, ta nhan thay ring téc d¢ hoi tu (thé hién
qua s6 lan l3p) cia phuong phap lap phu thugc vao gia tri cia hé sé
co ¢. Néu h¢ sb co cang bé (gan véi 0), thi phuong phap lap hoi tu cang
nhanh. Ngudc lai, néu h¢ s6 co 1a 16n (gin véi 1), thi phudng phap lap
hdi tu rat cham. Vi du dau tién cho thay dén 1an lip thi 4, ta da c6
nghi¢ém gan dung véi v6i sai s6 nhé hon 10712, Con trong vi du thu
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hai, dé dat dudc sai s6 nhé hon 1075, ta phai can dén khoang han 30

lan 1ap.

. ) - . 2 —e®+2 .
Vi du 1.15: Xét phuong trinh z = g(z) = —3 c6 nghiém

v6i hé sd co q = 3 (vi du 1.12). Can tim sb 1an lip n dé cho khi
chon zy = 0.5, phuong phap 13p cho ta nghiém gan dung véi sai
s6nhd hon 1075, )

Ta stt dung cong thitc danh gia sai sé tién nghiém d€ xac dinh
n. R &
1-gq
véi g = 1/3, g = 0.5 va z; = 0.2004262431. Tux bat dz’mg thic trén

5 -
1!1(10 |.’1:1 :l:ol

Ay, = |z — zo] < 107°

n> 1;‘1 >~9.7514
In-
q

Do n nguyén duong nén chon n = 10.

duy nhét trong doan [0,1]. Ta da biét g(z) la ham co trong [0,1] .

Thuat toan 1ap dugc thé hién béi ham

"z, tol = iterate(g,z0, N,q = None, post = True, eps = 10 * x(—4))

véi g 1a ham co, z0 la gia tri 1dp ban dau, N la sb 1an lap tdi da, ¢ 1a
hé sb co, post 1a thong s kiéu Boolean va eps 1a sai s6. Ham tra ve
day lap z[] trong bién z va day cdc sai s tol[]. Néu khong cho hé sb

co ¢, thi ham chi tinh day 1ap z[]. Ngudc lai, ham sé tinh day cac

sai

s6 theo cong thitc hau nghiém néu post = True va theo cong thic tién

nghiém néu post = False. Gia tri mdc dinh ctia sai s0 eps 1a 1075.

7

def iterate (g,x0,N,g=None, post=True,eps=10#*(-5)):
x = np.zeros(N + 1, dtype=float)
tol = np.ones(N + 1, dtype=float)

x[0] = xO0
n=1
while n <= N:

-
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x[n] = g(x[n - 1])
if q is not None:

if post: ' ‘
tol[n] = q/(1-q)+abs(x[n]-x[n-1])
else:
tol[n] = qun/(l—q)tabs(xlll—x[O])
if tol[n] < eps: :
break
n +=1

return x, tol

-

Trong vi du 1.15, ta thay nghiém gin dung z19 cia phuodng trinh
T = ﬂﬂ véi zo = 0.5 sé xap xi nghiém chinh xac vdi sai s6 nho
hon 10~3 theo cong thitc tién nghiém. Bay gio néu st dung chuong
trinh trén ta thu dugc nghiém gan dung ze = 0.25752908 c6 sai sb
Agy = 2.92 X 10-6 < 105 theo cong thitc hau nghiém. Do dé, tuy theo
yéu ciu cta bai toan, ta c6 thé sit dung mot trong hai cong thic
danh gia sai sé. Tuy nhién, thong thudng cong thic hau nghiém cho
két qua tot hon cong thic ti€n nghiém.

§1.5 PHUONG PHAP NEWTON

Xét phuong trinh (1.5) trong khoang cach ly nghiém [a, b] chira duy
nhét nghiém chinh xac p. Gia sit ham f(z) c6 dao ham trong [a,b]. Ta
xay dung phuong phap Newton bang hinh hoc nhu sau: tit diém c6
hoanh dd z,_; trén db thi cha duong cong y = f (z), ta ké tiép tuyén
véi dudng cong (Hinh 1.3). Hoanh do giao diém ctia tiép tuyén véi truc
hoanh sé la z,,. Phuong trinh tiép tuyén c6 dang:

y— f(mn—l) = f’(mn-l‘)(x — Zn-1)
Cho y =0, ¢ = z, ta thu dugc céﬁg thitc xac dinh z,, cing la cong
thic lap ctia phuong phap Newton nhu sau:
f (fvn—l) 4

ITp = Tp-1—

Vn=1,2,3,... (1.14)

N6i chung, su hoi tu cia day lap Newton phu thudc vao céch chon
gia tri 1ap ban dau xo. Ta c6 dinh ly sau.
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Ya

f(izn—l)

+ »> T
| /p Tn Fn-l

Hinh 1.3: Phuong phdp tiép tuyén

Pinh 1y 1.6: Gid sit ham f(z) c¢é dao ham dén cap hal lién tuc
va cdc dao ham f'(z) va f"(z) khong déi diu trén doan [a, b]. Khi
dé, néu chon z, thod diéu kién Fourier f(zo)f"(zo) > 0, thi day
Iap {z,}%_, xdc dinh theo céng thuc (1.14) sé héi tu vé nghiém -
p ctia phuong trinh (1.5).

v

Chu y:

* D€ danh gia sai sb chia phuong phap Newton, ta sit dung cong
thitc danh gia sai s6 téng quat (1.6).

* Pjéu kién Fourier chi 1a diéu kién @, khéng phai la diéu kién
can. Tt diéu kién Fourier, ta c6 thé dua ra quy tic chon gia tri
ban dau zo nhu sau: Néu dao ham cip mét va dao ham cap hai
cung dau, thi chon z¢ = b, ngugc lai chon zy = a.

* Trong phuong phap Newton, diéu kién f/(z) # 0 trong khoang
cach ly nghiém [a, b] la tién quyét. Néu c6 mot diém c € [a,b] dé
cho f’(c) = 0 thi phuong phap thudng dung la chia d6i dé loai bd

- diém ¢ d6 truée khi stt dung phuong phap Newton.

Vi du 1.16: Cho mot sb A > 0. Chung ta muén tinh gin ding
p=+vA¢€[a,b]véi0 < a <b. Ta cé pla nghiém clia phuong trinh
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f(z) = 72 — A = 0 va cong thitc lap Newton c6 dang

_ f(Zn-1) _ a2 —A _ 1 A
Tn = ‘x'n.—l f,(zn—l) = Tn-1 %1 =3 Tp-1+ -

voi moi n = 1,2,3,..., va thoa cong thitc danh gia sai sé:

2 _
el _ =4,
m 2a

lp —zn| <

C6 thé chung té ring day lap héi tu vé VA véi moi gia tri lip
duong ban ddu. Véi trudng hgp A =2, p=+vA€e[1,2], zp=1ta
c6 bang sau

In ) Aa:
1.0000000000

1.5000000000 1.25 x 10~
1.4166666667 3.48 x 10~3
1.4142156863 3.01 x 10~6
1.4142135624 2.26 x 10~12

n

- W= O3

Vi du 1.17: Bay gio xét phuong trinh f(z) = 2 — 3z + 1 = 0 trong
khoéang cach ly nghiém [0, 1]. Ta nhan thay f'(z) = 322 — 3 triét
tiéu tai z = 1 € [0, 1]. Do d6 ta dung phudng phap chia doi dé thu
hep khoang cach ly nghiém. Vi f(0) > 0 va f(0.5) < 0 nén nghiém
thudc [0, 0.5], ma trong d6 f'(z) < 0. D€ thay Vz € [0,0.5], | f'(z)| >
225 = mva f’(z) = 6z > 0. Vi dao ham cép' mot va dao ham
cap hai khac dau, chon z = 0, xay dung day {z,}%, theo cong

thue:
: z3_ —3zp_y +1 _ 2z3_, -1
3z2_, -3  3z2_,-3

Khi d6 nghiém gan dung z,, thod man danh gia:

In = Tp-1—

'|xi—3a:n+1| _

T - 24| <
[ = 2l 2.25

Ag,.
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Két qua tinh toan cho ta bang sau:

0.0000000000

0.3333333333 1.65 x 1072
0.3472222222 8.70 x 107°
0.3472963532 2.55 x 1072

n -

W= Ol S

Thuat toan Newton dudc thé hién bdéi ham
z, tol = newton(f0, 1,20, N,m = None, eps = 10 * *(—6))

v6i £0 1a ham sb va f1 1a dao ham ctia né, z0 la gia tri 1ap ban dau, N
1a sb 14n 1ap téi da, m = minf, ) |f'(z)| va eps 1a sai s6. Ham tra vé day
13p =[] trong bién z va day cac sai s6 tol[]. Néu khong ¢ t 10ng sOm
thi sai sb dugc tinh theo cong thic tol[n] = |z, — 2n—1]. Con néu cé m
thi sai sé dugc tinh theo cong thitc danh gia sai sb tdng quat. Gia tri
mic dinh ctia sai s eps 1a 1076,

7

s

def newton(fO, f1, x0O, N, nFNone, eps=10#+(-6)):
x = np.zeros (N + 1, dtype=float)
tol = np.ones(N + 1, dtype=float)
x[0] = x0
n=1
while n <= N: A
x[n] = x[n - 1] - fO(x[n - 1]) / f1(x[n - 1])
tol[n] = (
abs(x[n] - x[n - 1])
if m is None
else abs(fO(x[n])) / m
)
if tol[n] < eps:
' break
n+=1
return x, tol

et

Ap dung cho phuong trinh f(z) = = — cosz = 0 trong khoang cach
ly nghiém [0,1] v6i zo = 1, m = 1 va sai s6 eps = 107°, ta dugc nghi¢m

1
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x4p Xi z5 = 0.73908513 va Ay ~ 2.85 x 10710,

§1.6 PHUONG PHAP DAY CUNG

Phuong phap Newton 1a cong cu hitu hiéu d€ tim nghiém gan ding
. ctia phuong trinh. Tuy nhién khé khan cia phuong phap nay la can
phai tinh dugc dao ham cap mot f'(z) trong méi 1an 1ap. D€ khac phuc
diéu nay, trong cong thitc (1.14) ta xap xi f'(z,—1) theo cach nhu sau.
Trudc tién, tir dinh nghia

F'(Zne1) = lim f(z) = f(@n-1)

I—Tn—1 r—Tp-1
Néu z,_, gan véi z,—; thi ta cé xap xi

~ f(xn-—2) - f(xn—l) — f(xn—l) - f(xn—2)

Tpn—2 — Tp-—-1 Tp—-1 — Tpn-2

f’(zn—l)

Y,

v

Hinh 1.4: Phuong phdp day cung
Thay x4p xi nay vao trong cong thirc lap Newton (1.14), ta thu dugc

f(xn-—l)(zn—l - xn—2)

f(@n-1) — f(zn-2)

Pay la cong thic ldp ctia phuong phdp day cung. Y nghia hinh
hoc ctia né nhu sau: Véi hai xap xi ban d4u zo va ;, Xap xi tiép theo
25 12 hoanh do giao diém ctia dudng thing ndi hai di€m (zo, f(x0)) va
(z1, f(z1)); xap xi 3 12 hoanh do giao diém ctia dudng thang néi hai
diém (z1, f(z1)) va (z2, f(22)), v.v... (Hinh 1.4)

(1.15)

Tp =Tp-1—
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Newton véi z = 0. Két qua duge cho trong bang s6 sau:

Day cung | Newton
0.00000000 | 0.00000000
0.50000000 | 0.33333333
0.36363636 | 0.34722222
0.34605598 | 0.34729636
0.34730453
0.34729636

U N~ OS

Vi du 1.18: Xét phuong trinh f(z) = #® — 3z + 1 trong khoang
cach ly nghiém [0,0.5]. Ta sit dung phuong phap day cung véi
zp = 0 va z; = 0.5. D& so sanh ta cang sit dung phuong phap

3

Thuat toan day cung dugc thé hién béi ham

z,tol = secant(f,z0,z1, N,m = None,eps = 10 * *(—6))

v6i f 1a ham sé, z0, z1 1a cac gia tri lap ban dau, N 1a s6 lan lap téi da,
m = ming,y | f'(z)| va eps la sai s6. Ham tra ve day 1ap z[] trong bién
va day cac sai sb tol[]. Néu khong c6 thong s6 m thi sai s6 dudc tinh
theo cong thic tol[n] = |z, — Tn—1]. Con néu c6 m thi sai sé duge tinh
theo cong thitc ddnh gia sai sé tdng quat. Gia tri mic dinh cia sai s

eps 12 1076,

r

def secant(f, x0, x1, N, nFNone, eps=10#+(-6)):
x = np.zeros(N + 1, dtype=float)
tol = np.ones(N + 1, dtype=float)
x[0] = x0; x[1] = x1
n=2 '
while n <= N:

/ (f(x[n-1]) - f(x[n-2]))
tol[n] = abs(x[n]—-x[n—-1]) if m is None
else abs(f(x[n]))/m
if tol[n] < eps:
break
n +=1
return x, tol

x[n] = x[n-1] - f(x[n-1]) * (x[n-1] - x[n-2])
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§1.7 PHUONG PHAP MULLER

Trong phan nay ta xét phuong trinh da thirc, nghia la phuong trinh
P(z) =0, v6i P(z) = a,z™ + an-12"" ! + a1z + ap 12 mot da thirc bac n
(an # 0), cdc hé sb a; c6 thé 1a cac sb thuc hodc phic.

Chung ta xét phuong phap dugc dua ra bsi Muller. Phuong phap
nay c6 thé ap dung cho moi phuong trinh, tuy nhién né hiru dung khi
tim nghiém ctia da thic. Tuong tu nhu phuong phap day cung, tir hai
xap xi ban dau @€ tim xap xi thu ba, phuong phap Muller sit dung
ba xap xi ban dau zg, z; va z, dé tim xap xi tiép theo z3 bang cach
tim giao di€ém cta truc hoanh véi parabol di qua ba di€ém Ag(z, f(o)).
A1(z1, f(x1)) va Az(ze, f(z2)). Goi P(z) 1a da thuc bac hai ma d6 thi cua
né di qua ba diém Ay, 4; va A:

P(z) = a(x — z2)2 + b(z — z2) + ¢

Céc hé sb a, b va ¢ dude xac dinh tit cac diéu kién:

f(CL‘Q) = P((L‘()) = a(a:o - .’L‘2)2 + b(fL‘O - 1‘2) +c
f(z1) = P(z1) =a(z; — 2)® + b(z1 — x2) + ¢
f(zz) = P(z2)=a(0)?+b0)+c=c

Giai ra ta dudc

¢ = flz2) | (1.16)
p = (@o— x2)?[f (x1) — f(z2)] — (z1 — l‘zf“)z[f(zo) — f(z2)] (1.17)
(zo — z1)(z0 — T2) (21 — 22)

(x1 = z2)[f(20) — f(22)] = (T0 — 72)[f(Z1) — f(z2)]

a = (zo — 71)(z0 — 2) (21 — T2) (1.18)

Pé tim z3, 12 nghiém ctia P(z), ta ap dung cdng thitc tim nghiém
cua phuong trinh bac hai P(z) = 0:

e 1 _—bivb2—4ac_ —2c .
M 2a T b+ /b2 - dac

Cong thitc trén cho ta hai gia tri ciia z3. Theo phuong phap Muller,
diu + & truée diu cin 8 mau sb sé duge chon sao cho né cung dau
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v6i b. Khi do:
—2c

, b + sign(b) - Vb% — 4ac

véi a, b, ¢ dudc cho bdi cac cong thirc (1.16) dén (1.18). Sau khi chon
xong z3, ta sit dung z, 7, va z3 dé tim z4, v.v... Phuong phép cu tiép
tuc cho dén khi thoa diéu kién dimg cho trudc. Trong qua trinh tinh
toan, ta thiy c6 tham gia biéu thitc v/4% — 4ac, cho nén phuong phap
Muller cé6 thé tim nghiém phitc clia da thic néu b — 4ac < 0.

3 = ITg +

Thuat toan ctia phuong phap Muller nhu sau
z, tol = muller(f,z0,z1,z2, N,eps = 10 * x(—6))

O day f 1a ham 6,20, z1, 22 1a cdc gid tri 13p ban ddu, N l1a sé lan
1ap t6i da va eps 1a sai s6. Ham tra vé day lap z[] trong bién z va day
cac sai so tol[].

def muller(f, x0, x1, x2, N, eps=10#%(-6)):
x = np.zeros(N + 1, dtype=complex)
tol = np.ones(N + 1, dtype=float)

x[0] = x0

x[1] = x1

x[2] = x2

hl = x[1] - x[0]

h2 = x[2] - x[1]

dl = (f(x[1]) - f(x[0])) / hl
d2 = (f(x[2]) - f(x[1])) / h2
d = (d2 - d1) / (h2 + hl)
n=3

while n <= N:
b=d2 + h2 =« d
DD=b *b -4+ f(x[n-1]) «d
D = cmath. sqrt (DD)
if abs(b - D) < abs(b + D):

E=b+D
else:

E=b-D
h=-2=#% f(x[n-1]) / E
X[n] = x[n-1] + h

tol[n] = abs(h)
if tol[n] < eps:
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break

hl = x[n - 1] - x[n - 2]

h2 = x[n] - x[n - 1]

dl = (f(x[n - 1]) - f(x[n - 2])) / hl
d2 = (f(x[n]) - f(x[n - 1])) / h2

d = (d2 - dl1) / (h2 + hl)
n+=1"
return x, tol .

- Vi du 1.19: Xét phuong trinh f(z) = 23 + 222 + 3z — 8. Béng cach
chon cac gia tri ban dau (zg, z1, r2) khac nhau va sit dung thuat
toan Muller véi sai s6 nhé hon 107° ta cé bang két qua sau:

(1.0, 1.5, 2.0) | (—3.0, —=2.5, —2.0) (3.0, 3.5, 4.0)
n Tp n Tn n Tp
0 1.0 0 =30 0 3.0
1 1.5 1 -25 1 3.5
2 2.0 2 -2.0 2 4.0
3| 1.1866 |3 |—1.4091+1.4820j | 3 | 1.3400 — 0.9615;
4| 11826 |4 |-1.3895+2.03545 | 4 | 0.4868 — 0.8961;
5| 1.1827 |5 | —-1.6023+2.07365 | 5 | —0.5752 — 0.8528;
6| 1.1827 |6 |—1.5912+2.05715 | 6 | —1.7620 — 1.2359;
7 | —1.5914 + 2.05715 | 7 | —1.8354 — 2.2709;
8 | —1.5914 + 2.0571j | 8 | —1.5803 — 2.0275
9 | —1.5913 — 2.0565;
10 | —1.5914 — 2.0571j
11 | —1.5914 — 2.0571;j

§1.8 AP DUNG
1.8.1 PHUONG TRINH VAN DER WAALS &1 VOI CHAT KHi
D6i vai chat khi ly tudng ta cé6 cong thic
pV =nRT (1.19)

VGi R = 0.082054L - atm/(mol - K), p 1a ap suét tuyét déi; T 1a nhiét do
tuyét d6i, V 1a thé tich va n la sé mole. Mic di dudc sit dung rong rai
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(trong chuong trinh phd thong) nhung céng thuc (1.19) con rat nhieu
han ché, nhét 1a déi vai khi thyc. Khi d6 ta thuong dung phuodng trinh
trang thai ctia chit khi sau

| | (p+ =) (v—b) = RT (1.20)
va duge goi 1a phuong trinh Van der Waals. Trong phuong trinh (1.20),
* a,b 1a cac hing sb phu thudc vao chat khi cu thé va v = V/n 1a thé
tich mole. - '

Can xac dinh thé tich mole v cuia hai chét khi 1a carbon diox-
_ide (CO,) va oxygen (O;) dudi ap suat latm, 10atm va 100atm &
nhiét do 300K, 500K va 700K . Biét rang d6i voi carbon dioxide ta c6
a=3.592, b= 0.04267; con dbi védi oxygen ta c6 a = 1.360, b = 0.03183.

Ta dé dang xac dinh thé tich mole v d6i véi chat khi ly tudng:

Y BT o0s2054. ©
n p 2

V=

va két qua cho trong bang sau:

p=1 p=10 p =100

T = 300K

24.61620

2.46162

0.24616

T = 500K

41.02700

4.10270

0.41027

T =T700K

57.43780

5 74378

0.57438

Tuy nhién, déi véi khi thuc, ta cAn mot thuat toan tinh gan dung
dé tim v. Phuong trinh (1.20) duQC viét lai nhu sau:

a ab
f(u)=pl/+;——;2-—pb—RT='0

'Ta dé dang tim dugc dao ham cua f(v):
a 2ab

f’(")=p_ﬁ+',,T

Do d6, thuat toan Newton la thich hgp dé xac dinh thé tich mole
gin dung v. Gia tri 1ap ban diu 1y dugde chea ddi vai chat khi ly tuéng
tuong Umg véi nhiét d6 T va 4p suat ¢ Vi duy, ung véi T = 300K va
p = latm thi chon vy = 24.6162. Chon szi sb 12 1077, Ta c6 két qua tinh
toan dugc thé hién trong cac bang sau:

Déi véi carbon dioxide:
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CO,

p=1

p=10

p = 100

T = 300K

24.512588

2.354496

0.079511

T = 500K

40.982113

4.057780

0.366302

T = 700K

57.417958

5.724166

0.557554

Dbi véi oxygen:

(0}

p=1

p=10

p =100

T = 300K

24.592801

2.438404

0.226359

T = 500K

'41.025706

4.101630

0.411614

T = 700K

57.445969

5.752097

0.584197

1.8.2 BAITOAN VE MACH BIEN

Trong mot sé trudng hgp, bai toan vé mach dién cé thé dugc dua vé
viéc gidi phuong trinh vi phan
dq  .dg g

Ld_t2+RE£+E=O

v6i L 1a d6 tu cam, R la dién trd, C 1a dién dung va g = ¢(t) 1a dién tich
phu thudc vao thoi gian t. Bay 1a phuong trinh vi phan tuyén tinh cap
hai hé sé hang s6. Nghiém ctia né c6 dang :

1 R\?2
— o o—Rt2L _
9(t) = qe cos (t LC (2L))

Trong mot sd trudng hgp ta cin xac dinh R khi biét cac tham sb
khéc. Cu thé, cin xic dinh R khi biét ¢ = 0.01¢p tai thai diém ¢ = 0.05s
v6i L = 5 va C = 10, Tt cong thire (1.21) ta thu dugc

F(R) = e~0005R o (0 05+/2000 — 0. 01R2) —0.01=

Do R > 0 va 2000 — 0.01R? > 0 ta thu dudc 0 < R < 448. Viéc
tinh f'(R) kha phuc tap, nén ta st dung phuong phap chia d6i (ham
bisect()) va sau 20 lan ldp ta c6 két qua sau:

(1.21)

20 = 328.1512756347656 ~ R,  |f(z20)| = 0.000000152733956
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BAI TAP

Cau 1. Biét ban kinh ctia hinh ciu la R = 2.15 + 0.0012 (m) va sé
m = 3.14 + 0.002. Tinh sai sb tuyét déi va sai s6 tuong déi cia thé tich
hinh ciu.

Cau 2. Tinh sai s6 tuyét déi Ar biét rang:
(@) F=z?+zy+9y?% z=152+0.0021, y = 2.38 + 0.0012
() F=2%+3% o=35+0011,y = 4.5+ 0.035
© F= zsin.;, + ysi;:‘c, z = 0.3 +0.0038, y = 0.5 + 0.0026.

Cau 3. Tim khoang céach ly nghiém ctia cac phuong trinh sau:

@ zt—4z+1=0 (e) 1—-z—-e 22 =0

(b) e —z2+32-2=0 ) z*— 423 +222-8=0
() zcosz —222+3z—1=0 (g e—z2+z=0

(d) 4sinz+1—2z =0 (h) 3z +Inz =0

Cau 4. Tim sai s6 ciia nghiém gin dung z* theo céng thuc danh gia
sai s6 téng quat:

(@ z* - 423 + 22% — 8 = 0 trong [3,4]; z* = 3.62.
(b) e* —2? + z = 0 trong [—1,(]; z* = —0.44.
(c) 4sinz + 1 —z =0 trong [2,3]; z* = 2.7.

Céau 5. St dung phuong phap chia dé6i tim nghiém gin dung z; cua
phuong trinh f(z) = 0 trong khoang cach ly nghiém da cho. St dung
cong thitc danh gia sai s téng quat, tinh sai sb cia né va so sanh véi
sai s6 tinh cong thitc danh gia sai s6 ctia phuong phap chia déi.

(@) f(z)=23+222 -7 =0 trong [1,2]. .
(b) f(z) =32® +Inz = 0 trong [0.2,1]

Cau 6. S dung phuong phap lap, tim nghiém gan dung véi sai sb
nho6 hon 1073 ctia cac phuong trinh sau:
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(@) 3 — 322 — 5 = 0 trong doan [3,4], chon zo = 3.5;
b) z —a;—l—Otrongdoan[l 2], chon zg = 1.5;

Cau 7. V6i cac phuong trinh duéi day, hay xac dinh khoang cach ly
nghiém [a, b] ma trong dé phuong phap lap hoi tu. Danh gia sb 1an lap
cin thiét dé tim nghiém gin dung véi sai s6 nhé hon 10~%. Chon zp la
diém gitta ctia khoang cach ly nghiém.

(a):v=;55+2 () z=67
(b) z = (e* /3)1/2 d z= %(sinx + cos )

Cau 8. St dung phuong phap Newton tim nghiém gan dung ctia cac
phuong trinh sau véi sai s6 nhé hon 107°.

(a) e*+27% + 2cosz — 6 = 0 trong doan [1, 2];

) In(z — 1) + cos (z — 1) = 0 trong doan [1.3,2];

(c) 2z cos2z — (z — 2)? = 0 trong doan [2,3] va [3,4];
(d) (z —2)? —Inz = 0 trong doan [1,2] va [e,4];

(e) e* —322 = 0 trong doan [0,1] va [3,5];

(f) sinz — e~ = 0 trong doan [0, 1], [3,4] va [6,7].

Céu 9. Lap lai cac bai tap trong cau 8, sit dung phuong phap day
cung véi sai s6 nhé hon 1074, Chi ra s6 1an 1ap n.

Cau 10. St dung phuong phap Muller tim nghlem v3i sai s6 nhé hon
104 chia céc da thic sau

(@ P(z)=2*+3z-5=0
(b) P(z)=z*+2>-222-6=0

Cau 11. Thé tich V cia mot chat 16ng trong hinh tru tron ndm ngang
dudc cho bdi cong thirc

V=L [r arccos r=

- Wm]

v6i r va L 1a ban kinh va chiéu dai cta hinh tru, k l1a chiéu cao muc
nudc. Hay xac dinh h néubiétr =2m, L=5mvaV =8 m3.
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‘Cau 12. Van tdc roi ctia mot vat dugc tinh theo céng thitc: |

e,
v=ﬂ(1_em)
C

véi g = 9.8m/s%. Biét ¢ = 13.5kg/s, hay xac dinh khéi lugng m d€ cho
v = 36m/s tai thoi diém ¢ = 6s. Tinh dén bén chi sé dang tin sau dau
phdy thap phan.

Ciau 13. Van téc thing ding v ctia tén Ilra c6 thé duge tinh theo cong
thuc:

v=uln
e mo — qt

véi v 1a van téc xuit phat chia tén Itra, mg 1a khéi lugng ban dau cta
tén Itra, ¢ 1a hé sb tiéu thu nhién liéu va g 1a gia toc trong trudng. Néu
u = 2200m/s, mo = 160000kg, ¢ = 2680kg/s va g = 9.8m/s, hay xac dinh
thoi gian dé cho v = 1000m/s.

Céu 14. Nhiét do (T) va ap suit (p) ctia khi thuc thay ddi theo cong
thuac

2mt 2 —t/1440
= 9 il
T = 400 + 225 cos 1 va p=e

Hay viét chuong trinh d€ tinh thé tich mole v cia oxygen theo thai
gian ¢ theo titng phiit trong vong 1 gio. Vé d6 thi cia ham thu dugc
v = v(t). St dung cong thirc (1.20).

Céu 15. Chuyén vi cia mét ciu triic dude xac dinh béi phuong trinh
dao dong tit dan: u = 10¢%5 cos2t. St dung d6 thi dé xac dinh gia
tri x4p xi thé ctia thdi gian ¢ khi u = 4. Sau d6, sit dung phuong phap
Newton, tim thoi gian khi u = 4 véi sai s6 < 1075.




seaseasssssssssssssssw CHUONG HAI

HE PHUONG TRINH TUYEN TiNH

Muc luc
2.1 PhuongphapGauss . . . . . . ...t o oo eennn 41
2.2 Cac phuongphapphanra ............... 45
- 2.2.1 Phuong phapphanra LU . . . . . ... ..... 46
2.2.2 Phuong phap Choleski . .......... ... bl
2.3 Chudn véc-tdva chudinmatrdn. ........ ... 54
2.4 Phuong phaplap. ....... et e 57
2.4.1 PhuongphapdJacobi . . . . ... ......... 60
2.4.2 Phuong phap Gauss-Seidel . . . . ... ... .. 64
25 Apdung . . . ... it 67
2.5.1 Phan tich luctronggiantinh . . . ... ... .. 67
2.5.2 Dong dién va dién thé trong mach diéntré . . . 68
Baitdapchuong2 ... ........00t v enns 70

Trong chuong nay ching ta néu lén mét sé phuong phap dung dé
giai hé phuong trinh tuyén tinh

anry + aprz + ... + aTn = b
a21-:l:1 + axry + ... + apmr, = b o AX = B 2.1)
n1T1 + Ap2T2 + ... + GppTn = by

rat thudng gip trong cac bai toan khoa hoc ky thuat. Ta chi xét hé
géom n phuong trinh véi n 4n. Do vay, ma tran hé sé A 1a ma tran
vudng cap n, va véc-to nghiém X cing nhu véé-tq tu do B la cac véc-
to cot n chiéu thudc R™. Ta ludn gia thiét rang det A # 0 va, do dé6, hé
c6 nghiém duy nhat X = A~!B. Tuy nhién, viéc tim ma tran nghich
dao A~! d6i khi con khé khan gip nhiéu laa so véi viéc gidi truc tiép
hé phuong trinh xuat phat. Duéi day chiing ta sé xét mot sé6 phuong
phap thuong dung d€ giai hé phuong tiinh (2.1). Truéc tién, ching ta
xét mot sé trudng hop don gian khi ma tran hé sé A ciia hé phuong
trinh (2.1) c6 dang dac biét.
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Trudong hgp don gidn nhat 1a khi hé phuong trinh véi ma tran hé
sb c6 dang duong chéo: '

al 0 0
a=| 0omon D
0 0 o Apn

Khi 4y hé tuong duong véi n phuong trinh bac nhéat ag,zi, = bg, Vk =
1,2,...,n. Videt A = ailqgg “++apy # 0 N€N ag, # 0,Vk. Va do d6 nghiém
ctia hé c6 thé dugc viét dusi dang:

b
,_»'-'l"k:i) k=1,273)"'an

- Qkk

Trudng hgp thit hai khi ma tran hé s6 A c¢6 dang tam giac trén:

a1l a2 -+ Qin

0 ap - a
A= 22 2n
0 0 - apm

V6i gia thiét det A # 0, ta c6 axx # 0,Vk = 1,2,...,n, va nghiém cta
hé dudc cho bdi cong thitc:

bn
3 - 3 k 1 22
Tp=— | b — ai;zj |, =n-—1,---,
Akk ik 7

Cubi cung, khi ma tran hé sé A c6 dang tam giac dudi:

ail 0 N 0

a a . 0
A= 21 22

Qnl Qn2 -°* Qnpp

Tuong tit det A # 0 = agx # 0,Vk = 1,2,...,n, va nghiém cha hé c6
dang:
by

r = —
a1

1 b k-1 (2.3)
Il?k—a—kk k—jglakjl‘j ’ k=2,---,n
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§2.1 PHUONG PHAP GAUSS

Bay gio chung ta sé trinh bay phuong phap Gauss dé giai he
phuong trinh téng quat dang (2.1). Néi dung cta phuong phap la
stt dung cac phép bién ddi so cap theo hang dé chuyén vé mot hé
phuong trinh méi tuong duong véi hé phuong trinh ci ma ma tran hé
s6 c6 dang co ban. Cac phép bién ddi so cap thuong hay sit dung la:

¢ Nhan mét hang cho mét s6 khac khong.

* Hoan chuyén hai hang cho nhau.

e Cong mot hang cho mot hang khac da nhan véi mot sé khac

khong.
Xét hé phuong trinh sau:
a;1z1 + apexe2 + ... + Q1pTpn = b
a21r1 + agry + ... + apTp = ba
@11 + an2T2 + ... + QpaZTn = bn

Do dinh thitc cia ma tran hé s6 A khac khong nén mét trong cac
sb ai1,4a01, . . .,an1 phai khac khéng. Gia sl a;; # 0. Lay phuong trinh
thit k véi k = 27 trit cho phuong trinh thi nhat da nhan véi -, ta

a1l
dudc mot hé mdi c6 dang nhu sau:

anry + @122 + ... + apTn = b
a%) 2 + ... + agl) Tp = bgl)
. - .*.1.
a£,12):c2 + ... + a%zn = o
Trong céc sb ag‘;), ...,a'”) phai c6 mot sb khac khéng, vi néu ngugc

lai thi det A = 0, trai vai gia thiét. Gid skt aly # 0. Con néu chi c6
a;;’ # 0va aglz) = 0 thi ta thuc hién phép hoan chuyén hai phuong
trinh thit 2 va thi p. Tiép tuc bién déi cho n — 2 phuong trinh cuébi. Va
ctt tiép tuc cho dén phuong trinh thit n, ta dude hé phuong trinh sau
a11ry + apprey + ... + A1nTn = b
aglz)xg + ... + agz)xn = bgl)

w0, _ e

pn "Tp =
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bay 1a hé phuong trinh c6 ma tran hé sb c6 dang tam giac trén va
c6 th€ giai dugc bing cong thirc (2.2).

Vi du 2.1: Xét hé phuong trinh dai sé tuyén tinh sau:

1 — T2 + 2x3 — 14 = —8

2z, — 2z9 + 323 — 314 = -20
Ty + X2 + x3 = =2
3 — T2 +

4z3 + 3z4 = 4

Ma tran hé sé mé rong c6 dang

1 -1 2 -1 : -8
A(ﬂ)‘: 2 -2 3 -3 : -2
1 11.0: =2
1 -1 4 3 : 4

Ta thuc hién cic phép bién dc’)i sau: (hg = hy — 2h;),(hg = h3 —
hl), (h4 = h4 - hl‘), khi 46 ma trén tré thanh

A 1 -1 2 -1 : -8

 — 0 0 -1 -1 : —4

4 0 2 -1 1: 6
0 0 2 4 : 12°

Phan tir a{) = 0, do d6 dé tiép tuc, ta thuc hién phép chuyén
ddi gitta hang thit hai va thit ba va thu dudc

1 -1 2 -1 : -8

@ _ 0 2 -1 1 : 6
A 0 0 -1 -1 : —4
0 ._0 2 4 : 12

Cudi cung, lay hang thit tu cong cho hai 1an hang thi ba ta
dugc:

1 -1 2 -1 : -8
@_|0 2 -1 1: 6
4 0 0 -1 -1 : —4
0 0 0 2: 4

Va sit dung cong thic (2.2) ta c6 thé dé dang tim duge X =
[-7,3,2,2]T. '

——
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Trong vi du 2.1, & buéc thi hai, do al} = 0 nén ta phai hoan
chuyén hai hang thu hai va thit ba. D€ tranh truong hgp nay, ta c6
thé cai tién phuong phap Gauss theo huéng nhu sau. Tai méi buéc,
khi chon phan tit dé bién ddi, ta sé chon phan ti c6 tri tuyét déi 16n
nhat, sao cho khong ciing hang va cot véi nhing phan tit da chon
truée. Phan tit nhu vay thudng duge goi la phan tit chinh hay phan
fit tréi. Sau d6 ta sé bién ddi dé cho tat ca cac phan tit trén cung cot
cua phan tit troi bang khong. Qua n budc nhu vay ta sé tim duge
nghiém dé dang. Phuong phap nay dudc goi la phuong phap Jordan
hay phuong phdp phan tit troi. Ta minh hoa bang vi du sau.

Vi du 2.2: Xét hé phuong trinh trong vi du 2.1 ¢6 ma tran hé s6
md rong

1 -1 2 -1 : =8
A(O) - 2 -2 3 -3 : —-20
1 11 0 : =2
1 -1 4 3 : 4

DAu tién ta sé chon phan tit chinh la phan tit oy = 4 va thuc
hién cic phép bién ddi (4hs — h4), (4h2 — 3h4), (2h1 — hy) ta thu
dugc

1 -1.0 -5 : =20
A0 = 5 =5 0 =21 : -92
3 50 -3 : -12
1 -1 4 3 : 4

Budc tiép theo, phan tit chinh dugce chon khong duge nam trén
hang thi tu va cot thit ba. B6 1a phan ti a(r) = —21. Tiép tuc
thuc hién cac phép bién dai (21h; — 5hs), (Ths — h2), (Ths + h2) ta

thu dugc :
—4 4 0 0 :. 40

4O _ 5 -5 0 —-21 : —92
Tl 16 40 0 0 : 8
12 —-12 28 0 : —64

Tiép theo phan tf chinh dugc chon khong duge nam trén hang
thi hai, thi tu va cot thit ba, thi tu va do d6 phan ti chinh sé
1a phan tit a{Y = 40. Thyc hién phép bién ddi (10h; — h3), (8hs +
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hs), (10h4 + 3h3) ta dudc

-56 0 0 0 : 392

4@ _| %6 0 0 -168 : 728
| 16490 o 0: 8
168 0 280 0 : —616

Cubi cung phéan ti chinh khéng cliing nidm trén hang va cot ctia
nhimg phén ti chinh da dugc chon trude la phan tit of) = —56.
Thuc hién cac phép bién ddi (ha + h1), (Ths + 2h1), (ha + 3h1) ta co
ma tran cudi cung .

-

5% 0 0 0 : 392

49 _| 0 0 0 -168 : -336
0 280 0 0 : 840

0 0280 0 : 560

va hé phuong trinh dau tuong dudng véi hé sau
—56x; = 392, 280z, = 840, 280z3 = 560, —168x4 = —336

Tur day chung ta cang suy ra duge X = [-7,3,2,2]7.

Thuat toan ctia phuong phap Jordan dugce thé hién qua chudng
trinh sau
X = jordan(A, B)

v6i A 1a ma tran heé sb, B la véc-to tu do. Ham tra vé véc-to nghiém X
Néu A 1a ma tran suy bién thi ham tra vé véc-to khong.

~

def jordan(A, B):
N = len(A)
X = np.zeros (N, dtype=float)
if isSingular(A):
return X
b = np.zeros (N, dtype=int)
for i in range(N):
b[l] = -
im =0
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jm =0
for k in range(N):
ma = 0.0
for i in range(N):
if b[i] < O: .
for j in range(N):
aa = abs(A[i, j])
if ma < aa:
ma = aa
im=1i
jm = j
b[im] = jm

ma = Al[im, jm]
for j in range(N):
Alim, j] /= ma
Bl{im] /= ma
for i in range(N):
if i !'= im:
tmp = Ali, jm]
for j in range(N):
Ali, j] -= Alim, j] » tmp
Bl[i] —= B[im] #* tmp
for i in range(N):
X[b[i]] = Bli]
return X

Cac phuong phép c6 sit dung cac phép bién déi so cap co ban c6
uu diém la don gian, dé lap trinh. Tuy nhién, néu phan tr dudc chon
dé bién ddi gan véi khong thi phuong phap Gauss cing nhu Jordan
c6 thé cho két qua khong chinh xdc. Hon nita, khi thuc hién trén
cac cong cu tinh toan, ta vin gap phai sai s6 lam tron, cho nén cac
phuong phap nay van duge xem nhu 1a cac phuong phap gan dung.

§2.2 CAC PHUONG PHAP PHAN RA

Trong phan nay ta xét cic phuong phap phan ra ma tran A cho
trudc thanh tich cac ma tran cé dang dudng chéo hoidc tam giic:
A = A; - Ay...Ax. Khi d6 viéc gidi hé phuong trinh. (2.1) sé tuong
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duong vdi viéc gidi k¥ hé phuong trinh:

(A XM = B,
AX® = xO)
"AX =Bl ... e e
Ak_lx(k—l) = X(k—2)
| X - X&)

2.2.1 PHUONG PHAP PHAN RA LU

Noi dung cia phuong phéap phan ra LU la phan tich ma tran hé s6 A
thanh tich cta hai ma tran L va U, trong d6 L la ma tran tam giac
duéi va U 1a ma tran tam giac trén. Khi dé viéc giai hé phuong trinh
(2.1) sé dua vé viéc giai hai hé phuong trinh LY = Bva UX = Y ma
ma tran hé sb l1a cic ma tran tam gidc va nghiém thu dugc tir cac
cong thic (2.2) va (2.3). Ta co dinh ly sau day.

Dgnh 1y 2.1: Néu A la ma tran khong suy bién, thi bao gid ciing
ton itaj moét ma tran P khong suy bién sao cho ma tran PA phan
tich dugc thanh tich cia ma tran tam gidc dudi L va ma tran
tam gidc trén U, nghia la PA = LU.

C6 rat nhiéu phuong phap phan tich A = LU. Trudc tién ta xét
trudng hop ma tran L c6 dudng chéo chinh bang 1 va goi la phuong
phap Doolittle. Khi @6 L va U c6 dang:

1 o - 0 Uil U2 . Uln
Lo ly 1 - 0 S 0 ugp - Uz
lny lpg -+ 1 0 0 - Unn

Cac phén tit cia hai ma tran L va U dugc xac dinh theo cong thic: L

r

\ Ujj

wy = a1 (I<j<n)
o= 2 (2<i<n)
" 2.4
* Uiy = aij"zlikukj 2<i<j<n) (2.4)
1 . .
lij = — (a,] 2 l,kukj) 2<j<i<n)
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Vi du 2.3: Xét hé phuong trinh

i
]
[rgNe)
[S,]

—4zr; — 3z9 + 4dz3

2y + 2x2 — 3z3
2r7; + T2 + 2z3 = 3

Ta phan tich ma tran hé sé
2 2 -3 1 0 0 S Ul w12 Ui
-4 -3 4 |=|la 1 0 |-| O wup wuyg
2 1 2 l31- I3 1 0 0 uss

l32 = —I;U33 =3.
Do @é:

1
LY =B << | -2
1

VOi u = 2;u12 = 2;u13 = —3; lo1 = =213 = 1; ugp = l;ug3 = —2;

Thuat toan ciia phuong phap Doolittle thé hién qua chuong trinh

- Python: _
L,U = doolittle(A)

v6i A 1a ma tran vudng cap n, ham tra vé hai ma tran tam giac duéi L

va tam giac trén U.

def doolittle(A):
= len(A) S

L np.zeros ((n, n), dtype=float)
U = np.zeros ((n, n), dtype=float)
if isSingular(A): '

return L, U
for i in range(n):

L[i, i] = 1.0

ulo, i] = A[0, i]
for i in range(l, n):

L[i, O] = A[i, O] / U[0, 0]
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for i in range(l, n - 1):
for j in range(i, n):
suml = 0.0
for k in range(0, i):
suml += L[i, k] = Ulk, j]
. Uli, jl = A[i, j] - suml
for j in range(i + 1, n):
suml = 0.0
for k in range(O, i):
suml += L[j, k] + Ulk, i]
Llj. il = (Alj. 1] - suml) / U1, 1]
suml = 0.0 &
for k in range(0O, n - 1):
suml += L[n - 1, k] * Ulk, n - 1]
Un-1,n-1] =An-1, n - 1] - suml
return L, U

Trudng hgp thit hai thuong sit dung khi ma tran U c6 dudng chéo
chinh bang 1 va goi 1a phuong phdp Crout. Khi d6 L va U c6 dang:

ln o .- 0 1w -+ u
A Il B A I
lnl l‘n.2 lnn 0 0 1

Céc phéan tt cia hai ma tran L va U dugc Xac dinh theo cong thic:

(ln = aa 1<i<n)
uy = ‘lﬂ 2<j<n)
1
) S A 2.5
bj = aij— 3 ligu; 2<j<i<n) (2.5)
k=
1 l i—l . .
Uij = +— (aij - Z likukj) (2 <i<j< n)
\ Lii k=1

Vi du 2.4: Xét hé phuong trinh

2x7 + 5z + 3z3
1 — x93 + 4dz3

[
(3}

{:1:1+2:1:2—2.";3=4

|
o
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~ Ta phan tich ma tran hé sb

1 2 -2 lh 0 0
2 5 3|=|1lu Iy 0|

VOi by = Lilog = 25131 = 1; uig = 2;ui3 = —2; lpg = Ljl32 = —3;
U3 = 7; 133 = 2T7.

Do do:
1 0 0 4 4
LY =B« | 2 1 0 Y=[5 =Y = -3
11 -3 27 6 =7/27
1 2 -2 4 158/27
UX=Y<=>[O 1 7}X= -3 = X = | -32/27
100 1 =7/27 =7/27

Thuat toan ctia phuong phap Crout thé hién qua chuong trinh
Python:
L,U = crout(A)

v6i A la ma tran vuéng cap n, ham tra vé hai ma tran tam giac dudi L
va tam giac trén U.

,”~

def crout(A):
n = len(A)
L = np.zeros((n, n), dtype=float)
U = np.zeros ((n, n), dtype=float),
if isSingular(A):
return L, U
for i in range(n):
Uli, i] = 1.0
L[i, O] = A[i, O]
for i in range(l, n):
ulo, i] = A[O0, i] / L[O, O]
for i in range(l, n - 1):
for j in range(i, n):
suml = 0.0
for k in range(i):
suml += L[j, k] = Ulk, i]
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L[j, il = A[j, i] - suml
for j in range(i + 1, n):
suml = 0.0

for k in range(i):
suml += L[i, k] = Uk, j]
Uli, jl = (Ali, j] - suml) / L[i,
suml = 0.0
for k in range(n - 1):
suml += L[n - 1, k] * Ulk, n - 1]
Lln-1,n-11=An-1, n- 1] - suml
return L, U :

i]

Thuat toan Crout ciing ap dung hiéu qua déi véi hé phuong trinh
c6 ma tran hé sé dang ba duong chéo.

i ajl; a2 0 0 0 b1 )
az1 aze ag3 0 0 b
0 az2 as3 0 0 X = b3
0 0 0 apn-1n-1 Gn-1n bn-1
N 0 0 0 Qnn-1 nn L by i
Ta goi ham:

X = tri_diag(A, B)

v6i A 1a ma tran ba dudng chéo va B 1a véc-to. Ham tra vé nghiém X
ctia hé phuong trinh.

def tri_diag(A, B):
N = len (A)
X = np.zeros (N, dtype-float]
if isSingular(A):
return X
L = np.zeros ((N, N), dtype=float)
U = np.zeros ((N, N), dtype=float)
Z = np.zeros (N, dtype=float)
L[0, O] = A[0, O]
ufo, 1] = Ao, 1] / L[0o, O}
Z[o] = B[O] / L[O, O]
for i in range(l, N-1):
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L[i,i-1] = Ali,i-1]

L[i,i]) = A[i,i]-L[i,i-1]+U[i-1,i]
Uli,i+1] = A[i,i+1]/L[i,i]

Z[i] = (B[i]-L[i,i-1]+Z[i-1])/L[i,1i]

L[N-1,N-2] = A[N-1,N-2]
L[N-1,N-1] = A[N-1,N-1]-L[N-1,N-2]+U[N-2,N-1]
Z[N-1] = (B[N-1]-L[N-1,N-2]+Z[N-2])/L[N-1,N-1]

X[N-1] = Z[N-1]
for i in range(N-2, -1, -1):

X[i] = Z[i] - Uli, i+1] * X[i+1]
return X

2.2.2 PHUONG PHAP CHOLESKI

Pay la trudng hgp dic biét cha phudng phap phan ra LU, va dugc
dung cho truong hgp ma tran hé s6 A déi xitng va xac dinh duong.
Ma tran vuong A dudc goi la déi xitng néu AT = A. Nghia la cac phan
tit ctia n6 déi xing véi nhau qua dudng chéo chinh, a;; = a;;,Vi,j =
1,2,...,n. Con ma tran A la xac dinh duong néu VX € R*, X # 0 :
XTAX > 0. P& kiém tra tinh xac dinh duong clia ma tran, ta thuong
dang dinh li sau.

Pinh 1y 2.2: Mot ma tran la xdc dinh duong khi va chi khi tat

ca cdc dinh thirc con chinh ctia né déu duong.

I

Trong d6 dinh thitc con chinh cap k: Ag, 1 <k<n clla ma tran la
dinh thitc con thu dugc tit k¥ hang va k cot dau tién ciia ma tran dé.
Cu thé: i

Al =an, A= o 612 yerey A"n=detA
a1 a2

11 =17

Vi du 2.5: Xét ma tran A = 12 0]coA=|l=1>0,
-10 4
11 11 -1

Ag = =1>0va ;= 1 2 0|=2>0.Dodo Ala
12 -1 0 4




E

2.2 Cac phuong phap phan ra 52

xac dinh duong.

- N R

21

3 0 | laxac dinh duong.
0 4 :

3a

Vidu2.6: Timadématran A = [
2
3

Taco: A = a >0, Ay =

4
C; —4>0=>a>§va
’ 19
A3=|A|=12a—19>0=>a>ﬁ.

Két hgp cac diéu kién ta c6 a > -i—g

Ta c6 dinh ly Choleski:

Pinh 1y 2.3: Ma tran A la déi xung va xdc dinh duong khi va
chi khi tén tai mét ma tran C tam gidc dudi, khong suy bién sao
cho A= CCT. '

Trong trudng hop nay, dé giai hé (2.1) ta can giai hai he CY = Bva
CTX =Y. Khi d6 néu ma tran C cé6 dang:

cn 0 - 0O
C C P 0
C — 21 22
Cnl Cn2 " Cnn
thi
( a1 .
c11 = +/a1; ci1=cL (2<i<n)
11
k-1 N
] Chk =@k~ jgl Cksj 2<k<n) (2.6)
1 k-1 .
Cik = — a,:k—ZC,:jckj (k+1<z$n) :
L Ckk j=1 .

Vi du 2.7: Xét hé phuong trinh

11 -1 T 1
AX = 12 0 o | =12 | =8B
-1. 0 4 3 3
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11 -1

Vi ma trdn A = 1 2 0| la déi xiing va xac dinh
-1 0 4

duong, nén tit cong thic (2.6) ta c6 thé xac dinh cac

hé sb c¢j,i > j cla ma tran tam giac duéi C nhu sau
ci1 = l,cn = -1 (222 =1 032 = 1l,c33 = \/_ va do do

3 =

1

A=CCTvéiC = [ 1 . Hé phuong trinh xuét phat sé
-1

0
1
1 2
tuong duong vdi hai hé { =B . Ta dudc
CTX =Y :
10 ] [1 1
CY=B®[ 11 Y = 2]=>Y=[ 1 J
-1 1 ﬁ_ | 3 3/v/2
11 -1 [ 1 3.0
CTX=Ye |01 1|Xx= 1 =X=| -05 |[.
00 V2 | | 3/V2 1.5

Thuat toan ctia phuong phap Choleski nhu sau
C = choleski(A)

-v6i A 12 ma tran vudng cap n; ham trd vé ma tran tam giac dusi C.

Néu A 1a ma tran khong déi ximg hoic khong xic dinh dudng, ham
tra vé véc-to 0.

7

def choleski(A): =
n = len(A) ;
C = np.zeros((n, n), dtype=float)
if not isSymmetric(A) or mot isPosDef(A):
return C
C[0, O] = math.sqrt(A[0, O])
for i in range(l, n):
Cl[i, O] = A[i, 0] / C[0, O]
for k in range(1, n):
suml = 0.0
for j in range(k):
suml += C[k, j] = C[k, j]
suml = A[k, k] - suml
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Cik, k] math. sqrt (suml)
for i in range(k, n): '
suml =-0.0
for j in range(k):
suml += C[i, j] * Clk, jl
Cli, k] = (A[i, k] - suml) / C[k, k]
return C

Chuy riang cic phan tit nam trén dudng chéo chinh cia ma tran
C va cac dinh thic con chinh cia ma tran A c6 moéi quan hé sau:

. —,"‘-Y A )
c11 = VA1, ke = V Ak’il’ (k=2137""n)

§2.3 CHUAN VEC-TO VA CHUAN MA TRAN

Xét khong gian tuyén'tinh thuc R*. Chudn cua véc-to X € R” 1a
mot sb thue, ky hiéu 1a | X|, thoa cac tinh chat sau day:

1. VXeR": |X|>0; |X|=0sX=0
2. VX eR*VAeR: [AX] = |A.[X]

3. VX,Y €R": |X + Y| <] X] +|Y]. Tinh chat nay thudng dugc goi
12 bt dang thitc tam giac.

Trong R" c6 thé c6 rat nhiéu chusn, tuy nhién trong gido trinh
nay ching ta chi xét hai chudn thudng dung sau day: VX =
(z1,x2,. .. ,xn)T e R"®

n

IXI, = loaf + ool + -+ Joal = 3 l2al 2.7)
k=1

Xl = max(ail,loal, . lonl) = maxfzl (28
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— )
Vi du 2.8:
17 ) - .
5 1X0y = 11+ [-2[ + |3 + [-4| = 10
X = 3 |=
. X1 = max((1], |21, 3], [~4]) = 4

Chuén ma tran tuong thich véi chudn véc-to dugc xac dinh theo
cong thic:

Al = max |AX] = max 1AX]

max 2.9
IXi=1 Ixi+o [ X] 29)

[ ' )

1 2 .
3 4]tuong

] € R2, sao cho

Vi du 2.9: Xic dinh chun ctia ma trdn A = [

I

ung véi chudn mét cta véc-to. Véi moi X = [ -
2

IX]; = |z1| + |z2| = 1, ta c6

"AX"l =|z; + 2zo| + |3z + 4z, < 4|.’1:1| +6|z2| =4+ 2|z9| <6

Dau béng xdy ra khi |z1| = 0, |zo| = 1. Do 6 |A], = 6.

Tt cong thire (2.9) ta dé dang suy ra dugc rang: |AX| < |A] | X].

Dinh 1y 2.4: Chudn ma tran theo cong thirc (2 9) tuong thich
voi chudn Vec-td dugc xdc dinh nhu sau: .-~

Il = max (2 Ia,,l)  (2.10)
1<z<n ('Z Ia']l) (2'1_1)

Bay gio xét day cac véc-to {X(™)}2_; véi X(™ e R". Ta noéi day hoi
tu vé véc-to X khi m — o néu va chi néu [X™ —X| — 0 khi m — oo
(héi tu theo chudn). Khi d6 ta ki hiéu Jim X(m =X, vay

14l

lim X(™ =X & Ve >0, 3IM >0, Vm>M=>“X<m>-7“<e

m—Q0
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Chuin c6 thé lay 1a mét chudn bat ki trong cic coéng thic (2.7)
hoidc (2.8). Ta cing c6 thé néi day véc-to {X(™)} hai tu vé X theo
chudn da cho.

A Xét hé phuong trinh tuyén tinh AX = B (detA # 0) c6 nghiém
X = A71B. Cho B mét sbé gia AB, khi @6 nghiém X tuong tng sé c6 sb
giala AX, va AAX = AB « AX = A'AB. Ta c6 |AX| = |[A7'AB| <
|A7*|1AaB| va | B = |AX] < | Al X].

Tu day chung ta dé déng suy ra dugc

|ax] RN
— < |A]. A
= <AL AT B
e _ k(A) ’
S6

k(A) = ||A]-|A7Y (2.12)
dugc goi 1a sé diéu kién ciia ma tran A. |
Trong cong thic (2.12) ta ¢6 thé thém vao cac chi sb 1 hodc o dé
thé hién sé diéu kién dudc tinh theo chuin tuong ting. Cu thé, k;(A)
1a s6 diéu kién ctia ma tran A dudc tinh theo chuin mét, con ky(A)
1a sb diéu kién ctia ma tran A dudc tinh theo chuin vé cung.

Vi du 2.10: Tim sb diéu kién theo chuZn mot clia ma tran A=

1 21 -9 3 1
3 5 2 |.Khidé A l= 7 -2 -1 |va
1 3 3 -4 1 1

|4l = 10, |A7Y], = 20 = k1(A) = 200

Ta c6 thé ching té dudc ring: 1 < k(A) < .

S6 diéu kién ctia ma tran dic trung cho tinh dn dinh cta hé
phuong trinh dai s6 tuyén tinh. Gia tri cia k(A) cang gan vdi 1 thi
hé cang dn dinh. S6 diéu kién cang 16n thi hé cang mét dn dinh.

1 2.01

B= [ 301 ] Dé thay hé c6 nghiém 1a X = [ . ] Bay gio xét hé

Vi du 2.11: Xét hé phuong trinh AX = B véi A = [ 12 ] va
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AX =Bvéi B= [ 31 ] Nghiém ctia hé bay gig 1a X = [ _ig ]
Ta nhan thay ke (A4) = 1207.01 » 1. Ta c6 B ~ B, nhung X va X

khac nhau rat xa.

Trong goi lénh numpy ctia ngon ngi Pythbn c6 goi 1énh con linalg
chita ciac ham tinh chun va sé diéu kién ctia ma tran. Cu thé:

In[1]: numpy.linalg .norm(A, k)

Tinh chuin ctia ma tran A. Tinh theo chudn v6 cung néu k =
numpy.inf va theo chudn mét néu k = 1.

In[2]: numpy.linalg.cond(A, k)
Tinh sb diéu kién ctia ma tran A. Tinh theo chudn v6 cung néu
k = numpy.inf va theo chudn mot néu k = 1.

Poan chuong trinh sau dung d€ tinh s6 diéu ki¢n cia ma tran A
trong vi du 2.10.

oo

import numpy as np

A = np.array([[1,2,1],[(3.,5.,2],[1,83 ,3]],dtype=float)
cond = np.linalg.cond(A, 1) '
print (cond)

\ =

§2.4 PHUONG PHAP LAP .-~

Ky thuat lap ding dé giai hé phuong trinh dai sb tuyén tinh (2.1)
ciing tuong tu nhu phuong phap 1ap da xét trong chuong 1. Muén
thé, chung ta chuyén hé (2.1) vé dang tudng duong

X=TX+C

voi T 1a mot ma tran vudng cap n dudc goi la ma tran 1ap va C 1a mot
véc-to. Xuat phat tir véc-to ban dau X 0, ta xay dung mot day cac
véc-to {X(™)}2_, theo cong thirc lap

xm _rxm-Y 40 m=1,23,... (2.13)
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Ta c6 dinh ly sau day:

58

Pinh 1y 2.5: Néu |T| < 1 thi ddy ldp cdc véc-to xdc dinh theo

ban ddu X©). Khi d6 ta c6 cdc cong thite ddnh gid sai sé nhu
sau: '

™ -
17|

3] < -]

=3 < o -xo)

cong thiic (2.13) sé hoi tu vé nghiém X ctia hé véi moi véc-to Iép"

Vi du 2.12: Xét hé phuong trinh dang AX = B:

10z, — 229 + zz3 = 3
2y + 10z + T3 = 4
T + o + 10z3 = 5

" Ta bién déi vé dang X = TX + C theo cach sau. Phuong trinh
du tién gilr 10z; & bén trai, con lai chuyén hét qua bén phai.
Tudng tyu cho phuong trinh thit hai, gitt 10z, va phuong trinh
thu ba, gitt 10z3. Ta dudc:

10z, = 2z2 — z3 + 3
10z = —-217 — z23 + 4
103 = -z23 — 79 + 5

Chia phuong trinh thi nhét cho 10 phuong trinh thit hai cho
10 va phuong trinh thit ba cho 10, ta di dén hé

r = 02z - 01z3 + 0.3
zo = —02z; - 0lz3 + 04
rz3 = —=01z; - 0.1z, + 0.5

codang X =TX + C véi

0 02 -01 [ 0.3
T=[-02 0 -01| X=|=z| Cc=] 04
| -01 -01 -0 | 3. 0.5
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Chon X© = (0,0,0)7, ta cin tim nghiém gin dung X va danh
gia sai sb ctia né theo cong thitc hau nghiém theo chudn vo

cung. Theo cong thic (2.13) ta co6:

0.3
XV =7xOc=Cc= [ 0.4 ]
0.5

0 02 -0.1 0.3 103
xX® - 7xW4ycoc=| -02 0 -0.1 04 | +| 04

-0.1 -0.1 0 0.5 0.5
’ 0.33
= 0.29
0.43

' 0 02 -0.1 0.33 0.3
xX® = x@4c=| -02 0 —0.1 029 | +| 04

—01 —01 0 ]| 043 0.5
0.315
0.291
0438 |.

I, = 0.3, “X(3) - X<2)"w = 0.015

Ta co:

nén theo cong thirc hau nghiém

g

03
1-03

Axe = x 0.015 =~ 0.00643

Bay gio chung ta sé xét mot dang ma tran hé sé ctia hé phuong
trinh AX = B ma cé6 thé chuyén dé dang vé dang X =TX + C.
Ma tran A dudc goi 1a ma tran dudng chéo tréi nghiém ngdt néu né
thod man diéu kién sau day:
n
2 |asj| < |aal (2.14)

j=1
J¥i
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Chung ta dé dang kiém tra rang néu A la ma tran duong chéo troi
nghiém ngat thidet A#0vaa; #0,Vi=1,2,...,n.

Xét hé phuong trinh (2.1) vdi A 1a ma tran dudng chéo troi nghiém
ngat. Ta phan tich ma tran A theo dang

a1 a2 -+ Q1n ap 0 - 0
A = | 92 @2 - awm | _| 0 a2 - 0 |
L Gnl  Gn2 Qnn 0 0 Qnn
0 0 . 0 0 —ai2 —Qain
_ —ag1 0 0 _ 0 0 —Qa2n _
| —am —ana 0 0 0 0
=D-L-U

Chua y rang do a; # 0,Vi = 1,2,...,n nén det D # 0. Va nhu vay tén
tai ma tran nghich dao:

-1 _
— 0o --- 0
11
1
D1 = 0 a_22 0
0 0 1
L ann |
Khi d6 hé
AX=B< (D-L-U)X=8B (2.15)

Ta xét mot vai phuong phap dé chuyén hé phuong trinh (2.1) vé
dang X =TX +C. '

2.4.1 PHUONG PHAP JACOBI
Tit hé (2.15) ta c6 DX = (L + U)X + B. Do toén tai D! nén

X=DYL+U)X+D'B

Ky hiéu T; = D~1(L + U) va C; = D' B. Khi d6 cong thuc lap theo
(2.13) sé c6 dang

x(m) _ TjX(m—l) +Cj, m= 1",‘2, 3,... (2.16)
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Phuong phéap lap dua trén cong thitc lap (2.16) dudce goi l1a phuong
phdp Jacobi. Cong thitc theo toa do cta (2.16) nhu sau:

n 1 i-1 - -
et S d)
Qig j=1 j=i+1

v6ii=1,2,...,n,m=1,23,.... Tacéo

o %2z . _Gn
aii a11
I S T
Tj=DYL+U)= az a2z
_anl _Gn2 0
Ann Ann |
nén
n a.~
|5, = max =21 | = max Z|a,,| <1
i=1n | = |aii i=1n | |o |
i=1,n j=1 i i=1n (2773
J¥i ’ J#t

do A 1a ma tran dudng chéo tréi nghiém ngat. Vay |T;||, < 1, nghia la
phuong phap Jacobi luén hoi tu véi moi véc-td lap ban dau X©.

Vi du 2.13: Xét hé phuong trinh

10z; + Tg — 3 = 7
z; + 10z9 + rg = 8
—-x; + o + 10xz3 = 9

Véi véc-to 1ap ban dau X© = (0,0,0)7, hay tirih véc-to X® va
danh gia sai s6 cia né theo cong thitc tién nghiém. Ta c6

00 —0.1 0.1 o7
T;=| -01 00 -01 va Cj=| 08
01 -01 0.0 | 09

Do d6:
0.7

0.71
XO=T;xO4+cj=| 08 [ XB=T;xD+Cj=1| 064 |3
0.9 0.89
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0.725
X® =T;X® +Cj =] 0640 |.Tacoé |T], = 0.2. Vivay
0.907
(o 2)3

[x© %], <=5z ¥ - x| - 009

Vi du 2.14: Hé phuong trinh AX = B cho béi

10(1:1 - T2

+ 21’3 - = . 6

—-z1 + 1llaxy -— 3 + 3x4 = 25
2z - zo + 103 — x4 = -11
3z — 3 + 8y = 15

c6 nghiém duy nhat 7 = [1,2,-1,1]7. D€ chuyén tit hé¢ AX = B
vé dang X = T;X + Cj, ta bién ddi nhu sau

T = 0.100z2 — 0.200z3 + 0.600
zz = 0.091z; + 0.091z3 — 0.273z4 +2.273
3 = —0.200z; + 0.100x2 + 0.100z4 — 1.100
Ty = —0.375z + 0.125z3 + 1.875

Khi d6 ma tran T; va véc-to C; c6 dang:

0 0.100 -0.200 0 0.600

T = 0.091 0 0.091 -0.273 C: = 2.273
J ©—0.200 0.100 0 0.100 |’ —1.100
0 -0375 0.125 0 1.875

Chon chuan v6 cung va ta c6 |Tj|, = % < 1. Do d6 phuong phap
1ap hoi tu. Chon z(® = [0,0,0,0]7. Bang sau day cho chung ta
két qua tinh toan sau 10 1an 1ap.

m 1 2 3 4 5
2™ 06000 1.0473 09326 1.0152  0.9890
o™ 22727 17159 20533 19537 2.0114
2™ —1.1000 —0.8052 —1.0493 —0.9681 —1.0103
™ 18750 0.8852 1.1309 00739  1.0214
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m 6 7 8 9 10
™  1.0032 09981  1.0006 0.9997  1.0001
™ 1.9922 20023 19987  2.0004 1.9998
2™ —0.9945 —1.0020 —0.9990 —1.0004 —0.9998
™ 09944 1.0036 09989 1.0006  0.9998

Qua trinh lip dimg lai dya theo danh gia:

Hx(w) - T“w <3 i/ f 7 ‘a;“") — "w —80x10~% <1073

Trong khi sai sb thuc sy 1a |z(10 —z| = 0.0002.

Thuat toan Jacobi dudc thé hién bing cach goi ham:
X, tol = jacobi(A, B, X0, N = 25,post = True,k = 0,eps = 10 * (—4))

véi A 1a ma tran hé sé, B la véc-to tu do, X0 la véc-td lip ban dau,
N la sb lan lap t6i da (mic dinh la 25), néu post = True thi sai sb
tinh theo coéng thic hau nghiém, ngudc lai tinh theo céng thic tién
nghiém, k = 0 - tinh theo chudn vé cung, k = 1 - tinh theo chuidn mot
va eps la sai s6. Ham tra vé day véc-to nghiém xap xi trong X va day
sai sb tuong ung trong tol. |

def jacobi(A, B, XO,
N=25, post=True, knor=0, eps=10++(-4)):
n = len(A) .
X = np.zeros ((N, n), dtype=float).
X[0] = XO.copy() ‘
tol = np.ones(N, dtype=float) ¢
Tj = jacobi_iterative_matrix (A)
chtj = norm(Tj, knor)
for k in range(1l, N):
for i in range(n):

tmp = 0.0
for j in range(n):
if j 1= i:

tmp += Al[i, j] = X[k - 1, jl
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X[k, i] = (Bli] - tmp) / Ali, i]"~

if post: ‘
Y = X[k] - X[k - 1]
ch = la.norm(Y,np.inf if knor==0 else 1)
tol[k] = ch « chtj / (1 - chtj)

else:

Y = X[1] - X][O0]
ch = la.norm(Y,np.inf if knor==0 else 1)
tol[k] ch * chtj*+k / (1 - chtj)
if tol[k] < eps:
break
return X, .tol

\.

2.4.2 PHUONG PHAP GAUSS-SEIDEL

Trong cong thic (2.17), d€ tinh cdc toa d¢ ctia véc-to lap X(™),
chung ta chi sit dung cac toa do cia véc-to X(™~1), Tuy nhién, véi
i>1, x&m) zs™,...,z{™ da dugc tinh va xip xi nghiém chinh xac
T, To,..., Ty tOt hOn :c('" D (m_l),. . f"’l 1, Do d6, khi tinh :r(m)
chﬁng ta nén sit dung cac gla tri vira tinh xong (™, z{™, ...z ™. Ta
thu dugce

m 1 m -1
( ) _ » (b —Za”z( ) Z a,Jcc(m )> (2.18)

j=i+l
Vvéi i =1,2,...,n, m = 1,2,3,.... Cong thitc (2.18) thuong dugc goi
la cong thic lap Gauss-Seidel. Bay gio ta sé viét dang ma tran ctia
phuong phap Gauss-Seidel. '
Tt hé phuong trinh (2.15) ta duge

 (D-L)X=UX+B
Ma tran D — L ciing ¢6 ma tran nghich dao va do d6
=(D-L)"'UX+(D-L)'B

Dat T, = (D - L)™'V va C, = (D - L)™' B. Khi @6 cong thitc 1ap co
dang
x(m) _ Tgx(m-‘l) + Xy, m=1,23,..

1
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g

Vi du 2.15: Xét hé phuong trinh

7.5

' ) 3z1 + 14z - z3 = 8.7
' —2z1 + 229 + 1523 = 9.2

Vi véc-to 1ap ban dau X© = (0,0,0)7, hay tinh véc-td X©®) va
danh gia sai sb ctia n6 theo cong thitc hau nghiém. Ta c6

00 -1/12  1/6 5/8
T,=| 0.0 1/56 1/28 | va Cy=| 39/80 |
- | 0.0 -17/1260 11/630 ]| - 379/600

Do dé: ~

[ 0.625 1
X0 =T,x® + C;=| 04875
| 0.631666667 |

[ 0.689652778 |
0.518764881
| 0.636118386 |

[ 0.687789324 |
X® =T, Xx® + C, = | 0519482172
: | 0.635774287 |

x® =1,xM 1+ ¢,

Il

Ta c6 | Ty, = 0.25. Vi vay

0.25

|x@-X|_ < 1=o%

x® - x®| ~ 0.000622

Vi du 2.16: Xét hé phuong trinh trong vi du 2.12

10z; - T2 + 2z3 .= 6
-1 + 1llzo — r3 + 34 = 25
2r; — o + 10z3 — x4 = -—11

3z, — r3 + 8zy4 = 15
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Cong thiec 1ip theo phuong phap Gauss-Seidel c6 dang

™ = 0.100z5™ Y = 0.200z™ +0.600
| ("‘) = 0.091z{™ +0. 091::;("“1) 0. 2732:("'_1) +2.273
‘"') - -o. 200x(’") +0. 100z‘”‘) +0. 100z('"“) 1.100
("') = -0. 375z"") +0. 125::‘"” +1.875

Chon zo = [0,0,0,0]7. Bing sau day cho chung ta két qua tinh
toan sau 5 lan lap. ’

m 1 o2 3 4 5
2™ 0.6000 1.0300 10065 1.0009  1.0001
"") 2.3272  2.0370 2.0036 20003  2.0000
(’") 09873 —1.0140 —1.0025 —1.0003 —1.0000
("" 0.8789 0.9844 0.9983  0.9999  1.0000

Ta thiy dén lan 1ap thit nim, nghiém thu dugc bang phuong phap
Gauss-Seidel tét hon nhiéu so véi phuong phéap Jacobi.

Thuat toan Gauss-Seidel dugc thé hién bang cach goi ham:
X, tol = gauss_seidel(A, B, X0, N = 15, post = True, k = O,eps.= 10xx(—5))

v6i A 1a ma tran hé sb, B 1a véc-to tu do, X0 la véc-to 1ap ban dau,
N 1a sb lan lap téi da (mic dinh la 15), néu post = True thi sai sb
tinh theo cong thitc hau nghiém, ngudc lai tinh theo cong thuc tién
nghiém, k = 0 - tinh theo chudn vé cung, k = 1 - tinh theo chuin mét
va eps 1a sai s6. Ham tra vé day véc-to nghlem xap xi trong X va day
sai s6 tuong ung trong tol.

def gauss_seidel (A, B, X0,
N=15, post=True, knor=0, eps=10=+(-5)):
n = len(A) :
X = np.zeros ({N, n), dtype=float)
X[0] = XO0.copy ()
tol = np.zeros(N, dtype=float)
Tg = gauss_seidel_iterative_matrix (A)
chtg = norm(Tg, knor)
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for k in range(l, N):

for i in range(n):
tmp = 0.0
for j in range(n):

if j < i: -
tmp += A[i, jl * Xk, jl
elif j > i: .
tmp += Ali, jl = X[k - 1, jl

X[k, i] = (B[i] - tmp) / Ali, i]

if post:
Y = X[k] - X[k - 1]
ch = la.norm(Y,np.inf if knor==0 else 1)
tol[k] = ch = chtg / (1 - chtg)

else:
Y = X[1] - X[O]
ch = la.norm(Y,np.inf if knor==0 else 1)
tol[k] = ch = chtgssk / (1 - chtg)

if tol[k] < eps:
break

return X, tol

§2.5 AP DUNG

25.1 PHAN TICH LUC TRONG GIAN TINH

Van dé quan trong trong bai toan keét cau 1a vi¢c xac dinh luc va phan
luc trong gian tinh. Hinh vé sau 1a mot vi du. :
Theo quy tic, téng luc tac dung tai méi diém nut (1,2,3) theo cac

phuong thing ding hodc nim ngang déu béng khong. Ta co:

—F) cos 30° + F3cos60° + F1p, =0 ‘

—F} sin 30° — F3 svin 60°+ F1, =0

Fy + Fy cos 30° + For + Hy, =0
- F1sin30° + Fo, + V2 =0
—Fy — F3c0s860° + F3, =0
F3sin60° + F3, + V3 =0

Tai nut 1:
Tai nuit 2: {

Tai nat 3: {




|
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sz - : fVa
O day, F, 1a lue ngoai theo phuong nam ngang tac dung lén nut
thit i (huéng duong tit trai sang phai) va F;, 1a luc ngoai theo phuong
thing dimg tac dung lén nut thi i (huéng duong tir dusi lén trén). Vi
vay, trong bai toan nay, Fi, = —1000 con nhimng luc ngoai khac déu
bing khong. Hé phuong trinh dudc viét lai dusi dang

0.866 0 05 o 0 O1FFARTYT [ o0 1
0.5 0 086 0 0 O F —1000
—086 -1 0 -1 0 0 F | 0
-0.5 0 0 0 -1 0 Hy | — 0
0 1 05 0 0 O Va 0
| 0 0 —086 0 0 -1 |[w ]| | 0 |

Giai hé phuong trinh trén ta di dén két qua:

F, = =500, F, = 433, F3 = —866, Hy =0, Vo = 250, V3 = 750.
2.5.2 DONG DIEN VA DIEN THE TRONG MACH DIEN TRO

Xét mach dién nhu hinh vé sau:

3 R=100Q 2 R=5Q -1

U SSSSS V. oVy =200V
§R=59 §R=109

SISVIY; SISV, oVe =0V
4 R=150 5 R=209 6
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Déng dién trong mach nay 1a chua biét ké ca chiéu va cuong d6. Ta
gia thiét chiéu va cudng dd ctia dong dién trong ting doan theo hinh
vé sau. Néu két qua tinh toan 1a s6 am thi dong dién c6 chiéu ngudc
lai.

3 2 1
U U ©
132 i12
% Tiu Tisz
i54 i65
-« -«
4 5 2

Tu dinh luat Kirchhoff vé dong dién (KCL) ta cé cac phuong trinh
tuong Ung voi cac nut 2,3,4,5 nhu sau:

i12 +i32 +i520 =0
ig5 — is2 —i54 = 0
ig3 —iz2 =0
i54 — 143 = 0
Ap dung dinh luat Kirchhoff vé dién ap (KVL) ta c6 thém hai
phuong trinh nita

i54 R54 + 143 R43 + 132 R32 — i52Rs50 = 0@ 15i54 + 5143 + 1032 — 10352 = 0
165 Re5 + 152 R52 — 112R12 + 200 =0 20i65 + 10i52 — 51ij2 +200 =10

Ta thu dugc hé phuong trinh
[ 1 1 1 0 0 07721 [ 0 7
0 -1 0 1 -1 0 152 0
0 0 -1 0 0 1 ||dm| | o©
0 0 0 0 1 -1 165 N 0
0 -10 10 0 15 5 154 0
| 5 10 020 0 0 [ids]| | —200

Giai hé phuong trinh trén, ta di dén két qua sau:

112 = 6.1538, i50 = —4.6154, i3y = —1.5385
igs = —6.1538, i54 = —1.5385, 43 = —1.5385
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Vi vay, véi su chi y vé dau cta két qua nhu nhan xét § trén, cudng
do dong dién va dién thé tai cac diém nut dugc thé hién trong hinh
V€ sau.

V =153.85 V =169.23

5 i=1.5385 3 i = 6.1538

TIst Y o V=0

:

V =200

v
v

SISV,
V = 146.15 V =123.08

BAI TAP

Céau 1. St dung phuong phap phan tir trai giai cic hé phuong trinh
sau:

1 + 2x9 + 4dx3 =
(a) 2r7 + 5r9 + 3z3 = b

2.7x; — 33z + 4.9x3 = 3.8
(b) 2521 + 5.1z — 1.3z3 5.4
1.1z7 + 3.4x9 — 4.6x3 = 6.3

3z; + 2z9 + O5x3 + T4 = 1

27 + 63 + 3xz3 + 274 = 2
()

1 + 49 + 3 + 34 = 3

521 4+ 219 + 223 4+ x4 = 4

Ciu 2. Chohéunf(;c)={ ZiIZ iii .

cva d biét f(z) thoa cac diéu kién:

Hay xac dinh cac hé sb a, b

* f(z) lién tuc trong R,
* f(0)=f(2) =1,
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s a+b=4.

Cau 3. Tim phan ra Doolittle va Crout ciia cic ma tran sau:

(1 1 1 4 3 2
@ A=|12 3 b)A=|2 31
| 3 2 4 [ 143
11 1 1 (3 2 10
1 -1 1 -1 1314
@A=1)7, 1 1 @A=151 31
1 -1 -1 1 [ 2 213
Cau 4. Tim céc gia tri cha m dé cho cac ma tran sau la xac dinh
duong.
[ 2 1 -1 [ 3 m 2]
@A=| 1 m 1 b A=|m 5 1
-1 1 2 | 2 1 8 |
[ 3 4 m C 2 m 3]
) A=| 4 6 3 dA=| 3 3 2
| m 3 7 m 2 6 |

Cau 5. Kiém tra tinh déi xing va xdc dinh duong clia ma tran Ava
tim ma tran C trong phan ra Choleski.

-1

-1

b) A=
0 0
0

2 -1 @ 4=
2

4
-3
0

-3
4
-2
1
3
5
1

L

—_ - W
RN
- e

L L

Cau 6. Tinh sé diéu kién theo chuin 1 va chudn o cia cac ma tran

f1 02 1
@ A=|2 5 3
136
C 2 -1
-1 2
(c) A= 0 -1
L 0 0
sau.
15 7
@ A=|3 3 5
| 2 1 8
F o -2 1
3 —4 2
@A=1, 61
| 5 -8 2

Ciau 7. Tinh sb6 diéu kién theo chudn o clia ma tran A = [

a€R.

b) A=

d A=

N W Ot

2 -2 1
'3 =5 4
[ 4 -1 3
[ 1 1/2
1/2 1/3
1/3 1/4
| 1/4 1/5

|

1/3
1/4
1/5
1/6

1/4
1/5°
1/6
1/7

12vc’ii
3 a
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Céu 8. St dung phuong phap Jacobi véi X(© = O tim véc-to lap X©
va tinh sai s6 ctia né theo cong thitc danh gia sai sé6 hau nghiém.
52y — 2z2 = 255
@4 " :
2r1 + 4z = 3.16

I
-
—
oo
ﬂ

(b) 12.35z; + 4.14x,
5937 + 13:72z9 = 17.64

81 + 2x9 — x3 = 4
© 4§ z1 + 922 — 23 = 8
2r1 + 2xz4 -I,—- c1lzg

Il
©

347z, + 055z + 02lzz = 1.25
(d { 033z; + 412z, + 0.18z3 2.45
045z, + 0.16z2 + 3.98z3 = 2.06

152y — 2z + 3z3 -— z4 = 18

© 2ry + 16z — 3x3 + 224 = 20
—z1 + 49 + 1723 + 324 = 16

3z; — 2z9 + 3 + 18z4 = 24

Cédu 9. Lip lai bai tap 8, sit dung phuong phap Gauss-Seidel.
Céau 10. Cho hé phuong trinh Az = bvéi A = (aij)tjz1, n=10va

4, ifi=j 10

-1, ifli—j]=1 1
aj=1." | |z. J.' , B=]| .

1, ifli—jl=2

0, elsewhere 1

St dung phudng phap Gauss-Seidel véi 2° = (0,0,...,0)7 tim véc-to
nghiém vai sai s6 nho6 hon 107°%. S dung cong thic danh gia sai sb
hau nghiém va chuin vé cung.

Céu 11. Mot nha may can céc vat liéu kim loai, nhua va cao su dé
san xuat xe. Bang sau day cho chung ta sé lugng vat liéu (tinh theo
kg/xe) can cho méi loai xe.

Xe Kimloai Nhua Cao su
1 1500 25 100

2 1700 33 120
3 1900 42 160
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Mbi ngay sb lugng vat liéu cung cap cho nha may 1a 106 tan kim loai,
517 tAn nhya va 8.2 tan cao su. Tim sb lugng xe dudc san xuat méi
ngay. |
cau 12. Tim cuong do dong dién va phan bb dign thé trong mach
dién nhu hinh vé sau:

3 R=30Q - 2 R=209Q 1
S Vi=25V
’ R=17Q
R=5Q R=10Q
U — YL ——0 Vg = 200 V
4 R=15Q 5 R=5Q 6
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Trong chuong nay ching ta sé xét ham y = f(z) cho duéi dang
bang s6

.’Dl.’l:o Ty T -+ Tp
y|lvo v v o e

(3.1)

trong d6 n 1a sb nguyén duong. Cac gia tri 24,k = 0,1,...,n dugc goi
la cac diém nuit (méc) va dude sip theo thit tu ting dan theo chi s6 k,
con cac gia tri yx = f(zx),k = 0,1,...,n la gia tri cho truéc cia ham
tuong ung tai ;.

Bai toan dit ra 1a can xay dung mot da thic P(z) thoa dieu kién
P(zx) = vk, k = 0,1,...,n va dudc goi 1a da thitc néi suy cua ham f(z)-
Chiing ta thudng sit dung da thitc bdi vi cé thé dé dang tinh gia tri
ctia da thuc, dé dé.ng tinh dao ham, tich phan cta da thitc. Hon nira,
moi ham lién tuc trong khoang déng, bi chin déu dugc xap xi tot boi
da thire. Nghia la néu f(z) lién tuc trong doan [a, ], thi v6i moi € > 0,
luén c6 mat da thic P(z) sao cho ‘

|f(z) = P(z)| <€
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Vé mat hinh hoc, trong mit phing zOy cho mét tap cac diém
{Mi(zk, Yk)} 7o, can xay dung mot dudng cong da thic di qua cac
diém da cho (Hinh 3.1). N6i chung c6 rat nhiéu da thitc nhu vay. Tuy
nhién, c¢é thé chimg minh rang néu bac ciia da thirc P(z) 1a nhé hon
hay béng n thi sy tdn tai clia da thitc noéi suy la duy nhat. -

Ya
R P(z)
{
l
S| |
! |
! '
! |
2l----=f~-- | I, |
: My
1 ' \
| ! )
1|----4$My ! : :
1 ! \
1 ! | :
| : | >
0 /1 2 3 4 5 xT

- Hinh 3.1: Xap xi bang dudng cong da thitc
Chuong trinh sau dung d€ xac dinh cac hé sé cia da thic P,(z)
noi suy bang sb (3.1) bang cach giai hé phuong trinh tuyén tinh

Do+ PiTk + -+ Ppo1Tp L + PR = i,
k=0,1,...,n

Ta goi ham )
p = interp(z,y) ‘
véi = va y 1a hai day s6. Ham tra vé da thic
P.(z) =p[0] + p[l]lz +--- + p[n - 1]z"7! + p[n]z"

dudi dang mang p[].

V

def interp(xx, yy):

n = len (xx)
A = np.zeros((n, n), dtype=float)
B = np.zeros(n, dtype=float:

for i in range(n):
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Bli] = yyli]
for j in range(n):
Ali, j] = xx[i] #*+ ]
pp = jordan (A, B)
return pp

§3.1 PA THUC NOI SUY LAGRANGE

Xét bang sb (3.1) ctia ham f(z) v6i n > 1. Chiing ta sé tim da thitc
noi suy L,(z) cia ham f(z) trén [y, z,] c6 bac nhoé hon hay bang n va
thod L,(zx) = yx, k = 0,1,...,n. Trudc tién, ta xay dung cac da thirc
phu (co sd) p&k) (z), k = 0,1,...,n, tuong ung véi diém nut z, c6 bac
béng n va thoa diéu kién (Hinh 3.2)

1,  j=k
P () = { o ; Lk

(=)

_
K
]

Hinh 3.2: Pa thitc phu pk(z)

Do céc da thic p (z) c6 n nghiém z,...,Tk-1,Tk+1,- - -, Tn VA CO
bac nhoé hon hay bing n nén ta cé thé viét chung dudi dang:

pF)(z) = Cr(z — 20) . .. (x — Tk=1)(T — Th41) - - - (T — Zn)
v6i Cy 1a hang sb. Tu diéu kién ) (zr) = 1, ta thu dugc:

1

. (zk — Zo) - .. (T — Tk—1)(Tk — Th41) - - - (Tk — Tn)

Khi d6 ta cé:
®) (o — (x —x0)...(x — Tk=1)(T — Tk+1) - - . (z — Tn) k=01
Pn (.’L‘) (:L‘k - :l:o) e ((L‘k - xk—l)(mk - l'k+1) ce (:Ilk - :L‘n)’ T

.
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Ta goi da thic sau day la da thitc ndi suy Lagrange:
Ln(z) = Z P (@) (3.2)

Dé dang kiém tra riang da thitc xay dung theo cong thitc (3.2) thoa
tat ca cic yéu ciu dé ra la deg Ln(z) < n va Ly(zx) = vk, k= 0,1,...,n

o~

Vi du 3.1: Xay dung da thitc Lagrange ndi suy bang so:
z|0 1 3
yll -1 2
n = 2).

. Trudc tién ta tim cac da thic phu (chu y rang

O E=DE=Y 1.

P2 ~50—1350 3) 3
z—-0)(z—3 1
@) =gy - 2@~ %
(2)( é 0;$$_1 l

T —
D= Gooe-D " Y

Do do

1 1 1 7 1
Ly(z) = §(x2 —4z +3) + 5(:32 —3z) + §(x2 —z)= E:v2 - —ég:c +1

1a da thic Lagrange cin tim. Bay git dé xap xi gia tri cia ham
tai mét diém nao d6 trong doan [0,3], vi du tai z = 2, ching ta

c6 thé sir dung da thiic Lagrange:

7 19 2
2~ Ly(2) = =22 - —2+1=—=
¥(2) = L2(2) 5 5 1= 3

-

Ta xét mot céch viét khédc cta da thic Lagrange. Dat

w(z) = (x—xo)(x—zl)...(x—l—xn) (3.3)

Khi 4y cac da thic phu p(k) (z) c6 dang
(*) (z) = w(z)

Pn o (zk) (@ — o)

V6 o (2%) = (@ — T0) - . (@& — Tpr) (@ — Ths1) - - (T — Tn).

Pa thitc Lagrange tré thanh

Ln(z) = i ——‘U\-Lyk = w(z) i e (3.4)
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Véi Dy, = u'(zx)(z — a:k), k=0,1,...,n
Chung ta c6 thé sit dung céng thiuc (3.4) dé xay dung da thuc
Lagrange bing cach lap bang nhu sau.

x o x Tn

T | T—29 To—T1 9 —Zn | Do

Ty |1 —2T9 T—T1 Ty — Tn D1

Tn | Zpn =20 Tnh—21 T—2p, | Dn
' w(z)

Ta c6 thé xem bang sb trén nhu mét ma tran vuodng cap n+1 véi cac
hang va cot duoc dédnh sb bsi Zg,Z1,...,Tn. Tai cac vi tri trén dudng
chéo chinh ing véi phan tit z; ta dién blé’u thic z — z;. Con tai cac vi
tri 6 hang z;, cot z; ta dién gia tri z; — ;. Khi d6 tich cac phan tit ndm
trén cing mot hang la Dy. Con tich cic phdn tt nam trén dudng chéo .
chinh 12 w(z).

4 3

~5E@-1E-3)E -4 +_%a:(a: —3)(z—4) -

1z(x —1)(z—4) - 1—12-:1:(:1: —1)(z-3)

_lxa

3

Vi du 3.2: Cho bang s : i (1) i g _‘11 . Hay xay dung da thitc
Lagrange néi suy bang s6 trén. Ta thanh lap bang sau:
T 0 1 3 4
Olz—0 -1 -3 —4 | Dg=-12z
1l 1 z-1 -2 -3 |D=6(zx-1)
3| 3 2 z-3 -1 |Dy=-6(z—3)
4] 4 3 1 =z-4|D3=12(x—-4)
w(z) =z(z - 1)(z—3)(z —4)
Do d6
L Y2 W3
L =
(@) = o) (L L2
= w(z) LS S S e
B —12z * 6(z—1) —6(x—3) 12(z—4)

3, 7

+ -z

2

6

——r+1l=

%(—2x3 + 922 — 7z + 6)
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p—

Vi du 3.8: Cho bang s6

z|1.0 125 15 175 20
y|0.693 1.267 2.062 3.098 4.394

tinh gin ddng gia tri ctia ham tai « = 1.32 va so sanh vdi gia tri
chinh xac y(1.32) = 1.466346664 ~ 1.466. Ta thanh 1ap bang sau:

r=132|100 125 150 175 2.00
1.00 [0.32 —-025 -050 —0.75 —1.00| Do =0.03
1.25 025 007 -0.25 —0.50 —0.75| D; = —0.001640625
1.50 0.50 0.25 —0.18 -0.25 —0.50 | D2 = —0.0028125
1.75 0.75 0.50 0.25 —0.43 -0.25| D3 = 0.010078125
2.00 1.00 075 050 0.25 —0.68| D4y = —0.06375
w = —0.0011789568

Do dé6

\ Yo n Y2 Y3 Y4\ -
12 N .2 = — —_— ~ Phdndl 2
y(3) L4(1.32) w<D0+D1+D2+D3+D4)

= 1.466444547 ~ 1.466

Ta thay néu lay ba chit sb sau dau phdy thap phan, thi két qua
tinh theo da thic Lagrange hoan toan trung vdéi gia tri chinh

Xac.

ctia ham y = z?In(z + 1) trong [1,2]. S dung da thic Lagrange, .

Véi thuat toan Lagrange nhu trén ta c6 chuong+trinh

y0 = ldgrange(x, y, z0)

dung dé xap xi gia tri gan ding chia ham theo cong thitc (3.4).

def lagrange(x, y, x0):
n = len(x)
Xy = np.zeros ((n, n), dtype=float)
D = np.zeros(n, dtype=float)
for i in range(n):
for j in range(n):
if i ==
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xyl[i, jl = x0 - x[i]
else:
xyli, jl = x[i] = x[j]
for i in range(n):
D[i] = 1.0

for j in range(n):
D[i] *= xyli, jl
omega = 1.0
for i in range(n):
omega *= xy[i, i]
val = 0.0
for i in range(n):
val += y[i] / D[i]
return omega * val

Ngoai ra ta ciing c6 thé sit dung thuat toan Neville, trinh bay trong
gido trinh [1] ching han

y0 = neville(z, y, z0)

def neville(x, y, x0):
n = len(x)
Q = np.zeros((n, n), dtype=float)
for i in range(n):
Qli,0] = ylil
for i in range(l, n):
for j in range(l,i+1):
Qli.jl = ((x0~x[i-j1)*Qli,j-1]-(x0-x[i])#
Qli-1,j-11/(x[il-x[i-j])

return Q[n - 1, n - 1]

—

Bay gio ta xét trudng hop cac diém nut cach déu véi budc h =
Txs1 — Tk, k = 0,1,...,n— 1. Nghia 1a o = o + kh. Dit ¢ = — 2, ta
thu dugc

T — T} (g—k)h, z; —z; = (i—j)h

a(g—1)...(g— n)h" = W'(x}) = (=1)"*k!(n — k)R

w(x)
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Khi d6 cong thiic Lagrange c6 dang

Ln(x) = i (_l)n_k(I(q — 1) . (q - n)

Hn—kla—k  * 3.5)

Cubi ciing, ta néu cong thitc danh gia sai sd ciia da thitc ndi suy
Lagrange. Gia sit ham f(z) c6 dao ham dén cip n+1 lién tuc trén doan
[z0, Zn], dugc cho dudi dang bang sb (3.1) véi yx = f(zx),k=0,1,...,n

Lay mot diém z* € [zo,2n] sao cho T* # o,k = 0,1,...,n. Ta s€ tim gia
tri A thoa |
f(z*) = Lp(z*) + dw(z*) (3.6)
Xét ham phu

F(z) = f(z) = Ln(z) = Aw(z)

Vi Ln(z),w(z) 1a cac da thuc va f(z) c6 dao ham dén cap n + 1 lién
tuc nén F(z) cang c6 dao ham lién tuc dén cap n + 1. Ta nhan thay
F(z) =0tain+2 diém z*, 19,21, . . ., T, trong doan [z, z,]. Do d6 néu
ap dung dinh ly Rolle n + 1 lin trén doan [zo,z,] ta sé c6 mot di€m
¢ € [zo, z,] S20 cho F™1(¢) = 0. Nghia 1a

Fv(g) = fmD(6) = An + 1)1 = 0

va nhu vay ta dugc
ARG

T (n+1)!
Thay gia tri A vita tim dugc vao trong cong thic (3.6) ta duge
FD(e)
*) = —_—)
f(fL‘ )_Ln(m )+ (n+1) w\T ) (37)
véi moi z* € [xo,zn) VA z* # 2,k =0,1,...,n. ,Tuy nhién, néu z* = zy,

k = 0,1,...,n thi cong thic (3.7) van dung, do d6 cong thire (3.7) la
dung véi moi a* € [zo, zn]. Trong cong thirc (3.7), thay z* bang z va dat

10 ()

Mpy1 = max
z€[z0,zn]

Khi d6 sai sb giita ham f(z) va da thitc Lagrange noi suy bang (3.1)
dugc danh gia theo cong thic sau

Vo 0,2, 1/(0) ~ Lafa)] < Trals () 5.8
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Vi du 3.4: Xét ham f(z) = 2* trong doan [0, 1]. D€ tinh gan dung
gia tri cia ham tai z = 0.45, ta st dung da thic Lagrange véi
cac diém nut néi suy zo = 0,71 = 0.25,z2 = 0.5,z3 = 0.75,74 = 1.
* Khi d6 sai sb mac phai dugc xac dinh nhu sau. Ta c6 n = 4,

f®(z) = (In2)52% cho nén Mjs = e[o | f®(z)| = 2(In2)°. Nhu vay
|204% — L4(0.45)| < 2(1n.2) (0.45)(0.20)(0.05)(0. 30)(0 55) ~ 0.2 x 10—5

5!

§3.2 DA THUC NOI SUY NEWTON

Xét bang s6 (3.1) cia ham sb f(z) trén doan [zo, z,]. Ta goi

flzk] = vk
1a ty sai phan cap khéng ctia ham f tai =z, k= 0,1,...,n.
Trén doan [z, Tx+1] ta xét dai lugng -

flon ) = L

Tk+1 — Tk

va dudc goi 1a ti sai phan cdp mét ciia ham trén doan [z, Tk+1].

‘ Bang quy nap, ta c6 thé dmh nghia ty sai phan cGp p cia ham trén
doan [z, zx+p) nhu sau

flzk+1, Th42y - - o, Thap) — FlZks Ths1, - - Thap-1]
Tk+p — Tk

f[xk,xk+1,- . .,:pk+p] =

Chu y ring ty sai phan 12 ham sé déi xing clia cac déi sb, nghia
12 f[zk,Zk+1] = flTk+1,7x]). Hon nita, ty sai phan cap n ctia da thic
bac n 1a hing sé va ty sai phan cép 16n hon n ctia da thitc cip n bang
khong. Thong thudng, dé tinh ty sai phan cia ham s6 ta thanh lap
bang dugc goi 1a bang ty sai phan. D€ minh hoa ta xét vi du sau.

Vi du 3.5: Lap bang ty sai phan cia ham cho béi:

z[10 13 16 19
y|0.76 0.62 045 0.28




3.2 Pa thitc noi suy Newton 83

Ta dugc

"z f@r) flEemke] f [k, Tr11, Thr2) _F %0, T1, T2, T3]

1.0 0.76
—0.47
1.3 0.62 -0.17
, —0.57 : 0.19
1.6 045 —0.00
' —0.57
1.9 0.28

Vi du, ty sai phan cap hai ctia ham trén doan [L1.0, 1.6] 1a

£[1.0,1.3,1.6] = —0.17

Bay gio ta sé xay dung da thuc Ny(x) bac khong cao hon n thoa -
Nn(zk) = %k k = 0,1,...,n. Theo dinh nghia cta ty sai phan cap mot
cia ham f(@): flz 0] = LW — f(a) = o + (& ~ 20)a,70]- Lad
dung dinh nghia cia ty sai phan cap hai cia ham f(z):

flz, o] — flzo,21]

T — I

f[x1x0’x1] =
ta dudc
f(z) = yo + flzo, z1](z — m0) + fl=, zg, 71)(z — Zo)(z — 1)

Tiép tuc qua trinh trén dén budc thit n ta thu'duge

f(@) = o+ flzo,m](@— o) + f[fﬂo,ﬂ"'lam](i#; zo)(z —71) + - +
+ f[:vo,:vl,...,a:n](:z:—:co)(:c—xl)...(;;:Txn_l) +
+ f[x,a:o,:vl,...,mn](:c—zo)(a:—:cl)...(a:—xn)
Pat

NO(z) = yo+ flzo, 71)(z — o) + flz0, 71, z2] (T — Z0) (2T — 71) +
+ oo+ flzo, 21, r Za) (@ — TO)(E —T1) ... (T —Tn1)  (3.9)

va
Ra(z) = flz,z0,21,.-.,Za](z — z0)(z — z1)...(z — zn)
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ta dudgc
f(z) = N{)(2) + Ra(2)

Cong thic (3.9) dudc goi 1a cong thitc Newton tién xuat phat ti
diém nut zo ctia ham sé f(z) va R,(z) 1a sai sb6 cia da thuac ndi suy
Newton. Bing cach lam tuong ty, ta c6 thé xay dung céng thitc Newton
lii xuat phat tir diém nut z,, ctia ham sb f(z) nhu sau

N1(12) (III) = Yn '*" f[mn—l, 11:"](.’13 - xn) +
+  fl#n-2Tn-1,2al(@ — Tno1)(@ — Tn) + (3.10)

+ oo flooz e @n](@ - o) (@ - ) .- (€ = Zn)

Do tinh duy nhét ciia da thifc nai suy, ta c6 véi cung mot bang s6
thi L, (z) = NV (z) = NP (z). Vi vay ta c6 thé sit dung cong thiic (3.8)
dé danh gia sai s6 ctia cac cong thitc néi suy Newton.

e

z| 00 03 0.7 1.0
] I 2.0000 2.2599 2.5238 2.7183
cong thitc Newton tién tinh gan dung gia tri ciia ham tai z =

0.12.
Trudc tién ta lap bang ty sai phan

Vi du 3.6: Cho bang sb .Dung

tr f(@r) flekxke1] flZk - The2]  flZr, - - o Trts]
0.0 2.0000

0.8663
0.3 2.2599 —0.2950

0.6598 0.2786
0.7 2.5238 —0.0164

0.6483
1.0 2.7183

Nhu vay gia tri gan ding ctia ham tai x = 0.12 dugc tinh

N{M(0.12) =

2.0000 + 0.8663(0.12) +0.2950(0.12)(0.18) +
+ 0.2786(0.12)(0.18)(0.58)

2.1138

y(0.12)

Q

Q
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Ta c6 cic thuat toan ndi suy Newton tién va lui nhu sau.

e

def div_diff_tab(x, y):
n = len (x)
Q = np.zeros ((n, n), dtype=float)
for i in range(n):
Qli, 0] = ylil
for j in range(l, n):
for i in range(j, n):
Qli.j1=(Ql1,j-11-Qli-1,j =11)/(x[1]-x[1-j])|

return Q

def newton_forward(x, y, x0):
n = len (x)
Q = div_diff_tab(x, y)
yo = 0.0
for i in range(n):
..yl =1.0
for j in range(i):
' yl »= (x0 - x[j])
yo +=Qli, i] * yl
return yoO

def newton_backward (x, y, x0):
n = len(x)
Q = div_diff_tab(x, y)
yo = 0.0
for i in range(n):
yl = 1.0 .
for j in range(i):
yl = (x0 - x[n-j-1])
yo += QIn-1, i] * yl
return y0 :

Tuong tu nhu trudng hgp cuia cong thic ndi suy Lagrange, ching
ta xét truong hgp cac diém nut cach déu véi bude h. Mudn thé ta dua
vao khai niém sau. Pai lugng Ayx = yk+1 — yx dudc goi 1a sai phan hiru
han cdp 1 cia ham tai diém z;. Tuong tu ta c6 thé dinh nghia sai
phan hitu han cap p cia ham tai di€ém z; nhu sau APy, = A(AP™1y;).
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Ta c6 thé dé dang chiing minh bing quy nap céng thitc sau, thé hién
moéi quan hé¢ gitta khai niém ty sai phan va sai phan hiru han:
APy

f[zka Tk+1, - . 7xk+p] = W

- Khi d6 cac cong thic (3.9) va (3.11) sé c6 dang

A A? '
NPD@) = w+Fq+ —ralg—1)+-+

A" -
+ =Bglg-1)...(a-n+1), ¢="2 (311
va )
C Ay A%y, -
NO(z) = yo+ yl'; “p+ g}' 2p(p+1) + -+ +
An _
+ n;”"p(p+1)...(p+n—1), p=zh”" (3.12)

4 N

Vi du 3.7: Sit dung bang gia tri ciia ham sin lugng giac véi buéc
h = 5°, tinh gan dung gia tri ctia sin 32°. Ta c6 bang sai phan

zr | f(zk) A A* A3

30° | 0.5000 | 0.0736 | —0.0044 | —0.0005
35° | 0.5736 | 0.0692 | —0.0049
40° | 0.6428 | 0.0643
45° 1 0.7071

. 32-30

va q = 0.4. Khi d6 theo cong thuc (3.11) ta dudc

sin32° ~ 0.5+ 0.0736(0.4) — 0.0044(0.4)(—0.6) —
0.0005(0.4)(—~0.6)(—1.6)
0.530304

§3.3 DA THUC NOQI SUY HERMITE

Cho bang s6 (3.1) ctia ham kha vi f(z) trén [z, z,]. Pa thic noi
suy Hermite, ky hiéu Hj,11(z), 1a da thitc thod man cac diéu kién:

(i) deg Hon41(z) <2n+1
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(ii) H2n+1($k) = f(xk)9 k= 0,1,. - n
(ﬁi) H5n+l($k) = f,(xk)’ k= 0’17 ey

Cé thé kiém tra ring da thic sau day thoa cac diéu kién trén:

Z W (2%) /
H2n+1(17) = kgo {f(xk) [1 - wl(xk) (17 — -’Ek)] +f (.’Ek)(x — zk)} X
w(z) 2
g {(1?_—33:)0)’(_1%)} (3.13)

~ véi da thitc w(z) duge xac dinh theo cong thitc (3.3).
- "
. Vi du 3.8: Xay dung da thic néi suy Hermite trong doan [0, 1]
thoa cac diéu kién: f(0) =0, f(1) =1, f/(0) =0, f'(1) =0.
=01
Tacobangsé: y |0 1. Nén

y|10 0

n=1wk)=zz-1)=2>-z=>d'(x)=22r-1, v"(z) =2
vay

22 -z]?
] = —22°% + 322

Hi() = [1 - 2(z - 1)] [

r—1

Chung ta ciing c6 thé xay dung da thitc noi suy Hermite theo
phuong phap xay dung da thitc ndi suy Newton bang cach lap bang
A ty sai phan. Cu thé nhu sau. Ta dinh nghia mét day méi 2o, 21, . . . , 22041
thod zo = zok41 = 2 VOl k = 0,1,...,n. D& tinh ty-sai phan cAp mét, ta
chia lam hai truong hop. Di véi doan [23k+1, 22k+2] thi
flzar+2] = flzak+1]
22k+2 — 22k+1

flz2k+1, 22k42] =

Con d6i vai doan [zok, 22k+1], Vi 20k = 20k+1 = Tk VOi MOi k nén ta thay
thé

flzoks z2k41] = f'(zk), k=0,1,...,n
Sau d6 cac phan tit khic ciia bang ty sai phan dugc tiép tuc tinh nhu
trong phuong phap Newton. Khi d6 da thic néi suy Hermite cé6 dang:

2n+1
H2n+1(11:) = f_[zo] + Z f[zo, ceey zk](:c — Zo)(:l‘ - 2:1) vee (:1: - zk'_l) (314)
k=1
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Vi du 3.
z|0 1
y|1 2
o0 1

Hs(z)

9: Xay dung da thic Hermite noi suy bang so:
2
4
0
01
.0
01 1
1 -1
1 2 0 3/4
o1 1/2 —-5/4
1 2 1 —~7/4
2 -3
2 4 -2
0
2 4

Vay da thitc Hermite c6 dang

1+0(z— 0)+1(a:—0)2—1(a: 0)2(z—1) +
+ ‘2(1—0)2( 1)? ——(:r 0)2(c - 1)X(z — 2) =
= 1+%:L‘2—%i3+%x4—§z5

Thuat toan Hermite thé hién qua chuong trinh sau

P,y0 = hermite(z,y, yl, z0)

véi z 1a day cac d6i sb, y va yl la day céc gia tri cia ham va dao ham,
20 1a gia tri ctia d6i sd ma tai d6 can tinh gia tri cila ham. Ham tra vé
mang da thitc P va gia tri xap xi y0 cia ham. Chu y rang P la da thic
nhu trong cong thirc (3.14). Nghia la

H(z) =
+

po + p1(z — z0) + pa(z — xo)2 + p3(z — zo)z(a: —z1)+...

2

pon-1(z — z0)(z — :1)2...(z - Tno1)?(z — zp)
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—

def hermite(x, y, yl, x0=None):

n = len(x)
z = np.zeros(2 * n, dtype=float)
= np.zeros((2 * n, 2 * n), dtype =float)
for i in range(n):
z[2 = i] = x[i]
z[2 + i+ 1] = x[i]
Q2 » i, 0] = ylil
Q2 + i+ 1, 0] =ylil
Q2 + i+ 1, 1] = ylli]
if i 1= O:
QI2+i,1] = (Q[2+i,0] - Q[2+i-1,0])
/ (z[2+i] - z[2+i-1])
for j in range(2, 2 * n):
for i in range(j, 2 * n):
Qli,jl = (@li,j-11 - Qli-1,j-11
/ (z[i] - zli-=j])
P = np.zeros(2 * n, dtype=float)
for i in range(2 * n):

Pli] = Qli, il
if xO == None:
yO0 = None
else:
yo = 0.0
for i in range(2 * n):
y0o0 = 1.0

for j in range(i):
yoo »= (x0 - z[j])
yo += P[i] » y0O0 ‘
return P, yO

SRR,

§3.4 SPLINE BAC BA

Viéc xay dung mét da thitc di qua cac diém noi suy cho truéc trong
truong hgp n 16n 1a rat khé khan va khé ung dung. Mét trong nhiing
-cach khic phuc la trén ting doan lién tiép chia cac cap diém nut néi
suy ta néi chung lai bdi cdc dudng cong don gian nhu doan thang
ching han. Tuy nhién, khi d¢6 tai cac diém nit ham sé méat tmh kha
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vi. Do d6, nguodi ta cb gang xay dung mot dudng cong bing cach néi
cac doan cong nho lai véi nhau sao cho van bao toan tinh kha vi cia
ham. Pudng cong nhu vay dudc goi 1a dudng spline (dudng ghép tron).
Cac ham trén cac doan nhoé thong thudng 1a cac da thic va bac cao
nhét ctia cic da thitc d6 1a bac caa spline. Trong phan nay chiing ta
sé chi xét cong thitc ndi suy spline bac ba.

Cho ham f(z) xac dinh trén doan [a,b] va m¢t phép phan hoach
clané:a=zp <z <T2 < <ITp=>b Paty, = f(zx), k=0,1,...,n
Mot spline bac ba néi suy ham f(z) trén [e,b] 1a ham S(z) thoa cac
diéu kién sau: '

(i) S(z)c6 dao ham dén cap hai lién tuc trén doan [a, b].

(i) Trén [z, zk4+1], K =0,1,...,n—1, S(z) = Sk(z) 1a mét da thic bac
ba.

(iii) S(zx) = f(zk) =y, Vk =0,1,...,n

Dua trén dinh nghia nay, ta di tim céng thitc xac dinh spline bac
ba. Xét dO@n [xk,.’tk+1] Veik=0,1,...,n—1. Dat hy = zx41 — z. Vi Si(z)
la da thic bac ba, nén ta viét n6é dudi dang:

Sk(x) = a + b(z — ) + cx(z — :I:k)2 +di(z — a:k)3 (3.15)
Tir diéu kién (3.4), ta thay ngay: a;, = S(zx) = S(zk) = yx va

ar + bphy + ckhi + dihy = S(xk41) = Sk(Tha1) = Yrs1

T day ta dudc
b = ZHLZYE by —dih?, Yk =0,1,...,n—1
e . | (3.16)
bp-1 = T Ck—1hg-1 — dg—1hi_,, Vk =L...,n

trong d6 phuong trinh tha hai thu dudce tir phudng trinh thit nhat
bang cach gidm chi sé xuéng mot don vi. :

Xét tai diém ;, véi k = 1,2,...,n — 1. Dc tinh kha vi cia ham dén
cap hai theo tai z; ta c6 Sj_,(zx) = Si(zk) va-SI_,(zx) = SY(zy) . Tt

A
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diéu kién S}_, (zx) = Sj () ta thu dugc:

4 = L% ‘
She ~ Wk=1,2,...,n—1 (3.17)

Thay (3.17) vao (3.16) ta dugc

- h
b = yk—"L;'l—'y—k - ?k(clc+1 + 2¢k),
k

Ye — Ye-1 _ he—a
hip—1 3

Vk=1,2,...,n—1 (3.18)

bp—1 = (ck + 2¢k-1)

Tut diéu kién S,,_, (zx) = S,(zx) ta c6
b = br—1 + 2¢k—1hk—1 + 3dk_1h}_;

Thay cac dai lugng da biét trong (3.17) va (3.18) vao biéu thic trén
ta dudc hé phuong trinh dung dé xac dinh cac hé sb c;:

Ye+1 — Yk oYk — Yk-1
h_ _ 2h_ h h =3 _3 ]
k—1Ck-1 + 2(hk—1 + hi)ck + hicCrs1 h hi—1 (3.19)
Vk=1,2,...,n—-1

Hé phuong trinh (3.19) dung dé xac dinh cac hé s6 ¢, véi k =
0,1,...,n. Khi d6 tit cic céng thitc (3.18), (3.17) va ax = yi ta c6 thé
xac dinh t4t ci cac hé sb cua da thiuc Sg(z). N6i chung, hé phuong
trinh (3.19) c6 vo sb nghiém. Vi vay, dé c6 tinh duy nhat, ta phai bd
sung thém mét sb diéu kién, va théng thuong cac diéu kién d6 la cac
diéu kién bién.

3.4.1 SPLINE BAC BA TU NHIEN

Piéu kién dé€ xac dinh mot spline bac ba tu nhién 1a: $”(a) = $"(b) = 0.
Tir day ta thu dugc ¢y = ¢, = 0. Khi d6 hé phuong trinh (3.19) chi con
lai n — 1 phuong trinh véi n — 1 4n 14 ¢, ¢2,...,cn-1. Thuat toan xic
dinh spline bac ba ty nhién bit dau bang viéc gidi h¢ AC = Bvdi Ala
ma tran cé dang

2(h0 + hl) hy 0 . 0
hy 20y + h2) ho ces 0
A= 0 ha 2(h2 + h3) cee 0

o 0 oo 22 + hnoi)
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va Y Y1 — Yo 7
_ — _
-3
3 hy ” hoy
Y3 — 2 2— U
-3
B = 3 h2 h]
Yn — Yn-1 Yn—1 — Yn-2
3 -3
L hn—l hn—2 -

con C = (c1,¢,...,ca-1)T 12 véc-to nghiém. Sau khi tim dugc tat ca
cac gia tri clia ¢, ¢;,Ca, - -, Ca1, Cn, C4C hé s0 khac clia Sk(z) duge xéc
dinh bai: ’

ar = Yk, o h

Yk+1 — Yk k .
be == — (1 +2%), vk=0,1,2,...,n-1 (320
dp = Ck+1 — Ck
3hg
Vi du 3.10: Xay dung spline bac ba tu nhién ngi suy bang sé:

3.
z|0 2 5 ) A o
s 111 4.Tacon=2, ho = 2, h1 = 3. Do 1a spline tu nhién
=C2

neén cg = 0. Hé sb ¢, con lai dugc xac dinh tit phuong trinh’
_o¥2—W U1~ Y% 9
2(ho + h1)e1 =3 Iy 3 7o = C] 10
Khi d6 tir (3.20) ta dudc:
. 1 1
Véi k=0 ag = 1, bo = ;-5-, Id() = 210
Vay spline cin tim c6 dang
_ l—gﬂl'f'%ma, ' z € [0,2]
S(z) = 9 3 \ .
1+3(1‘—2)+E(.’L‘—2) 0(1‘—2) ] .’1:6[2,5]

Vl du 3.11: Xay dlmg spline bac ba tu nhién noi suy bang sb
z|0 1 2 3
y[1 e & &

ctia ham y = e*: S
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xac dinh tir hé phuong trinh:

(e—1)?
5

:cl':

(4—e) ~ 0.757,

dang:

1 + 1.466z + 0.252z3,
S(x) =

\

Tacon=3, hg=hy=ha=1, cg=c3 =0. Cac hé sb ¢; va ¢, dugc

[fi”i]=[§§(i)f>2}

(e-1)?
5

cp=—"(4e-1) ~ 5.830

Do dé: ag = 1, by = 1.466, dp = 0.252; a; = 2.718, by = 2.223, d; =

1.691; ay = 7.389, by = 8.810, dy = —1.943. Va spline can tim c6

2.718 + 2.223(z — 1) + 0.757(z — 1)? + 1.691(z — 1)*, =z €[1,2
7.389 + 8.810(z — 2) + 5.830(z — 2)2 — 1.943(z — 2)*, z€[2,3

ze 0,1

3.4.2 SPLINE BAC BA RANG BUOC

piéu kién dé xac dinh spline bac ba rang bugc la: §'(a) = «, S'(b) = 8.

Tir day ta c6 thém hai phuong trinh:

2hoco + hoc1 = 3

-
ho

3a

hn—lcn—l + th—lcn = Sﬁ — 3:‘-]"___'@

hn—-l

b3 sung vao hé (3.19) va ta thu dugc hé phuong trinh dai s6 tuyén
tinh AC = B gom n + 1 phudng trinh ung véi n -t,}.én la cg,cy,...,cCn.

Ma tran A va véc-td B c6 dang:

| 2hg hg 0
ho 2(ho + h1) h1
A= 0 hy 2(h1 + h2)
0 0 0
| O 0 0

S0
.0
0

2(hn—2 + hn—l) hn—l

hn—-l

0
-
0

2hn—-l
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3?-’lh;?’i‘l—3a

0
Y2— U n—Y%
3 -3
hy ho

Yn = Yn—-1 Yn—1 — Yn—2
3 -3
hn—l _ hn—2
38 — 3yn Yn—1

L hn-l

Sau khi tim dugc c‘ﬁ(; hé sb cx, cac hé sb ay.by, va di cang xac dinh
theo cong thic (3.20) t;iong tu nhu trudng hgp ctia spline bac ba tu
nhién. -

Vi du 3.12: Xay aung spline bac ba rang budc ndi suy bang so:
z (1) i , thoa diéu kién y'(0) = 1, y/(1) =1.Tacén = 1,ho = 1.
Tir day ta duge ¢g = —3,c1 =3. Dodbap =1, bp = 1,dy = 2. Spline

| can tim c6 dang: S(z) = 1+ z — 3z + 2¢° véi z € [0, 1].

Vi du 3.13: Xay dung spline bac ba rang budc ndi suy bang s0:
z{0 1 2
y|1l 2 1

hy =1, a = 8 = 0, do d6 hé phuong trinh xac dinh ¢, c1,¢2 €6

dang:
0 (&) -3
1 C1 = -6 =>Co=3,cl=—'3,62=3
2 () 3

thoa diéu kién y'(0) =0, ¥/(2) =0. Tacon =2, ho =

o= N
—_

Vay: ap =1, bp =0, do = —2; a1 = 2, by = 0, di = 2 va spline cin

tim c6 dang

S(z) = 1+ 322 — 223, 0<z<1
Tl12-3z-1)2+2(z-1)3 1<z<2

s

Thuit toan tim spline bac ba thé hién qua chuong trinh sau.
S = spline(z,y; al = None,be = None)

Ham nhan cdc déi s6 la hai mang z, y. Néu khong c6 cac gia tri
al = y'(zq), be = y'(z,,) thi tim spline tu nhién. Ngugc lai la tim spline

1
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rang budc. Ham tra vé mang cac da thitc bac ba theo cong thie (3.15).
— \

def spline(x, y, al=None, be=None):
n = len (x) :
h = np.zeros(n - 1, dtype=float)
for i in range(n - 1):
h[i] = x[i + 1] - x[i]
A = np.zeros ((n, n), dtype=float)
B = np.zeros(n, dtype=float)
if al is None and be is None: # Natural Spline
A[0, 0] = 1.0
else: # Claimed Spline
A[0, 0] = 2 * h[O]; A[O, 1] = h[O]
B[O] = 3 * (y[1] - y[0]) / h[O] - 3 * al
for i in range(l, n - 1):

Ali, i] =2 + (h[i - 1] + h[i])
Ali, i = 1] = h[i - 1]
Ali, i + 1] = h[i]

B[i]=(3 = (yli+1] - y[i]) / hli]
-3 s (ylil - y[i-1]) / hli-1])
if al is None and be is None: # Natural Spline
Aln -1, n- 1] = 1.0
else: # Claimed Cubic Spline
Aln -1, n- 1] =2 * hin - 2]
Aln -1, n - 2] hin - 2] -
Bln - 1] = (3*be-3*(y[n-1]-y[n-2])/h[n-2])

c = tri_diag(A, B)

a = np.zeros(n - 1, dtype=float)

b = np.zeros(n - 1, dtype=fleat) *~
d = np.zeros(n - 1, dtype=float)
for k in range(n - 1): :

alk]=y[Kk]
b[k]=(ylk+1] - y[k]) / h[k]
= (hik] / 3) * (c[k+1] + 2+c[k]]
d[k]=(c[k + 1] - c[k]) / 3.0 / hik]
S = np.zeros((n - 1, 4), dtype=float)
for k in range(n - 1):
S[k] = np.array((alk], blk], cl[k], d[k]),
dtype=float)
return S




3.5 Pudng cong tham sé A 96

§3.5 PUGNG CONG THAM SO

Puong cong C;, di qua cac diém Ay(0,0), Ai(1,2), A2(-2,2),
A3(0,~2) va A4(2,0), trong Hinh 3.3 bén dudi, khong thé 1a db thi
ctia mot ham mot bién nao d6, ma chi c6 thé biéu dién dudi dang
tham sb. Do d6, trong phan nay ta chi xap xi duong cong cho dudi
dang tham sb6: z = a:(t) y = y(t) véi t 1a tham sbé nhan gia tri trong
doan [0,1].

Hinh 3.3: Pudng cong tham sé

Xét mot phan hoach ctia doan [0,1]: 0 =ty <t < --- < t, = 1. Dat

xk = xz(t), yr = y(tx) V6i k = 0,1,...,n. Ta xay dung hai da thic Xap

xi P(t) va PY)(¢t) thoa céc diéu kién PO (ty) = zk, PY () = yi voi

k =0,1,...,n. Lay vi du nhu dudng cong trong hinh vé trén dugc cho
bdi bang sau

1 0 0.25 0.5 0.75 1
Tr 0 1 —2 0 2
Uk 0 2 2 ) 0

Néu diung da thitc ndi suy Lagrange d€ xap xi z(t) va y(t) ta thu dugc

448 620
29814 L 3007
g 0 3200 ==

630 t3 + 882 —

2(t) ~ L) =- 242 4+ 38t

y(t) ~ LY (t)=128t*— 8,
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Két qué nhu trong Hinh 3.4. Ta thay dudng cong C, xap xi kha tét
dudng cong ban.dau C;. D€ cho két qua chinh x4c hon, ta phai chia
[0,1] thanh nhiéu diém hon va khi dé khéi lugng tinh toin sé nhiéu
hon.

o

A,( ) Al\
_2\\ 0lAe 2A4
\J

Hinh 3.4: Xap xi duong cong tham s6

Mot hudng khac d€ gidi quyét bai toan xap xi dudng cong tham

~ 80 la st dung cac da thitc ndi suy Hermite hoidc spline bac ba. Do

nhu cau cta tng dung, nhat la trong nganh db hoa mady tinh, can
xay dung cac dudng cong tron sao cho né cé thé thay ddi dé dang va
nhanh chéng. Va ngudi ta chon da thic Hermite bjc ba cho muc dich
nay. Pudng cong nhu vay dudc goi la dudng cong Bezier.

Ta biét riing da thic Hermite bac ba duge hoan toan xic dinh néu
biét hai di€m nut va dao ham ctia né tai hai di€m nit d6. Gia sit
duong cong Bezier dugc xac dinh béi ‘ :

{ z(t)=atd +bt2 +ct+d

y(t) =ptS+ g2 +rt+s L0 (8.21)

véi hai diém nut (zo, yo) Ung véi t = 0, (z;,y;) ing véi ¢t = 1 va hai diém
kiém soat (ag, fo), (a1, 1) (Hinh 3.5).

Tam hé s6 cua a'r(t) va y(t) trong (3.21) dv'dge xac dinh theo cac diéu
kién: (2(0),(0)) = (z0,%0). (z(1),%(1)) = (z1,11) va céc dao ham tai hai
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-
>

(a0, Bo)
b

Hinh 3.5: BPutng cong Bezier

2 . d ! 0 dy / 1
aémno gl - 500 |, = 0
di tim tam 4n. C6 nhiéu cach dé thém hai diéu kién. Ta chon b3 sung
theo huéng sau: duong cong Bezier di ngang qua trung diém ctia hai
diém kiém soat tai thdi diém ¢t = 1, nghia 1a

(L) ootoen 1) _ Bo+5
2) =72  Y\3)T T2
Bang mot vai phép toan don gian, ta thu dudc d = zy, s = yp va cac
hé sb con lai 1a nghiém ctia hé phuong trinh AX = B véi

. Nhu vay ta c6 sau diéu kién dé

1 1 1 0 0 0
1 2 4 0 0 0
A= 0 0 0 1 1 1
0 0 0 1 2 4
0 0 ﬂo—yo 0 0 ) Io — Op
L 3(Bi—y1) 2Bi—w1) Bi—y 3(z1—a1) 2(x1—a1) z1—oq |
va
[ a ] i T] — T ]
b 4(ap + a1) — 8xp
c Y1 — Yo
X= p |’ B= 4(Bo + B1) — 8yo
q 0
| 7] i 0 J

Sau day la mét s6 trudng hgp ctia dudng cong Bezier khi thay ddi
diém kiém soat thi hai.
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{ z(t) = -§t3 + 8';2 + 4t 2(t) = —1263 + 1262 + 4¢
y(t) = 4¢° — 16t + 12 y(t) = 1683 — 28t + 12¢
Y Y ’
A ——— 7

1,3 (,3:‘.3)

z7
-
\ s

\ Lo
\
\
S
>>\§
N
AY

AN | 0p3°
21 ~ NN _
©[0) @y ©[0) @y |~ °
z(t) = 43 — 442 + 4t z(t) = 20t> — 28t + 12t
y(t) = 8t3 — 20t% + 12t y(t) = 8> — 20t% + 12t

Thuat toan xay dung duong cong tham sd Bezier dugc thé hién
qua chuong trinh sau.

X,Y = bezier(z,y) =

trong d6 hai diém nit c6 toa do ([0], y[0]) (ng véi ¢ = 0) va (z[3], y[3))
(ing véi t = 1). Hai diém kiém sodt 1a (oo, Bo) = (z[1], y[1]) va (on, 51) =
(z[2],¥[2]) (Hinh 3.5). Ham tra vé hai da thic bac ba phu thudc vao
tham s6 ¢ theo cong thirc (3.21).

oy

def bezier (X, Y):
A = np.array ([

(1.0, 1.0, 1.0, 0.0, 0.0, 0.0],
[0.0, 0.0, 0.0, 1.0, 1.0, 1.0],
(1.0, 2.0, 4.0, 0.0, 0.0. 0.0],
(0.0, 0.0, 0.0, 1.0, 2.0, 4.0],
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[3.0 *+ (Y[2] - Y[3]), 2.0 = (Y[2] - Y[3]),
Y[2] - Y[3], 3 = (X[3] - X[2]),
-2+ (X[3] - X[2]), X[3] - XI[2]],
[0.0, 0.0, Y[1] - Y[O], 0.0, 0.0,
-(X[1] - X[0])]], dtype=float)

B = np.array ([X[3] - X[0], Y[3] - Y[O],
4 « (X[1] + X[2]) - 8 = X[O],
4 « (Y[1] + Y[2]) - 8 =« Y[O], 0.0, 0.0],
dtype=float)

Z = jordan(A, B)

XX = np.array ([Z[0], Z[1], Z[2], X[O]],
dtype=float)

YY = np.array ([Z[3]., Z[4]. Z[5], Y[OI]],
dtype=float)

return XX, YY

§3.6 BAI TOAN XAP Xi HAM THUC NGHIEM

Trong mat phang zOy cho tap cac diém { M (zx, yx)} 3, trong d6 co6
it nhat hai diém nut z; va z; khac nhau véi i # j va n la rat 16n. Khi dé,
viéc xay dung mét dudng cong di qua tat ca nhitng diém da cho khong
c6 y nghia thuec té. Thay vao d6 chung ta sé tim mét ham f(z) ddn gian
sao cho né thé hién tét nhit dang diéu cta tap di€ém {M(zk, yk)} i,
va khong nhat thiét di ngang qua cac diém d6. C6 nhiéu phuong phap
dé giai quyét van dé trén, va mot trong nhitng phuong phap nhu vay
la phuopg phap binh phuong bé nhéat. Noi dung ciia phuong phép la
tim cuc tiéu ctia phiém ham:

[f(zk) — y&]> — min (3.22)

INgE

g(f) =

k=1

Dang ctia ham cén xac dinh f(z) phu thudc vao nhiéu yéu t6. Tuy
nhién, cac dang don gian nhat thudng gip trong thuc té la: f(z) =
A+ Bz, f(z) = A+ Bz + Cz?, f(z) = Acosz + Bsinz, f(z) = AebT,
f(z) = AzB, .... Nghia la dé xac dinh f(z) ta can xac dinh cac h¢
s6 A,B,C,... tit diéu kién (3.22). D€ minh hoa cho phuong phap, ta
xét truong hop thuong gip sau day véi f(z) = Ap(z) + Bg(z). Khi d6
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phuong trinh (3.22) c6 dang:

9(A,B) = Y. (Api + Bgi, — y)* — min
k=1
véi pr = p(zr), ar = q(zk).
Bai toan quy vé viéc tim cyc ti€u ctia ham hai bién g(4, B). Toa dd
diém dimg cia ham dudc xac dinh tir hé phuong trinh )

a n

29— 23 (Ape+Bgr—w)pr =0
0A k=1

dg n

== =2Y (Apr+Bar —uyr)ax =0
0B k=1

Sau khi don gian, ta thu dugc hé phuong trinh véi hai 4n A va B.’

.

n n n
(Z Pi) A + (2 Pk%) B = ) DUk -
nk=1 k=1n k';l (3.23)
(Z kak) A + (Z q,%) B = ) auk :
k=1 k=1 k=1

Theo gia thiét cia bai toan va bat ding thic Cauchy, ta c6 dinh -
thic cia ma tran hé sé luon khac khéong, nén hé phuong trinh (3.23)
ltc nao cing nghiém duy nhat A va B. D6 la cac hé s6 can tim.

-

-~

Vi du 3.14: Tim ham f(z) = A + Bz xap xi tét nhat bang so:

345 6
5 5 6 7

|1 12 22
y|1 2 2 3 4

oo

2

Ta c6 n = 10, p(z) = 1, g(z) = z. D& thiét lap hé phuong trinh
n n n

(3.23), ta c6 cac téng sau: Yz =29, Y y'=39, > zi =109 va
k=1 = C k=l

k=1
n
3 zryr = 140. Khi 4y hé phuong trinh xac dinh A va B c¢6 dang:
k=1
10A +29B =39 A =0.7671
29A +109B =149 B =1.0803

Do dé duong thing can tim la: f(z) = 0.7671 + 1.0803z.
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N W s YN

0 123456

Téng quat, néu f (1:) Z Agpi(z), thi ta c6 hé phuong trinh diung

dé xac dmh cac hé’; sb Ay, A2, ., A, nhu sau:

( n n n n
(2 Pfk> A + (kz pucpzk) Ay + -+ (2 plkPmk) = D UkP1k
= -1 —

k=1 k=1

n n n
(k :Dzkpw) A + (kz p§k> Ay +- (Z szpmk> Z YkP2k
. =1 k=1

1 =1

(Z Pmkplk) A+ <k2 Pmkp2k) A+ (2 Pmk) Z YkPmk
\ =1 v

k=1

VOi p;, = p,'(.’l:k) la gia tri cia ham pi(a:), 1=1,2,...,mtai diém T, k=
1,2,...,n
Trudng hop riéng khi f(z) = Py(z) = Y ArzF 1a da thic bac m,
k=0
ta c6 hé phuong trinh dung dé xac dinh cac hé sé Ay, Ay, ..., A, nhu
sau:

r

n n n
(n+1)A4) + (sz>A1 +o 4 (Zx}c")Am = Y u
k=0 k=0 k=0
n n n n
(Z :l:k) Ay + (Z :L‘%) A+ 4+ (Z sz.l) A, = Z TrUk
< k=0 k=0 k=0 k=0
& m m+1 ( - 2m o m
DA + Z:II A+ \sz A = Y zi'®
L \k=0 =0 k=0
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§3.7 AP DUNG

Cho bang s6 cia ham y = f(z):

z[01 03 05 07 09 10 12 14 16 18 20
y|032 055 067 0.83 099 111 133 151 1.67 184 2.0

Céan xap xi gia tri cuia ham tai ¢ = 1.65.

Trong thuc té ap dung, c6 nhiéu phuong phap dé€ tiép can 13i giai
ctia bai toan trén. Méi phuong phap c6 thé cho ra céac két qua khac
nhau. Viéc chon .phtmng phép nao thudng phu thugc vao y nghia
thuc té ctia timg bai toan. Ta sé trinh bay cac hudng tiép can c6 thé
cua bai toan nay.

Trudc tién ta minh hoa bang sé da cho theo hinh sau:

0 1 - 2

Nhin vao hinh vé, ta nhan thay cac diém phan bé gan nhu theo
duong thing. Do d6 viéc dau tién chung ta nghi dén la xay dung
mét dudng thing xap xi tét nhat bang sé da cho. Giai hé phuong
trinh (3.23) v6i p(z) = 1 va ¢(z) = z ta thu dugc A = 0.2352731591 va
B = 0.8897387173. Pudng thing can tim c6 dang:

y = 0.2352731591 + 0.8897387173z

va dugc thé hién trong hinh vé sau:




3.7 Ap dung 104

Khi d6 y(1.65) ~ 1.703342043.

Mot cach tiép can khac la xay dung céc da thitc néi suy cho bang
sb trén. Trudc tién néu sit dung tat c 11 diém nut trong bang thi da
thie néi suy Lagrange c6 dang:

Li(z) = —37.8269534588362'° + 406.104879116853x° —
—  1890.67056799449728 + 5001.295681173440z7 —
— 8271.461646619223z5 + 8864.4045323241232° —
~  6168.453718523431a* + 2713.16298226474023 —
— 707.007321607653z2 + 95.943591030754z — 4.381457706273

Khi d6 y(1.65) ~ L1o(1.65) = 1.697072638397.

Ta thay da thitc c6 bac kha 16n va cac hé s6 c6 gia tri cing kha 16n,
nén khi tinh gia tri xap xi sai s4 c6 kha nang ciing lén. Trong thuc té,
ngudi ta thuong chon 4 diém nut dé xay dung da thitc Lagrange bac
ba. Vi 1.65 € (1.6,1.8) ta sé chon 4 diém nut cubi cung va da thitc noi
suy Lagrange c6 dang

5 4 17, 331 47
L3(z) = 3% + 52 —12—0x+20
Trong trudng hop nay, ta c6 y(1.65) ~ Ls(1.65) = 1.71234375.
Mot hudng khac d€ xap xi gia tri ctia ham 1a sit dung spline bac
ba. Sif dung ham spline bac ba tu nhién dé xap xi gia tri clia ham tai
T = 1.65, ta 6 két qua y(1.65) ~ 1.711860650359.
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BAI TAP

Cau 1. Xay dung da thic ndi suy Lagrange d6i v6i cac bang sé sau:

(a]_:z:_2 3 5 (b) z| 03 05 0.8
y|3 1 4 y|125 147 1.88
z|0 1 3 4 |12 14 16 18

@3 7215 . @ — 722 31 38 45

Ciu 2. St dung da thitc noi suy Lagrange hay xap xi gia tri cia ham
f(x) tai z* véi cac diém nut da cho. Lay 4 chit s6 1€ sau dau phdy thap
phan. So sanh véi gia tri chinh xac.

(@ f(z) =cosz, zo =02, 21 =0.5, 22 = 0.7, z3 = 1.0, z* = 0.62

(b) f(z) =e Tsinz, zo=12, z1 =14, 22 = 1.6, z3 = 1.8, ¥ =15

(© f(z)=In(1+2z), 20=7 21=8, z2=19, z3 =10, z* =825
Cau 3. Cho bang ty sai phan:

xo=1| f(zo) =7
flzo, 1] =7 :

1 =3 | f(z1) =7 flzo,z1,22] =1
f['rl:z?] =2

T = 4 f(.’rz) =6

Hay tim céc gia tri con thiéu trong bang.
Ciau 4. Lam céc bai trong cau 1 sit dung da thitc poi suy Newton tién.

Cau 5. St dung da thitc noi suy Newton tién d€ xay dung cac da thitc
noi suy bac 1, 2 va 3 ddi véi bang s6 liéu sau. Stt dung céac da thuc d6
dé xap xi gia tri ctia ham tai z*.

(@ f(0) = 1, f(0.25) = 1.6487, f(0.5) = 2.7183, f(0.75) = 4.4817, z*
0.43.

() f(0.1) = —0.2000, f(0.2) = —0.5608, f(0.3) = —0.8140, f(0.4)
—1.0526, z* = 0.18.

Cau 6. Xay dung da thitc noi suy Hermite déi véi cac bang so sau:
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2| I@) | @) z| J@) | £
@ 1] 2 | 1 (b) "2 [1.3863 | 1.6931

2| 3| o 3| 3.2958 | 2.0986

z | f(z) | f(=) z | f(z) | f(=)
@l L]0 @ 00] O 1

10 3| 0 0.5 | 0.7904 | 2.2373

3] 2 | 1 1.0 | 2.2874 | 3.7560
Cau 7. Cho ham sb f(x) = .

(@) Hay xap xi f(1.05) bdi da thirc noi suy Hermite bac ba, st dung
cac diém nut zo = 1 va z; = 1.1. So sanh véi gia tri chinh xéac.

(b) Lap lai cau (a“)’\lrdi da thitc néi suy Hermite bac nam, st dung
cicdifmnutzg =1, 71 = 1.1 va 2o = 1.2,

Cau 8. Xay dung spline bac ba tu nhién néi suy cac bang sé:

z|0 2 3 z|1 2 3 4
(a]y‘le (b)y|2214

Céau 9. Cho spline bac ba tu nhién:

S(z) = 3 -2z + a3, néul0<z<l
a+bz—1)+c(z—1)2+d(z-1)3, néul<z<3
Hay xac dinh a, b, c,d.
Cau 10. Cho spline bac ba tu nhién:
S(z) = 1+bo(z — 1)+ do(z — 1)3, néul<z<?2
3+bi(z—2)+4(z-2)2+di(z—-2)% néu2<z<3

Hé.y xac dll’lh bo, do, bi,d;.

Cau 11. Xay dung spline bac ba S(z) noi suy cic bang sé va thoa cac
diéu kién da cho.

x|2 3 4 2|0 1 2 3
S'(2) =0, S'(4) =1 S'0)=1, $'3)=0
Cau 12. Cho spline bac ba:
S(z) = l+z+z?+23, néu0 <z <2
a+b(z—2)+c(z—2)%+d(z—2)° néu2<z<3

Hay xac dinh q, b, ¢,d biét rang 5'(3) = 1.
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Cau 13. Cho spline bac ba:

S(z) = 2+b(x—1)—3(z—1)2+do(xr—1)%, néul
4+bi(z—2)+2(x—2)2 +di(z - 2)3, néu 2

NN
8 8
VA
w N

Hay xéc dinh by, do, b1, d; biét rang 5'(1) = §'(3).
Céau 14. Cho bang sé:

| 1 2 3 4 5 6 7
y|[1.02 3.96 855 16.01 25.30 35.87 48.58

Tim ham f(z) = A + Bz + Cz? xap xi t6t nhat bang s6 trén.
Céau 15. Cho bang sb:

|10 12 14 16 18 20
y|227 237 245 252 260 2.62

Tim ham f(z) = Ay/Z + Bcosz xap xi t6t nhat bang sb trén.

Céau 16. Tim da thitc bac hai xap xi tét nhat ham y = ¢® trong doan
[0,1] véi budc h = 0.2. Lap lai bai toan véi bude h = 0.1.
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§4.1 TiNH GAN PUNG PAO HAM

- Trong phan nay ta dua ra cic cong thitc xap xi ciac dao ham cip
mot va cap hai cia ham y = f(z) dya vao cac gia tri rdi rac y; cua
ham tai cac di€m nut z;. Truéc tién, dua vao dinh nghia ctia dao ham
ham sb f(x) tai diém zo, khi Az ¢ nhé ta thu dugc

f(zo + Az) — f(zo) _ f(zo + Az) — f(x0)
Az - Az

/ T
fzo) = Ao,

Néu Az = h > 0, ta cé: f'(zq) ~ f(zo + h’)l — f(@0)

Néu Az = —h < 0, ta cé6: fl(-'L'O) ~ f(-’L'O) - ’fl(iL'o - h)

bay 1a cac cong thitc xap xi thé ctia dao ham cip mot va thudng
dugc dp dung cho céac diém bién. Pbi véi cac diém bén trong, phuong
phap chung la xay dung da thitc noi suy Lagrange L(z) xap xi ham
f(z) va sau @6 f'(z) ~ L'(z) va f"(z) ~ L"(z).




4.1 Tinh gan diing dao ham 109

Xét trudng hop don gian véi bang sb c6 ba diém nut cach déu:

:L‘l zo—h Zo o+ h

y| flwo—h) f(zo) f(zo+h)

Pay la truong hgp thudng dung @€ xap xi cac dao ham. Pa thic
Lagrange c6 dang: '

(z — o + h)(z — z0) (x —zo + h)(z —zo — h)

Ie) = 1= 20) g 4 1) - ) f(zo) +
. (x—xo)(za:h;xo h) P
Khi dé
) = TR g+ by 2f(w0) + T2 (F (o + ) + flao— ) +
222 R (o + ) — 2f (wo)), 4.1

f(zo + h) —2f(xo) + f(xo0 — h)

L”(:L‘) = h2

4.2)

Tix (4.1) ta duge

¢ fllao—h) ~ L'(zg—h) = —3f(xo—h) + 42fh(:n0) — f(zo + h)
1 f'(=o0) ~ L'(zo) _ S+t h);hf(xo —h)
| Fath) ~ Dorh) = L (o0 = ) = 4f(z) + 8/ (z0 + 1

Cong thic thu nhat va thi ba dude goi 1a cac cong thic sai phan
tién va lai, con coéng thic thit hai dudc goi la cong thitc sai phan
huéng tam. Déi v6i dao ham cip hai, ta diing cong thitc (4.2) dé xap
xi tai diém z, va ciing goi 1a cong thitc sai phan huéng tam.

Vi du 4.1: St dung cong thitc sai phan hudng tam tinh dao
ham cip mot va cap hai ctia ham f(z) = e tai zo = 1 voi
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- nhing gia tri khac nhau cua h cho ta bang sau:

h JHOR (1),
0.200 —0.343802 —0.740291
0.150 —0.354226 —0.738399
0.100 —0.361776 —0.736962
0.050 —0.366348 —0.736064
0.010 -—0.367818 —0.735771
0.005 | —0.367864 —-0.735761
0.001 —0.367878" —0.735759

Gia tri chinh xac yiét dén sau chit s6 sau dau phdy thap phan
1a f'(1) = —0.367879 va f”(1) = —0.735758.

Trudng hop bang s6 c6 nam diém nut cach déu, bing cach lam
tuong ty, ta thu dugc céng thitc xap xi dao ham cip mot nhu sau:

g — 2h) - 8f(a:0 - h) + 8f(IL‘0 + h) - f(:L‘() + 2h)

a0y~ L 12%

Trudng hgp can tinh dao ham tai mét diém béat ky cia bang sé, ta
bét budc phai xay dung da thic noi suy, ldy dao ham va tinh gia tri
xap xi. Ta xét vi du sau.

. \

. . .o . z|10 13 17 20 _,
Vi du 4.2: Cho bang sé: y|226 287 3.5 352 . St dung da

thuc ndi suy Lagrange hay xap xi y/(1.42).

Pa thic Lagrange xap xi bang sé trén cé dang:
8.5 88 2+2'1323 57

La(z) = i
3(@) = 39" — ot + T -
Khi dé:
~ 176 21323
. U = 2 — — —
L3(z) = 8z z T+ 1050

Dodé 3/(1.42) ~ L4(1.42) = 0.7359619048.
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§4.2 CONG THUC NEWTON-COTES
Muc dich ctia phan nay la tinh gan dung tich phan xac dinh
b
I= J f(z) da, 4.3)
. véi f(z) 1a ham xéac dinh va kh3 tich trén [q,b]. Y tudng xuét phat

tit viéc xap xi ham f(z) trén doan [a,b] bdi da thitc ndi suy Lagrange
La(z) va ’

b b
I= J fl@)dz=I*= JLn(x) dzx. 4.4)

a ' a
Xét mot phép phan hoach déu cua doan [a,b]: h = b___a, z0 = a,

Tr = o + kh, k = 0,1,...,n. Ta xay dung da thuc noi suy Lagrange
‘Ln(z) xAp xi ham f(z) trén doan [a,b] xac dinh theo cong thic (3.5)
trong chuong 3, trong d6 yx = f(zx),k=0,1,...,n

Thay biéu thitc (3.5) vao cong thitc xap xi (4.4) va st dung phép
0 ta thu dugce

s 1s2 T —
ddi bién ¢ =

b . .
I= f @)z~ I* = (b—a) 3 Hiu, 4.5)
J k=0
6 day
_(=)"* fglg=1)...(g=n) .
Hy = nk!(n_k)!f =g, k= 0,1,. 4.6)
0

Cong thitc (4.5) dugc goi la cong thic Newton-Cotes va cac hé so
(4.6) dudc goi 1a cac hé sb Cotes. Hé sd Cotes c6 céc tinh chat sau day.

i ,
Y Hy=Ho+Hi+--+Hy=1 (4.73)
k=0

Hk = Hn—k’ k =-0',1,7..,,n_ (4.7b)

Déi vai cong thite danh gia sai sb ctia cong thitc Newton-Cotes, ta
c6 dinh ly sau.
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Dinh 1y 4.1: Sai s6 ciia cong thirc Newton-Cotes cho bdi:

n+1h"™F .

II-I*| < (+i1)‘ f|q .(g—n)ldg, nlé  (4.8a)
My poh™ .
II—I*ISﬁflqz(q—l)...(q—n)ldq, n chan. (4.8b)

J

voi M, = zrg[iag] |f (’f‘) (z)|.

Bay gio ta sé xét mot vai truong hop thuong dung ctia cong thire
Newton-Cotes.

4.2.1 CONG THUC HINH THANG
Trong cong thirc (4.5), cho n = 1 ta dugc Zo=a,z1=b, h=>b—ag,

Yo = f(a), y1 = f(b). T cac tinh chat (4 7) ctia hé s6 Cotes: Hy+ H; = 1
va Hy = H, , ta thu dugc: Hy = H; = =. Khi d6 cong thuc (4.5) c6 dang

va dudc goi la cong thitc hinh thang.

4

(4.9)

a >

Hinh 4.1: Céng thic hinh thang

Y nghia hinh hoc ctia cong thic (4.9) thé hién trong Hinh 4.1: tich
phéan (4.3) biéu dién dién tich ctia hinh thang cong (aAmBb) tao béi
dudng cong f(z) va cac dusng thingz =a, v = bva y = 0. Theo (4.9),
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dién tich nay dugc xip xi béi dién tich hinh thang vuéng (aAnBb)
(phan gach chéo).

Trong cong thuc danh gia sai s6 (4.8a) cuia cong thlIC Newton-

Cotes, chon =1 ta thu dudc
M2h M2h3

_T*
I -TI* < 2

: 1
M,h3
flq(q —1)|dg = ; Jq(l —q)dg = (4.10)

0 0
Trong thuc té, coéng thuc (4.9) it duge st dung truc tiép vi sai sb
16n. Thong thuong ta chia nhé doan [a,b] va ap dung coéng thitc hinh
thang trén ting doan nhé. Cu thé, chia doan [a, b] thanh n doan
bang nhau véi budc chia h = b- ; cac diém chia zg = a, =} = zg + kh,
= f(zx), k = 0,1,...,n va st dung cong thic (4.9) cho tu’ng doan
nh6, ta thu dugc:

b T z2 Tn
J f(@)dz = f f()dz+ f f@)dz - - + f f(z)dz
zo z Tn—1
Yo+ 41 Y1+ 2 Yn—1+ Un
h 2 +h 5 + + h——2

~

Cubi cung ta cé:
ff(a:)d:c sl =h(Lrptptoo e+ 2) @1y
2 2

Cong thuc (4.11) dudc goi 1a cong thitc hinff’ihang mgd rong. T
cong thic (4.10) ta thu dugc cong thitc danh gia sai s6 cuia cong thuc
(4.11).

2],
My M, = max |f"(z)| (4.12)

I-I*<(b- ,
l l ( a) 12 z€[a,b]

-

1

Vi du 4.3: Xét tich phan I = f do

. Can chia doan [0,1] t6i
l+zx

0
thiéu thanh bao nhiéu doan, dé khi tinh theo cong thiic (4.11),
ta c6 sai sé nhé hon 10~4? V6i sé doan chia vita tim dugc, hay
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xapxil.
Tacéba=0,b=1, f(z)= ﬁ; Goi n 1a s doan chia, ta dudgc
h2M, <
12
= 2. Tir day ta dugc:

h = 1/n. S6 doan chia n dugdc tim tit bat ding thic: (b—a)

—4’ i = "
1074, voi My = max. |f7()| = max

2
(1+z)3
4
n? > - —n> 40.82. Vay sb doan chia la n = 41.

Khi d6 ta c6: b = % va cac diém chia z;, = —k— Khi d6 y;, =
41 .
fen) = s 2

1 /1 41 41 1
IzI*=H(§+%2-+-~+ﬁ+Z)=O 69318436

Ta c6 thé so sanh véi gia tri chinh xdc I = In?2 = 0.69314718.

Thuat toan hinh thang dugce thuc hién bang cach goi ham
I = trapez(f,a,b,N)

véi f 1a ham dusi dau tich phan, a, b 1a cic can va N la sé doan chia.
Ham tra vé gia tri gn dung cta tich phan. |

def trapez(f, a, b, N):
y = np.zeros ((N + 1), dtype=float)
= float ((b ~ a) / N) '
for k in range(N + 1):
ylk] = f(a + k * h)
res = 0.5 = (y[O] + y[N])
for i in range(1l, N):
res += y[i]
res *= h
return res

4.2.2 CONG THUC SIMPSON

Trong céng thiic (4.5), cho n = 2 ta thu dugc

a+b b—a a+
Io=a, T3 = 2 ,£U2=b,h= 2 ay0=f(a')ayl=f(

= f(b)
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Khi d6 cong thiic (4.5) c6 dang
I%I*=—g-(yo+4y1+y2) (4.13)
va cong thitc danh gia sai sb

KoM,
o0 @ Ma= max

|\I-I* <

19 )|

Tuong tu nhu trong trusng hgp coéng thitc hinh thang, ta chia doan

[a,b] thanh n = 2m doan nho bang nhau véi budc chia h = b2— va st
dung céng thitc (4.13) cho ting ciap doan nho lién nhau, ta thu duge
cong thic sau:

b
h
ff :L')d:l,‘ ~ [* = E[yo + Yom
a
+ 4y tys++Hyom—1) +2(y2 +ya + o+ yan-2)] (4.14)

Cong thitc (4.14) dudc goi la cong thie Simpson md réng, va sai sb
ctia n6 duge danh gia bai .

4
|I-1*| < (b— a)f‘—lv;"i, M, = max f<4> (z) (4.15)
180 zelad]

1

Vi du 4.4: Xét tich phan I = J do

l+z
0
phuong phap Simpson vdi n = 10. Khi dé6 ta cé

1 1 (10 10 10 10
~ I* 4 . .
I~1 30{1+2+ (11+ +19)”(12 +18)}

= 0.69315023

. D€ so sanh ta cing xét

So véi gia tri chinh xdc I = In2 ta c6 sai sb khoang 0.305 x 1075,
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Thuat toan Simpson dugdc thuc hién bang cach goi ham
I = simpson(f,a,b, N)
v6i f 1a ham duéi dau tich phan, e, b 1a cac can va N la s doan chia.

Ham tra vé gia tri gan dang cua tich phan.

7

def simpson(f, a, b, N):
res = 0.0
if N% 2 !'= 0O:
return False
int(N./ 2)
np.zeros ((N + 1), dtype=float)
float ((b — a) / N)
for k in range(N + 1):
ylk] = f(a + k = h)
for i in range(m):
res += y[2+i] + 4 » y[2+i+]1] + y[2+i+2]
res == (h / 3.0)
return res

o< 8
. n

Tuy nhién, trong thuc té tinh toan, dé xap xi tich phan (4.3) vdi
sai sd ¢ cho trudc, ta thuong dung phuong phap chia d6i nhu sau.
Chia doan [a,b] thanh hai doan va ap dung cong thitc Simpson dé
tinh I,. Tiép tuc chia do6i hai doan d6 thanh bén doan va dung céng
thitc Simpson dé c6 Iy2 = I4. Tiép tuc qua trinh chia déi nhu vay dén
k lan ta thu dugc L. Qua trinh két thuc Khi | Ik — Ini-1| < €.

def int_simp(f, a, b, eps):
N=2
I1 = simpson(f, a, b, N)
err = 1.0
while err > eps:
I0 = 11
N += 2
I1 = simpson(f, a, b, N)
err = abs(I1 - 1I0)
return I1
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§4.3 CONG THUC CAU PHUONG GAUSS

Y tudng cta cong thic cau phuong Gauss 1a xap xi tich phan (4.3)
béi mét téng hiru han.

, A
I= f f(z)dz ~ Z Brf(zk) (4.16)

trong d6 2n hé sb By, By, ..., By, 11,29, . .., T, dudc xac dinh theo diéu
kién: cong thiic (4.16) tré thanh céng thitc ding véi moi da thitc c¢é bac
nhd hon 2n. Khi d6 cho f(z) = z™,m =0, 1,...,2n—1 va thay dau ~ bdi
diu = trong cong thitc (4.16), ta sé thu dugc 2n phuong trinh dé giai
cho 2n én Bl, BQ, ey Bn,.’ltl,.’lig, ey Tpe

Tuy nhién ching ta c¢6 thé giam sé 4n va sé phuong trinh bing
cach xiac dinh truéc cac diém nut z,,z,...,, va xét tich phan (4.3)
trong doan [—1,1] nhd vao da thic Legendre. Pa thitc Legendre P,(z)
xac dinh theo cong thic truy héi sau

2n+1 n

{ Pryi(z) = 1 zPy,(z) — -
Py(z) =1, Pl(as) =z

Hinh 4.2: Cac da thitc Legendre

Mot vai da thitc Legendre dau tién c6 dang

3 1 5 3
Py(z) = 1; Pi(z) = z; Pa(z) = 532 — 3 Py(z) = 5933 — 5%
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va db thi ctia chting thé hién trong Hinh 4.2.
Tinh chat quan trong ctia da thitc Legendre P, (z) 1a né c6 n nghiém
thuc phan biét ndm trong doan [-1, 1] va déi xitng qua géc toa d6. Khi

d6 néu xét
1

I= f f(z)dz ~ I* = ) Bif(x) (4.17)
21 k=1 g :

va chon zi,z,,...,z, theo thi tu la nghiém cta da thitc Legendre
P,(z) thi cac hé sbé By, Bs,..., B, sé la nghiém cta hé phuong trinh
dai s6 tuyén tinh sau

( B: + By + ... + B, =

v 2
©1Bi + By + ... +  z,B, = 0
’ 2
) By + 3By + ... + z2B, = 3
9:’1'"131 + xg‘_le + ... + "B, = (n )
\

binh thiuc clla ma tran hé s6 ctia hé phuong trinh trén la dinh
thitc Vandermonde va do z,,zs,...,z, 12 n nghiém phéan biét ciia da
thitc Legendre nén dinh thic khac khéng. Nhu vay tén tai duy nhat
cac hé sé By, By, ..., B,.

Trudng hgp n = 2 tir céng thitc (4.17) ta c6 cong thic Gauss bac

hai: .
[ s(5) 1 (3)

Con trong trudng hgp n = 3 tit cong thitc (4.17) ta c6 cong thirc
Gauss bac ba:

f f(z)dz ~ gf (—\/ﬁ) + gf(O) + -gf (\/0_6)

b
Trong trudng hgp can tinh tich phan tdng quat f f(z)dz chung ta

. a
dua vé tich phan trén doan [—1, 1] bing phép déi bién:

b—at+b+a
2 2

Tr =
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Khi dé , .
ff(z)dx=J'f((b~a)t-f(b+a))b—adt
2 2
o 51
Bang sau day liét ké cac gia tri clia z1,2,...,z, Va By, By,...

theo ting truong hgp cua n:

n

Tk

By,

4

—0.861136311594054
—0.339981043584857
0.339981043584857
0.861136311594054

0.347854845137453
0.652145154862548
0.652145154862548
0.347854845137453

—0.906179845938664
—0.538469310105682
0

0.538469310105682
0.906179845938664

0.236926885056189
0.478628670499367

0.568888888888889 | -

0.478628670499367
0.236926885056189

—0.932469514203150
—0.661209386466266
—0.238619186083197
0.238619186083197
0.661209386466266
0.932469514203150

0.171324492379173
0.360761573048133
0.467913934572695
0.467913934572695
0.360761573048133
0.171324492379173

—0.949107912342760
—0.741531185599394
—0.405845151377397
0

0.405845151377397
0.741531185599394
0.949107912342760

0.129484966168868
0.279705391489281
0.381830050505112
0.417959183673478
0.381830050505112
0.279705391489281
0.129484966168868

Nguai ta ching minh dudc rang sai sé ctia cong thitc Gauss (4.17)
dudc tinh theo cong thic sau

. 22n+1(n!)4 M A M (2n)
@) Pen+1) 2 Y ”=Q§MV.“W

II-I* <

: 1
Vi du 4.5: Tinh gan dung tich phan 1 = J’ % bing cong thuc
T
0
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Gauss bac hai va bac ba.
Trudc tién ta thuc hién phép ddi bién z = % + % khi dé

1 1
dx dt

“Ji+z ) 3+¢
0 -1

Cong thic Gauss bac hai cho két qua:

1 1
3_1v3 3+13

Con két qua clia-eong thirc Gauss bac ba la:

~ 0.692308

5 1 8 1.5 1 '
ITm o —— .2 ~ 0.693122
9 3- \/_ 9379 3+ 3++/06 3

Gia tri chinh x4c ctia tich phan 1a T = In 2 = 0.693147.

Thuat toan ctia cong thitc Gauss nhu sau.

def mt_gauss(f n, a=-1, b 1)

X = np.array ([
[-math.sqrt(0.6), O, math.sqrt(0.6),
0, 0, 0, 0],
[-0.861136311594054, —0.339981043584857,
0.339981043584857, 0.861136311594054,
0, 0, 0],
[-0.906179845938664, —-0.538469310105682, O,
0.538469310105682, 0.906179845938664, 0, 0],
[-0.932469514203150, —-0.661209386466266,
-0.238619186083197, 0.238619186083197,
0.661209386466266, 0.932469514203150, 0],
[-0.949107912342760, -0.741531185599394,
-0.405845151377397, 0, 0.405845151377397,
0.741531185599394, 0.949107912342760]])

B = np.array ([
[5.0 / 9.0, 8.0 / 9.0, 5.0 / 9.0,
0, 0, 0, 0],
[0.347854845137453, 0.652145154862548,
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0.652145154862548, 0.347854845137453,
0, 0, 0],
[0.236926885056189, 0.478628670499367,
0.568888888888889, 0.478628670499367,
0.236926885056189, 0, O],
[0.171324492379173, 0.360761573048133,
0.467913934572695, 0.467913934572695,
0.360761573048133, 0.171324492379173, 0],
[0.129484966168868, 0.279705391489281,
0.381830050505112, 0.417959183673478,
0.381830050505112, 0.279705391489281,
0.129484966168868]])

res = 0.0

for i in range(n):
res += B[n-3,i]»*

f(OA.5*(b—a)*x[n—3,i]+0.5*(b+a))
res *= 0.5 = (b — a)
return res

§4.4 TiCH PHAN SUY RONG

Trong phén nay ta xét tich phan (4.3) véi a,b hitu han va ham f(z)
khong bi chan taiz = a ( lim+ f(z) = o). Day la tich phan suy rong loai
Tr—a
Il va z = a 1a diém ky di cta tich phan (hinh 4.3).

YA

R T

Hinh 4.3: Tich phan suy réng véi diém ky ditaiz = a
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Trudc tién can nhic lai ring tich phan

b
[@=i

V6i g(z) 1a ham lién tuc trén doan [a, b], sé hoi tu néu p < 1. Thém vao
d6, néu g(z) e C™*+1[q,b], thi ta c6 khai trién Taylor:

’ "(a (m)
9@ = 90+ L0+ L0 ap o L@ gyn
m (k)
+ Rn(@) = 3 @0 + Ru(o) = (o) + Ru(z)

Khi d6

(4.18)

Do P, (z) 1a mot da thitc nén ta c6 thé tinh dugc tich phan

 Pule) ([ 8%@ ] g B a®@) oy
J(a:— ![é} k! (z—a) }x—kgo o af(a:—a) T
_ v W@ @—a)frtipE=b 2 g®)(g) (b — g)k-rt1
- ,§ K k-p+1 :c=a_k2=0 k' k—p+1

Con tich phan thit hai trong (4.18) dudge xap xi béi cong thuce Slmpson
md rong déi véi ham G(z) trén [a, b]:

R () 9(z) — Pm(z)
G(z) = @—a)’ a<z<b _ c=ap a<:z:<b.
0) r=a 0, r=a
Vi du 4.6: Xét tich phan
1
cos T
[ e
0
Khai trién MacLaurin bac bén clia ham cosz tai z = 0 1a
z2 ozt
cosm=1—?+ + Ry(z) = Py(z) + Ry(x)
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1do 1 1 1
cosz Py(z) J’ cosz — Py(x)
= — = d
[ - [ S o i
0 0
Tich phan thu nhat

1
3/2 7/2 1 1
I J (1: 5 + 2 ) dr =2 5 + 108 1.809259259
0 .

Tich phan thit hai dugc xap xi bing cong thic Simpson mé rong
v6i sai s6 nhé hon 1078 va cho két qua I, = —0.000210784. Vay

1 .
I= JC"” dz ~ I + I, = 1.809048475

VT
Vi du 4.7: Xét tich phan
0 d
XL ™ )
———— = — = 1.570796327
f 1+z)v/z 2 0
0
Néu st dung khai trién MacLaurin béc ba tai z = 0
I a3 _
o2 1—z+z*—z° + R3(z) = P3(z) + Rs(x)
thi 1 |
Ps(x) 1 1 1
L = dr=2{1-=+4 = — =] = 1.447619048
L f 7z ( 375 7)
va . ’
1
s — Bi(@)
. 14z
Iz ———-ﬁ dz
0

dudc xap xi bi'mg coéng thic Simpson mé rong vdi sai s6 nhé
hon 10~8 cho két qua I, = 0.123177280. Vay I = 1.570796328.
Con néu st dung khai trién MacLaurin dén bac bén tai z =0 .
1
l+z

=1-—z+2°— 23+ z* + Ry(x) = Py(z) + Ra(z)
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thi

1) = 1.669841270

gl
I
O
Y
B
IS
8
]
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i
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wi
+
S R
|
|
+
]|

va

dugdc xap xi bang cong thic Simpson mé rong véi sai sé nhd
hon 1078 cho két qua I, = —0.099044943. Vay I = 1.570796327.
Ca hai trudng hdp déu cho két qua trung véi gia tri chinh xac.

Truong hop diém ky di 14 diém z = b, ta thuc hién viéc ddi bién
t = —z. Con néu la tich phan suy réng loai I:

I= f’f(m)dx, (a>0)

ta thuc hién phép d8i bién ¢ = %
§4.5 AP DUNG

4.5.1 XAC DINH NHIET LUQONG CUA VAT LIEU

Mot trong cédc bai toan thuong gap 1a xac dinh nhiét lugng can thiét
khi tang nhiét d6 ctia vat liéu. Gia sit ¢ 1a nhiét lugng can dé tang mot
don vi nhiét d¢ cta vat liéu. Khi ¢ 1a hing sb thi tdng nhiét lugng AH
(cal) dugc tinh theo céng thitc:

AH=m-c-AT
“cal
g°C’
lugng can dé tang 20g nudc tix 5°C 1én 10°C la

véi don vi cta c 1a ciia m la g va ctia AT la °C. Vi du, nhiét

AH = (20)(1)(10 — 5) = 100 cal

Tuy nhién khi nhiét d6 bién dong 16n, thi ¢ khéng la hing sé ma
thudng 14 ham ctia nhiét d6 7. Cu thé, trong mat sb truong hop, nhiét
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Juong phu thudc vao nhiét do theo cong thuc:
eo(T) = 0.132 + 1.56 x 1074T + 2.64 x 107>

Khi d6, nhiét lugng can thiét d& m (g) vat liéu tang nhiét do tit TPC
dén TSC la: :

T2 T2
AH=m| cT)dT=m J (0.132 + 1.56 x 107*T + 2.64 x 107 'T?) dT
T] Tl
Khi m = 1000 g, T1 = —100°C va T, = 200°C, do ¢(T') la da thic bac
hai, nén st dung céng thic hinh thang ta tinh dugc gia tri chinh xac
AH = 42,732 (cal). Bang sau day cho chung ta cac gia tri gan dung
cta cong thirc hinh thang tuong Ung véi sd doan chia n khac nhau.

n AH,  &n=|AH, — AH]|
2 43,029.000 297
4 42,806.250 74.25
8 42,750.563 18.563

16 42,736.641 4.641

32 42,733.160 1.160

64  42,732.290 0.290

128 42,732.073 0.073

256  42,732.018 0.018

512 42,732.005 0.005

4.5.2 XAC PINH CUONG DO DONG DPIEN

Gia tri trung binh ctia dong dién xoay chiéu trong mét khoang chu ky

c6 thé bang khong. Vi du, néu cudng do dong dién cho béi i(t) = sin 2mt

T
véi T 1a chu Ky, thi gia tri trung binh la

T—0 mant:————-—O

T

1 j 2rt —cos2m + cos0
T

0

Mic du vay dong dién van tao nén coéng va nhiét lugng. Vi vay
ngudi ta thuong sit dung Tri s6 hiéu dung dé dac trung cho dong
diién va dugc dinh nghia nhu sau:

1 T
I= TJ;) ’12(f) dt
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Vv6i i(t) cudng do dong dién tic thoi. Ta xét trudng hop cu thé sau.
~tTsin (27t)T), 0<t<T/2
Cho i(t) = 10e~%* sin (27t/T), t /
0, T/2<t<T
thitc hinh thang va Simpson d€ xap xi I vé6i T = 1s va nhimng gia
tri khac nhau cuia n. Ta c6 két qua

. St dung cac céng

n Hinh thang Simpson
2 15.1632665 20.2176887
4 15.4014291 15.4808166
8 15.4119584 15.4154681
16 15.4125682 15.4127714
32 15.4126056 15.4126180
64 15.4126079 15.4126080
BAI TAP

Cau 1. St dung cic cong thirc sai phan huéng tam, tinh gin dung
dao ham cip méot va cap hai ctia cac ham sau day tai diém z; véi budc
h 1an lugt 14 0.1, 0.05, 0.01, 0.005 va 0.001.

(@ f(z) = z%cos(5z), zo = 1.2
(b) f(z) = sin(z?) + cos(z?), 2o = 0.5
© f(z)=2®—e " z5=1

(d) f(z)=lnz- 2

z3’
Cau 2. Cho ham sé f(r) dudi dang bang

z|12 14 16 18
y|1.25 233 1.82 2.86

S dung da thirc noi suy Newton, hay xap xi f/(1.3).

l‘o=3

Cau 3. Sit dung cong thitc hinh thang mé rong véi n da cho xap xi
cac tich phan sau:
1

2
T
(a) I—fmdz, n =10 () I=f:vlnxda:, n=38
0 1
2.5 1
b) I= fehcos&zdx, n==6 d I = fxtanxda:, n =10

1.3 0.5

4
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Cau 4. Lam lai cau 3 bing cong thirc Simpson.
1 .

Ciau 5. Xap xi tich phan Je"‘z dz véi buéc h = 0.05.
0

(a) S dung cong thitc hinh thang.

(b) St dung cong thirc Simpson.

2
Céu 6. Xac dinh gia tri cia n can thiét dé xap xi tich phan I= J In zdz
véi sai s6 nhé hon 1075. l
(a) Stt dung cong thic hinh thang.
(b) S dung cong thic Simpson.
Céu 7. Cho ham sb f(z) duéi dang bang:

z/10 11 12 13 14 15 16 17 18 19 20
y|172 181 187 194 202 213 223 229 233 2.39 3.02

Stt dung céc cong thic hinh thang va Simpson x4ap xi céc tich phan:
2 2
L = Jf(a:)d:c va I = jxfz(a:)da:
1 1

Cau 8. Tinh gin dung cac tich phan trong cay 3 bang cong thic
Gauss bac ba.

Ciau 9. Tinh gan dung cac tich phan suy rong sau day, st dung khai
trién Taylor dén cap 4.

e" 1smm

0 d:IJ Jw dz
(0 d =
I= J 1+ad @ 1 V1 + 2% + 10

Ciu 10. Van tbc roi tut do ctia vat thé c6 khdi lugng m duge cho béi

cong thic
v(t)=4/q tan h( f’; t)
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Biét g = 9.81m/s, m = 68.1kg va ¢ = 0.25kg/m, hay xap xi quang dudng
di dudc ctia vat th€ sau 10s ké tir thoi diém ban diu véi budc h = 1s
va h = 0.5s:

(a) St dung cong thuce hinh thang
(b) St dung céng thic Simpson

Cau 11. Khdi lugng ctia mot thanh ddm dugce tinh theo cong thire
L .
m= Jp(w)Ac(w) dz
o 0
véi m - khoi lugng, p(z) - mat do, A.(z) - dién tich mat cit, L - chiéu
dai cta thanh va z - khoang cach (0 < z < L). Bang sau cho chung ta
sb liéu ctia thanh dai 10m.
z,(m) |0 2 3 4 6 8 10

p, (9/cm3)[4.00 3.95 3.89 3.80 3.60 3.4l 3.30
A, (em?) [ 100 103 106 110 120 133 150

Sit dung phuong phap thich hgp, hay xap xi khéi luong ctia thanh.
Céau 12. Khoi lugng chét khi van chuyén qua éng dan trong khoang
thai gian [t;,¢;] dugc tinh theo cong thic
t2
M= fQ(t)c(t) dt

t1

v6i M - khéi lugng (myg), t; - thoi diém ban diu (min), t, - thoi diém két
thic (min), Q(¢) - téc d6 van chuyén (m3/min), c(t) - néng do (mg/m3).
Ta c6 cac cong thuc sau:

Q(t) = 9+ 5c0s%(0.4t), c(t) = 5e~ 05 49015
Hay xap xi khéi lugng chat khi biét t; = 2 va t, = 8:
(a) S dung cong thic Simpson véi sai s nhé hon 10~°

(b) St dung cong thitc Gauss bac 5
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§5.1 BAI TOAN CAUCHY

Trong phan nay chung ta sé xét mét s6 phuong phap tim nghiém
gan dang ctia mot dang bai toan clia phuong trinh vi phan thuong cé
nhiéu tmg dung trong thuc té. 6 1a bai todn Cauchy hay con goi la
bai todn véi diéu kién ban dau

{ yl(t) = f(t’y(t))! t = to,
y(to) = yo

i

(5.1)

véi y = y(t) 1a ham can tim, kha vi véi t > to, yo 12 gia tri ban dau cho
trudc ctia ham tai diém t = to va f(t,y) 1a ham hai bién lién tuc cung
véi cac dao ham riéng cta noé.

Chung ta chi quan tam dén cac phuong phap giai sb6 cho bai toan
(5.1) véi gia thiét ring chung ta c6 du tat ca cac diéu kién dé dam bao
su ton tai va tinh duy nhat nghiém cta bai toén. Trudc tién ta duara
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céc cong thitc tim nghiém gin diung ctia ham tai di€m t; = to + h véi
buéc h > 0 da bé. Ta thudng Ky hiéu y(t;) 1a gia tri chinh xac ctia ham
tai ¢; va y; 1a gia tri gin dung: v ~ y(t1). Sau d6 néu xét bai toan trén
mot doan, ta chia déu.doan dé véi bude h dit nhé va 4p dung lién tiép
cac cong thic vira tim dudc.

5.1.1 CONG THUC EULER

Ta dyta vao ¥ nghia hinh hoc dé dua ra céng thitc tim y; don gian nhat.
Tai diém (tp,y0) ctia dudng cong y = y(t) ta ké tiép tuyén c6 phuong
trinh: ‘

¥ — 3o =y (to) (t — to)

w0

Do ¥/(to) = f(to,u(to)) = f(to,30) da biét, nén tit phuong trinh trén
ta co6: ‘ ' '
Y =1yo + f(to,%0)(t — o)

Thay t = t; trong biéu thitc trén ta thu dugc
y(t) =~ 5 =%+ f(to,v0)(t1 — to)

va dudc xem la gia tri gin dung cla y(t;). T day ta cé cong thic
Euler: : :

y(t1) = y1 = yo + hf(to, vo) . '.(5-2')

Y =y+t, "t>0
y(0)=1. A
xic la y(t) = 2¢* —t—1. St dung céng thitc Euler véi budc h = 0.1
ta cé: ' B

Vi du B.1: Xét bai toan { c6 nghiém chinh

y(0.1) ~ y1 = yo + hf(to, ¥0) = o + h(yo + o) =1 +0.1(1 +0) = 1.1

Nghiém chinh x4c: y(0.1) = 1.110341836.

.5.1.2 CONG THUC EULER CAI TIEN

Trong cong thitc (5.2), vai trd clia f(to, yo) chinh 1a hé sb géc cua tiép
tuyén voi dudng cong tai diém (to,yo) va hoan toan khong c6 thong tin.
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gi vé dudng cong tai diém (t1,y(t1)). Vi ly do d6, ngudi ta thay vai tro
caa f(to, o) boi trung binh cong clia cic hé sb6 goc ctia hai tiép tuyén
tai hai diém (o, y0) va (t1,y(t1)). Khi d6 ta c6 cong thitc

f(to, o) + f(t, (tl)) o+ h f(to, yo) + f(t1,31)
2 2

yn=y+h

Ca vé phai 1an vé trai cta céhg thic trén déu cé chia y; nén ta
phai gidi phuong trinh dé tim né. Vi vay, d€ don gian ngudi ta thay gia
tri y1 8 vé phai béi gia tri dugc xac dinh theo cong thuc (5.2). Ta thu
dugc:

f(to,%0) + f(t1,90 + hf(z0,y0))
5 _

yt)~mpm =y +h
Hoac
= hf(zo, o)

Ks = hf(xo + h, y(i + K;) (5.3)
yt) =~y =y + §(K1 + K3)

Vi du 5.2: Xét bai toan trong vi du 5.1. Sit dung cong thitc Euler
_cai tién vai budc h = 0.1 ta c6:

K;=0. 1(0 + 1)

Kj —01(0+01+1+0.1) =0.12

y0)~y; =1+ %(0.1 +0.12) = 1.11

5.1.3 CONG THUOC RUNGE-KUTTA

Trong phan nay chung ta sé xét mét phuong phap khac dé dua ra
cong thitc glai gan dung bai toan Cauchy (5.1) c6 ten goi 1a phuong
phap Runge-Kutta. Cong thue xap xi nhu sau:

7

y(t) = y(to + h) = yl—y0+ZAK

K1 = hf(to, vo)
\ K3 = hf(to + azh,yo + B21K1) ‘ (5.4)
K3 = hf(to + ash,yo + B31K1 + B32K2)

{ = hf(to + anh, Yo+ B Ky + ,Bn2K2 + oo+ Ban-1Kn-1)
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Trong dé6 cac heé sb

Al, A27"-aAn1 Qg, 3,...,0y

Ba1, Ba1, B32,- -, Bn1, Bn2,-- -1 Bnn-1
dugce xac dinh theo phuong phap sau. bat

(5.5)

p(h) = y(to + h) — o — zn] AiK;

i=1

nhu 1a mot ham phu thudc vao budce h. Gia tri tuyét doi cia ¢(h) la
sai sb tuyet déi ctia gia tri gin dung tai to + . Ta c6 thé gia thiét rang
nghiém y(t), va do 6 ham y(h), c6 dao ham dén cap m. Chu ¥ rang
©(0) = 0, khi d6 ta c6 khai trién MacLaurin cta ¢(h) nhu sau:

1
o(h) = ¢'(0)h + %cp”(O)hz 4ot -n?gow) (0)R™ + o(h™)
Cac hé sb cua (5.5) duge xac dinh theo diéu kién:
FO) =¢"(0) = =¢M(0) =0 (5.6)

Khi d6 o(h) = o(h™). Bay gid chung ta sé xét mot sé trudng hgp
thuong dugc st dung trong tinh toan gan diung.
Trudng hgp n = m = 1: Cong thic (5.4) cé dang: y(to + h) = yo + A1 Ky
véi K1 = hf(to,y0) va A; 1a hé sb6 duy nhat can xac dinh. Khi dé6

o(h) = y(to + h) — yo — A1K1 = y(to + h) — yo — A1hf(to, yo)
biéu kién (5.6) trd thanh
©'(0) = y'(to) — A1f(to,y0) = (1 — A1) f(to,y0) =0

Nhu vay ta cé A; = 1va, trong truong hgp nay, cong thitc trd thanh
cong thitc Euler (5.2).

Trudng hop n = m = 2: Khi d6 cong thitc (5.4) c6 dang:
{ y(to + h) ~ yo + A1 K1 + AsK,

K1 = hf(to, )
Koy = hf(to + azh,yo + f21K1)
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véi Ay, Aa, iz, B2 12 céc hé s6 cAn xac dinh theo diéu kién (5.6): ¢'(0) =
¢"(0) = 0 trong dé

o(h) = y(to + h) — yo — A1 K1 — A2K>

Ta cé:
Q(h) =1 (to+h)— Aif(to ) ~ Aox{f(to + azh,yo + B2 K1)+
+hlaafl(...) + Barf(to,y0) fy (- )1}
o"(h) =9y"(to+ h) — Ax{2[oafz(. - D+ ﬁ21f(to,yo)f;(. )]+ R
Cho h = 0 va tit diéu kién ¢'(0) = ¢"(0) =0 ta thu dudgc ba phuong
trinh ding dé xac dinh bén hé s6 can tim:
1—-A;—Ay =0
1 — 2342 =0
1-2BnA2 =0

Hé phuong trinh nay c6 vd sb nghiém. Trong d6 bd nghiém tuong
tng véi cong thitc thudng sit dung la: Ay = Ag =L, ap =P =1.Ta
thu dugc: )

y(t1) =y(to+h) =y =%+ E(Kl + Kz)»
K = hf(to,y0) 57
Ky = hf(to + h,yo + K1) |

Cong thic nay chinh la cong thitc Euler cai tién (5.3). Ngoai ra ta
ciing thuong st dung bd nghiém 4, =0, Ay =1, a3 = fn = 3. Khidé
ta c6 cong thuc :

y(t1) = y(to + h) ~ y1 = yo + K2

K1 = hf(to,vo) (5.8)

Y=+t t=1
y(1) = 0.5

thitc (5.7) véi budc h = 0.1 d€ xap xi gid tri ctia ham tai z; = 1.1
ta thu dugc:

Vi du 5.3: Xét bai toan { . Sl dung cong
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Ky =0.1 x (.52 +12) = 0.125
K =0.1 x ((0.5+ 0.125)2 + (1 + 0.1)2) = 0.1600625
y(1.1) ~ y; = 0.5 + 0.5(0.125 + 0.1600625) = 0.64253125

‘Truong hop n = m = 4: Trong trudng hop nay ta thuong dung coéng
thic c6 dang sau:

( 1
y(t) =ylo+h) =~y =wo + 5 (K1 + 2K + 2K3 + Ky)
= h'f (thyO)

h K |
{ Ky=hf (to; 2%+ 7‘) (5.9)

h K,
Ka = hf (t0+ ko —2—)

| K4 =hf(to+ h,yo + K3)

Cong thuc (5.9) dudc goi 1a cong thitc Runge-Kutta cap bén va
thu0ng goi la cong thic RK4.

Vi du 5.4: Cang xét ba1 toan trong vi du 5.1. Stt dung cong thirc
RK4 v6i buéc h = 0.1 ta c6:

K;=h(yo+1t)=01(1+0)=0.1

h K 0.1 0.1
Ko = 2 =)o = =) =0
A h(t0+2+yo+ 2) 01(0+ 5 T1+ 2) 0.11

h K 0.1
K3=h(to+§+y0+—23)=0.1<0+?+1+0—21£)=0.1105

K4_h(t0+h+yo+K3)—01(0+01+1+01105)—012105
y(01)~y1—1+ [01+2x011+2x01105+012105]—111034167
Chu y rang gia tri chmh xX4c clia ham tai 0.1 la y(0.1) =

1.11034184. N6 .cho thay su vugt troi ctia cong thuc RK4 so véi
hai cong thirc con lai.

Bay gis d€ tim nghiém gin dung ctia bai toan Cauchy trén doan
[to,to + H], H > 0, ta chia doan [to,to + H] thanh n doan nhé bing
nhau véi budc h = —. Cac diém chia la t, = tg + kh,k = 0,1,...,n. Gid
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tri gAn dung ctia ham tai diém t) dugc ky hiéu 1a y ~ y(tx). Khi doé
néu ap dung lién tiép cong thitc Euler, Euler cai tién va RK4, ta dudc
pa cong thuc tudng ing nhu sau:

Coéng thitc Euler
y(tk) XY =Yk-1T hf(tk—layk—l)a k=12,...,n
céng thizc Euler cdi tién

K1 = hf(tk-1,Yk-1)
Ka = hf(tk-1 + h, yk—1 + K1) k=1,2,...,n

) ,
y(te) ~ Uk = Y1+ 3 (K1 + K32)

Céng thitc RK4

(K1 = hf (tk-1,Yk-1)

h K
K; = h'f (tk—l + = Yk-1+ ?1)

2
h K3, =
wK3=hf(tk_1+5,yk_1+-§) k=12,...,n

Ky = hf (te—1 + h,yk—1 + K3)

1
y(tk) > gk = ye-1 + 5 (K1 + 2Kp + 2K + K4)

_r

y=1+@y—-1t)?% 2<t<3
y(2) =1

chinh xdcy =1t + I%_t Stt dung ba cong thic Euler, Euler cal
tién va RK4 d& xap xi ham y(t) trén doan [2,3] véi bude h = 0.1

Vi du 5.5: Xét bai toan { c6 nghiém
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-va so sanh véi nghiém chinh xac.

Két qua cho ta bang sau:

ke

FEuler

RK?2

RK4

y(tk)

2.0
2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9
3.0

1.00000000
1.20000000
1.38100000
1.54807610
1.70461506
1.85297108
1.99483572
2.13145810
2.26378209
2.39253505
2.51828712

1.00000000
1.19050000
1.36603785
1.53002885
1.68492533
1.83253283
1.97420966
2.11099702
2.24370625
2.37297888
2.49932878

1.00000000
1.19090881
1.36666627
1.53076879
1.68571385
1.83333291
1.97499960
2.11176433
2.24444410
2.37368389
2.49999970

1.00000000
1.19090909
1.36666667
1.53076923
1.68571429
1.83333333
1.97500000
2.11176471
2.24444444
2.37368421
2.50000000

Sau day la cac chuong trinh theo ba cong thitc trén: euler, euler
cai tién va Runge-Kutta cip bén. f(z,y) 1a ham hai bién, z0, y0 la cac
gia tri ban dau, h 1a budc 1ap, N la sb 1an lap véi gia tri mac dinh la
1. Ham tra vé mang Y chua gia tri xap xi cia ham.

¢

def euler(f, x0, yO, h, N=1):
y = np.zeros(N+1, dtype=float)
y[0] = yO
for i in range(1l, N+1):
yli] = y[i-1] + h = f(x0 + (i-1) * h, y[i-1])

return y
def euler_m(f, x0, yO, h, N=1):
y = np.zeros (N+1, dtype=float)
yl0] =yO0
for i in range(l, N+1):
Kl =h * f(xO0 + (i-1) = h, y[i-1])
K2=h#* f(xO +1i * h, yl[i-1] + K1)
yli] = y[i-1] + 0.5 + (K1 + K2)
return y
def rk4(f, x0, yO, h, N=1):

y = np.zeros (N+1, dtype=float)
ylo] =yO




r
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for i in range(l, N+1):

Kl = h * f(x0+(i-1.0)*h, y[1—1])

K2 = h = f(x0+(i-0.5)*h, y[i-1]+0.5+Kl1)

K3 = h * f(x0+(i-0.5)*h, y[i-1]+0.5+K2)

K4 = h * f(x0+i*h, y[i-1]+K3)

yli] = yli-1]+(K1 + 2 = K2 + 2 + K3 + K4)/6.0
return y

5.1.4 HE PHUONG TRINH VI PHAN

Phin nay sé xét bai toan Cauchy cho hé phuong trinh vi phan cap
mot. Phuong phap dung dé gidi gan dung bai toan Cauchy cing dua
trén cac phuong phap da xét trong cac muc trude. O day dé don gian
cho cach trinh bay, ta sé xét hé gbm hai phuong trinh vi phan cap
mot

y(t) = g(t,2(t),y(t))  te[to,to+ H] (5.10)

{ o' (t) = f(t, z(t),y(t))
z(to) = a, y(to) = B

va stt dung ca ba cong thic Euler, Euler cai tién va Runge-Kutta cap
bén déi véi hé (5.10).

Chia doan [to, to+ H] thanh n doan nhé bang nhau c6 do dai h = —I—I-

Khi d6 cac diém chia la t; = to + kh,k = 0,1,...,n. Gia tri gan dung
ctia ham z(t) tai diém t; 1a = ~ z(tx), con gia tr; gan dung cua ham
y(t) tai diém t; 1a yx ~ y(tx). Ta c6 cac cong thie'sau:
Céng thic Euler:

z(ty) ~ T = Th-1 + hf (tk—1, Tk—1, Yk-1)

y(te) ~ yk = Yk—1 + hg(tk—1, Th—1,Yk—1) (5.11)
Vk=1,2,...,n;
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Céng thitc Euler cdi tién:

([ Kiz = hf (tk-1,Tk-1,k-1), K1y = hg (tk—1, Tk—1,Yk-1)
Koz = hf (tk—1 + h, k-1 + K1z, Yk-1 + Ki1y) '
Ky =hg(tk-1+h a?k 1+ K1z, yk—1 + K1y)

1 z(tk) ~ ok = Thy + = (KhD + Kog) (5.12)
y(tx) ~ Yk = yr—1 + 3 (Kly + sz)
| VE=1,2,.
Céng thitc Runge-Kutta cép bén:
( K1z = hf (tk—1,Tk—1, Ye—1)

Kl'y = hg (tk—lazk—l)yk—l) )

h Ky, K
2z = hf (tk—l + 5 Tk-1 + Tl,yk—l + %)

h K K

Koy = hg\tpi—1+ =, Tp—1 + i{yk—l o
2 2 2
h Koy K.

K3z=hf(tk—l+2 Tp-1+ 22 y Yk— 1+—22—y)
h K K. (5.13)

ﬁ K3y =hg\tp—1+ =, Tp—1 + ZE g+

2’ 2 2

Kyz = hf (tk—1 + hy k-1 + K3z, Yp—1 + K3y)

Kyay = hg (tg—1 + h, zk—1 + K3z, y—1 + K3y)

1
:L‘(tk) X T = Tkp—1 + 6 (K’lz + 2K, + 2K3, + K4z)
-1
y(tk) X Yk = Yk-1 + '6' (Kly + 2K2y + 2K3y + K4y)
| VE=1,2,...,m;

() =tr—2y+1
Vi du 5.6: Xét hé: { /(t)=2z+ty+sint t>1 . Ta st dung
z(1) = 0.25, y(1) = 0.75
cong thic Euler cai tién dé xap xi gid tri ctua z(t) va y(t) tai
t = 1.2 véi budc h = 0.2,
Ta c6: tg = 1, z9 = 0.25, yo = 0.75,h = 0.2, f(t,z,y) = tx — 2y + 1,
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g(t,z,y) = 2z + ty +sint. Va
K1z = h(tozo — 20 + 1) = 0.2(1 x 0.25 — 2 x 0.75 + 1) = —0.05

K1y = h(2m0 + toyo + sint) = 0.2(2 x 0.25 + 1 x 0.75 + sin1) = 0.4183

Koz = h((to + h)(zo + Ki1z) — 2(yo + Kly) +1) =
= 0.2(1.2(0.25 — 0.05) — 2(0.75 + 0.4183) + 1) = —0.2193

Koy = h(2(zo + K1z) + (to + h)(yo + K1y) + sin(to + h)) =
— 0.2(2(0.25 — 0.05) + 1.2(0.75 + 0.4183) + sin 1.2) = 0.5468

L
2(1.2) ~ 0.25 + 5(~0.05 — 0.2193) = 0.1154

; |
y(1.2) ~ 0.75 + 5(0.4183 + 0.5468) = 1.2326

Thuat toan sau sit dung cong thitc Runge-Kutta cap bén dé xap xi
nghiém ctia hé hai phuong trinh vi phan cap mat.

a ™

def rk4sys2(f, g, tO, x0, yO, h, N=1):

X = np.zeros (N+1, dtype=float)

Y = np.zeros (N+1, dtype=float)

X[0] = x0

Y[O] = yO

for i in range(l, N+1):
K1X=h+f (tO+(i-1)*h,X[i-1],Y[i-1])
K1Y=hs*g(t0+(i-1)*h,X[i-1],Y[i~-1])
K2X=h#+f (t0+(i-0.5)*h,X[i-1]+K1X/2;¥[i-1]+K1Y/2)
K2Y=hs*g (t0+(i—-0.5)+«h,X[i-1]+K1X/2,Y[i-1]+K1Y/2)
K3X=h+f (t0+(i-0.5)+h,X[i-1]+K2X/2,Y[i-1]+K2Y/2)
K3Y=hs*g(t0+(i—0.5)+h,X[i-1]+K2X/2,Y[i-1]+K2Y/2)
K4X=h=*f (t0+i*h,X[i-1]+K3X,Y[i-1]+K3Y)
K4Y=h*g(t0+i-h,X[i—1]+K3X,Y[i—l]+K3YY
Xti]=X[i-1]+(KIX + 2+K2X + 2+K3X + K4X)/6.0
Y[i]=Y[i-1]+(K1Y + 2+«K2Y + 2+K3Y + K4Y)/6.0

return X, Y
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5.1.5 PHUONG TRINH VI PHAN CAP CAO

Péi v6i phuong trinh vi phan cap cao, ta chuyén vé h¢ phuong trinh
vi phan cip mét bing cach d6i bién ham. Ta ciing x€ét phuong trinh vi
phan cap hai:

(5.14)

{ 2'(t) = F(t,z(t), ' (t) to<t<to+H
:B(to) = q, :L"(t()) =p

Ta bién ddi vé bai toan Cauchy cho hé phuong trinh vi phan cap
mot dang (5.10) bing phép ddi bién y(t) = «'(t). Khi d6 ta c6 hé:

!{ J‘J(t) = f(t,x,y) =Y

y'(t) = g(t,z,y) = F(t,z,y)
z(tg) = a, y(to) =B

Vi du 5.7: Xét phuong trinh vi phan cap hai z” — 22’ + 2z =
etsint, 0 <t < 1véi diéu kién ban dau z(0) = —0.4,2'(0) = —0.6.
Dat y(t) = z/(t), phuong trinh dugc bién déi thanh hé:

Il(t) =_f(t,a:,y) =Y

Y (t) =g(t,z,y) = -2z +2y + e?sint

z(to) = —0.4, y(to) = —0.6
Phuong phap Runge-Kutta' cap bén dugce dung dé xap xi nghiém
gin dung cta hé véi budce h = 0.1. Két qua dugc cho béi bang
sau va so sanh véi nghiém chinh xac z(t) = 0.2e*(sint — 2cost)

va y(t) = z'(t) = 0.2e*(4sint — 3cost).

tk z(tx) T o’ (tx) Yk

0.0 | —0.4000000 —0.4000000 | —0.6000000 —0.6000000
0.1] —0.4617330 —0.4617333 | —0.6316304 —0.6316312
0.2 | —0.5255591 —0.5255599 | —0.6401478 —0.6401490
0.3 1 —0.5886001 —0.5886014 | —0.6136630 —0.6136638
0.4 | —0.6466103 —0.6466123 | —0.5365821 —0.5365820
0.5 | —0.6935640 —0.6935667 | —0.3887395 —0.3887381
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tk z(tx) Tk z' (tk) Uk

0.6 | —0.7211485 —0.7211519 —0.1443834 —0.1443809

0.7 | —0.7181489 —0.7181530 | +0.2289917 +0.2289970

0.8 | —0.6697068 —0.6697113 | +0.7719815 +0.7719918

0.9 | —0.5564381 —0.5564429 | +0.1534764 +0.1534782

1.0 | —0.3533944 —0.3533989 | +0.2578741 +0.2578766
{

§5.2 BAI TOAN BIEN TUYEN TINH CAP HAI

Cac phuong phap tim nghiém gan dung clia phuong trinh vi phan
thuong doi hdi cac diéu kién dugc cho tai mot thai diém ban dau nao
d6. Dbi véi phuong trinh vi phan cip hai, ta cin hai gia tri z(to) va
2/ (to). Tuy nhién nhiéu bai toan trong thuc té cho thay diéu kién cta
ham can tim dugc cho tai nhieu thdi diém khac nhau. Van dé nay dan
t6i viec tim nghiém gan dang clia mot dang bai toan thit hai dudc goi
12 bai toan bién. Trong phan nay chung ta chi xét bai toan bién cua
phuong trinh vi phan thuong tuyén tinh cap hai véi diéu kién bién
dugc cho & hai diém c6 dang

{ J(8) = p(E)Y (8) + a(®)y(®) +7(t), a S <D
y(a) = o, y(b) =B

Khi d6 ta c6 dinh ly ton tai duy nhat nghiém sau.

(5.15)

Pinh 1y 5.1: Gia sttp(z), q(z). r(z) la cdc ham lién tuc trén [a,b)
va q(z) > 0 voi moi z € [a,b]. Khi dé bai todn”’(5.15) cé nghi¢m
duy nhat.

5.2.1 PHUONG PHAP SAI PHAN HUU HAN

So véi mot sb phuong phap khac, phuong phap sai phan hitu han
cho két qua khong chinh xac bing, khéi lugng tinh toan nhiéu hon,
nhung én dinh hon va giai quyét duge cac trudng hop hai chiéu, ba
chiéu, ... Y tudng ctia phudng phap 1a xap xi cac dao ham y'(t),y"(t)
trong (5.15) béng sai phan hitu han tai cac diém chia. Bai toan (5.15)
trg thanh bai toan giai hé phuong trinh tuyén tinh ba dudng chéo, va
6 thé duge thyc hién bang phuong phap nhan ti LU.
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Dau tién, chon sb ty nhién n > 0. Chia déu doa.n [a, b] thénh n
doan béi cac diém chia tg = a; t = to + kh, k = 1,2-- n=b,
Véi h = 2— 14 budc chia. Goi y; = y(tx) 1a gia tri x4p xi cta ham tai
diém ty. Taj cac diémnut t, k=1,2--- ,n—1bén trong doan [a, b], stt
dung cac cong thitc sai phan huéng tam da xét trong chuong trudc:

Y1) —Y(k-1) _ Yks1 — Yk

! ~ = ;
| Y (tk) ~ 5h o (5.16a)
C y(teer) — 2y(t) + y(te— — 2y + Yo
o (t) ~ Y(tr+1) yigzk) Y(tk-1) _ Ykn1 ’z;: Yk—1 (5.16b)

Céc cong thirc (5.16a) va (5.16b) c6 sai s 1a o(h?). Thay gia tri xap
xi clia y/(tx), y"(tx) chia cong thite (5.16a) va (5.16b) vao (5.15) tai céc
diém chia t;,k = 1,2,...,n — 1, ta thu dugc cac phuong trinh

Yk+1 = 20k + Yk—1 _  Yk+1 — Yk—1

5 — =Pk o + qxYk + Tk, Vk=1,2,...,nf1

V8i pr. = p(tk), g = q(zx) va ri = r(zx). B8 sung vao hé phuong trinh
cac diéu kién dugc suy ra tit cac diéu kién bién yo = o,y, = f va sau
khi bién déi ta thu dugc hé phuong trinh sau

Y=a y=p8

('h—? + 2h) Yk-1 — (Qk + h2) Yk + (h2 2h) Yk+1 = Tk (5.17)
Y

y2,...,n—1

bay chinh l1a hé phuong trinh dai sb tuyén tinh gom n — 1 phuong
trmhvdin—l 4n can tim 1a: y1, 2, ..., Yn-1.

/A — = —
Vi du 5.8: Xetbaitoanbien{ y(o-;-ty' ;(613;_1‘“ te[O 1] . St
dung phuong phap sai phan hitu han, hay xap xi y(t) trong [0, 1]

véi buéc h = 0.25. _
Tacoa=00b=1h=02 =n=41 = 025y ~ y(te)k =
0,1,2,3,4. Tit cac diéu kién bién ta thu dugc yo = 0,y = 1. Can
Xac dinh yl;yg,y3. Mait khac p(t) = t = pr = t, =-0.25k, q(t) =
-16 = qx = —16, 7(t) = -4t = e = —4t), = —k. T hé phuong
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trinh (5.17) ta c6 he:

—48y; + 165y + = = -1
159y, — 48y2 + ~17y3 = -2
145y, — 48ys = —3—17.5

Ta c6 két qua: y; = 0.1081, y» = 0.2539, y3 = 0.5038.

o

Vi du 5.9: Xét bai toan bién

: 2 2 sin (Int)
4 —_— ———
{y,+;y',_'t§y_ 2 ’t_e[laz]

y(1) =1, y(2) = 2

c6 nghiém chinh xac y = Cit + % - % sin (Int) — Tlﬁ cos (Int) véi

C= 1.13920701 va Cy = —0.03920701. Ch(_)n_n’= 10vadod6h=0.1
ta dudc két qua nhu trong bang duéi day ‘

ti Yk y(tx) lyk — y(te)l
1.0 1.00000000 1.00000000

1.1 1.09260052 1.09262930 2.88 x 107°
1.2 1.18704313 1.18708484 4.17 x 1073
1.3 1.28333687 1.28338236 4.55 x 1073
1.4 1.38140205 1.38144595 4.39 x 1073
1.5 1.48112026 1.48115942 3.92 x 1073
1.6 1.58235990 1.58239246 3.26 x 1073
1.7 1.68498902 1.68501396 2.49 x 1073
1.8 1.78888175 1.78889853 1.68 %107
1.9 1.89392110 1.89392951 0.85 x 1073
2.0 2.00000000 2.00000000

Thuat toan ctia phuong phap sai phan hitu han nhu sau. .

def fdm(p, q. r, a, b, n, al, be):
h=(b-a)/ float (n) :
x = np.zeros(n + 1, dtype=float)
for i in range(n + 1):
x[il =a+ i+ h
A =np.zeros((n + 1, n + 1), dtype=float)
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B = np.zeros(n + 1, dtype=float)
A[0, 0] = 1.0
for k in range(l, n):

Alk, k] = —(q(x[k]) + 2 / h / h)
Alk, k- 11 =10/h /h+p(x[k]) /2 /h
Alk, k + 1] = 1.0 / h / h - p(x[k]) /2 /h
Aln, n] =1
B[0O] = al

for k in range(l, n):
Blk] = r(x[k])

B[n] = be

return tri_diag (A, B)

5.2.2 PHUONG PHAP BAN

Xét bai toan bién (5.15). Trudc tién ta xét hai bai toan Cauchy tuong
ung sau

{ y'(1) = p(O)Y' (1) + a(t)y(t) +r(t), a <t <, (5.18)
y(a) =a, y'(a) =0
va
{ y'(t) = p(t)y () + a(t)y(t), a <t <D, (5.19)
y(a) =0, y'(a) =1

Goi y1(t) la nghiém chia bai toan (5.18) va y,(t) 1a nghiém ctia bai
toan (5.19). Gia sit y,(b) # 0. Ta dinh nghia

B = y1(b)

) ) | (5.20)

y(t) = n(t) +

Khi d6: ¥/(0) = %0 + T80, w0 - o + 220y
Nhu vay

B = y1(b) [p(t)yé(t) + q(t)yz(t)]

y2(b)
ya(o] +alt) [yl (1) + ﬂ—‘”l—(’”yza)] ()

y'(t)

[P@)1(t) + 9@ (t) + ()] +

’ B —yi(b)
p0) |10 + =

p()y'(t) + q()y(t) + r(t)

y2(b)
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Hon nua
B B —yi(b) _ B—wn()
y(a) = y1(a) + —___yz(b) ya2(a) — a+ —yz(b) ‘-0 =aq
va B —yi(b)

y(b) = n1(b) + Wyz(b) =y1(b)+B—wn(d) =8

Do d6 y(t) 1a nghiém cta bai toan bién (5.15). Nhu vay, thay vi
giai bai toan bién (5. 15), ta sé giai hai bai toan Cauchy (5.18) va (5.19).

' \

Vi du 5.10: Xét bai toan bién
{ y'(t) =3y (t) — 2y(t) + 4%, t e [0,1]
y(0) =0, y(1) =1

14—17¢€? Te—14
c6 nghiém chinh xac y(t) = — S et 2

ec—e ec—e
Khi dé hai bai toan Cauchy tuong tng la:

{ y!(t) = 3y4(t) — 2w (t) +4t%, te [0,1]

yl(o) =0, yll(o) =0
(B) {

yl2,(t) = 3y,2(t) - 2y2(t)1 te [Oa 1]
St dung coéng thic Runge-Kutta cap bén (5.13) két hgp véi bai

e?* +212 + 6z + 7.

y2(0) = 0, 43(0) =1

toan (5.14), ta thu dugc bang két qua sau. Chu y rang v (tx) 1a
nghiém ctia bai toan Cauchy (A), ya(t) 12 nghiém cua bai toan
Cauchy (B) va y; duge tinh theo cong thic (5.20):

1 —0.64273386

167060950 ya(t) = y1(tk) + 0.0764924 - ya(tk)

ye = i(t) +

t

1 (tk)

Y2 (tk)

Yk

y(te)

ly(te) — vl

0.0
0.1
0.2
0.3
04
0.5

0.00000000
0.00003583
0.00060304
0.00324809
0.01094146
0.02850676

0.00000000
0.11622917
0.27041539
0.47224796
0.73369659
1.06953050

0.00000000
0.008926438
0.02128777
0.03937147
0.06706367
0.11031771

0.00000000
0.00892427
0.02128321
0.03936453
0.06705446
0.11030655

0.23 x 1073
0.46 x 10~°
0.70 x 107°
0.93 x 107
1.12 x 1075
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e nilt) vl w v o) -l

0.6 0.06315666 1.49795398 0.17773875 0.17772627 1.25 x 104‘5
0.7 0.12516082 2.04138424 0.28131120 0.28129845 1.28 x 10~°
0.8 0.22867624 2.72740338 0.43730188 0.43729053 1.14 x 10~°
0.9 0.39277766 3.58992310 0.66’(37950 0.66737204 0.75 x 1075

1.0 0.64273386 4.67060950 1.00000000 1.00000000

Thuat toan ciia phuong phap ban nhu sau.

def shooting(p, q, r, a, b, n, al, be‘):

def rk4ode2(ff, t0, x0, x1, hO, N):
def f(t, x, y):
z=y+00=*x+00 =+t
return z
def g(t, x, y):
z = ff(t, x, y)
return z . _
X, Y = rk4sys2(f, g, tO, x0, x1, hO, N)
return X :

def hl(t, x, y):
"z =p(t) »y +q(t) » x + r(t)
return z '

def h2(t, x, y):
z =p(t) =y + q(t) » x
return z

h = (b - a) / float(n)
Y1l = rk4ode2(hl, a, al, 0.0, h, n + 1)
Y2 = rk4ode2(h2, a, 0.0, 1.0, h, n + 1)
Y = np.zeros(n + 1, dtype=float)
tmp = (be - Y1[n]) / Y2[n]
for i in range(n + 1):
Y[i] = Y1[i] + Y2[i] * tmp
return Y o
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§5.3 PHUONG TRINH VI PHAN DAO HAM RIENG

5.3.1 PHUONG TRINH PARABOLIC
Ta xét phuong trinh truyén nhiét ctia ham phan b6 nhiét do u(t, )

ou ou

5£=7575’ O<z<a, t>0, (5.21)

véi v > 0 1a hang sé din nhiét, thoa diéu kién bién
u(t,0) = at), ult,a)=p(t), t>0 (5.22)
va diéu kién ban dau
u(0,z) = f(z), 0<z<a - (5.23)

Pé thuc hién viéc giai sb bai toan trén, ta xét mot huéi chix nhat
chita cac diém (t;,z) € R? véi

O=ti<ti<ta<... va O=xo<n1<:-"<Zp=a

Dé don gian, ta xét ludi déu theo hai huéng véi cac budc thai gian
va khong gian tuong ung

At =1tj41—tj, AT=Tm4y1 —ZTm =

Sle

Chung ta cing sit dung ky hiéu

R

Ujm = u(tj, Tm) VO tj=jAt, T, = mAcz,

véi j =0,1,2,. =0,1,...,n. Trudc tién ta sit dung cong thitc sai-
phan huéng tam de xap xi dao ham cap hai theo z

&(t o) & u(ty, Tm+1) = 2u(ty, Tm) + Uty Tm-1)  Wim+1 = 2jim + Ujm-1
2z ™ Azx? Azx?

Con dé xap xi dao ham cip mét theo bién thoi gian ¢, ta xét hai
truong hgp. Trudc tién néu st dung cong thic sai phan tién, ta dugc

—u(t~ o) ~ u(tjs1, Tm) — u(ts, Tm) ~ Witim = Ujm
ot~ At At
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Thay vao trong phuong trinh truyén nhiét (5.21) ta thu dugc

Uj+l,m — Ujm Ujm+1 = 2Ujm + Ujm—1
jm Y5

At 7 Az
Sau khi rut gon, ta c6 phudng trinh

Ujtl,m = PUjm+1 + (1 = 2p)Ujm + ptjm—1 - (5.29)

vAt
Ax?
Tir diéu kién ban dau (5.23) ta thu dudc

VvOi p = vaj=0,1,2..., m=12,...,n—1.

wom = f(@m) = fm, m=1,2,...,n—1 (5.25)

o

Tuong tu, tit cac diéu kién bién (5.22) ta cé
Ujo = a(tj) = Qj, Ujp = ,B(tj) = ,Bj, _] = 0, 1, 2, e (526)

Chu y rang cac diéu kién bién va diéu kién ban diu tai hai diém
goc phai tuong thich véi nhau, nghia la:

fo=f(0) =u(0,0) = a(0) = a0, fn = f(a)=u(0,a) = B(0) = By

So d6 giai bai toan truyén nhiét (5.21-5.23) bing cac cong thirc
(5.24-5.26) dugc goi la s¢ 46 hién. Ly do la chung ta tinh truc tiép
gid tri ciia ham tai thoi diém ¢;,; théng qua cac gia tri cia ham & thoi
diém ¢;. Tuy nhién so dé hién la én dinh khi ta chon buéc thdi gian
va budc khong gian thoa diéu kién (xem [2] - trang 190)

Ax?

At < —, <05
t o (n )

Vi dy, néu v = 1 va buéc khéng gian Az = 0.1, thi d€ so db hién dn
dinh ta phai chon budc thoi gian At < 0.005.
Bay gio néu dat
u(j) = (’uj‘,l, ’U,j,g, e ,uj,n_l)T

 thi cong thic (5.24) dugc viét lai dudi dang ma tran

wl+D) = 44 4 BO)
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véi A 1a ma tran vuéng cip n — 1 va BY) 1a véc-to cia R"!

1—-2u " 0 0 0 Kaj
n 1-2u n 0 0 0
A= 0 H 1—2;}. -0 0 ,B(j)=
0 0 0 e 1-2p 7 0
0 0 0 S n 1-2u pB;

Chu y réing A 1a ma tran doi xing va c6é dang ba dudng chéo. Thuat
toan ctia sd dé hién nhu sau.

’

def heat_problem_ex(ga, al, be, ff, Dt, Dx, m, n):
' UU = np.zeros ((m+1, n+l), dtype=float)

AA = np.zeros((n-1, n-1), dtype=float) -
BB = np.zeros(n-1, dtype=float)
mu = ga *+ Dt / (Dx%*2)

for i in range(O, n):
uylo, il = ff(i+Dx)
for j in range(n-1):
for i in range(n-1):
if i == j:
CAAlL, i] =1 - 2y
elif abs(i - j) == 1:
AAli, j] =mu
AAlj, i] =mu
for j in range(l, m+1):
UU[j, O] = al(j=*Dt)
UU[j, n] = be(j=*Dt)
BB[O] = mmu = UU[j, O]
BB[n-2] = mu * UU[j, n]
for i in range(l, n):
tmp = 0.0
for k in range(n-1):
tmp += AA[i-1, k] * UU[j-1, k+1]
Uulj, i] = tmp + BB[i-1]
return UU
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Vi du 5.11: Cho bai toan truyén nhiét sau:

ou %u '
%—52;, O<z<l1l, t>0,
u(t,0) =0, u(t,1) =t, u(0,z) =sin7z
Chon At = 0.02, Az = 0.25, u = 0.32 < 0.5. Két qua tinh toan cho
ta bang sau: '

tj |To=0.00]|z1 =0.25|x2=0.50|z3=0.75| 4 =1.00
0.00 | 0.0000 0.7071 1.0000 0.7071 0.0000
0.02| 0.0000 | 0.5746 0.8125 0.5810 0.0200
0.04 | 0.0000 0.4669 0.6623 0.4820. 0.0400
0.06 | 0.0000 | 0.3800 -| 0.5420 0.4046 0.0600
0.08 { 0.0000 0.3103 0.4462 0.3447 0.0800
0.10 | 0.0000 0.2545 0.3702 0.2989 0.1000
0.12 | 0.0000 0.2101 0.3104 0.2645 0.1200
0.14 | 0.0000 0.1749 0.2636 0.2393 0.1400
0.16 | 0.0000 0.1473 0.2275 0.2217 0.1600
0.18 | 0.0000 0.1258 0.2000 0.2102 0.1800
0.20 | 0.0000 0.1093 0.1795 0.2037 0.2000

Bay gid néu ta st dung coéng thic sai phan lui dé xap xi 3—1::

,(?u( . - u(tj, m) — u(tj—1,Tm) & Yim — Ui-1m

At At

Thay vao phuong trinh (5.21) cing véi cong thiic sai phan huéng tam
déi véi dao ham cép hai cta u theo z, ta dugc

Ujtlm — Ujm _ Uj+lm+1 — 2Ujt1m + Ujt1m—1

At Ax?
Sau khi rat gon, ta c6 phuong trinh

—pujt1,m+1 + (L + 20)%41,m — PUj41,m-1 = Ujm (5.27)

Vol p = YA%; nhu trong so dd hiénva j =0,1,2,..., m=1,2,...,n — 1.
Nhu vay dé€ xac dinh dugc u tai thdi diém t;;, ta phai giai hé phuong
trinh (5.27). So db tinh theo cach nay dugc goi la so b &n. Va so db
4n ludn én dinh khéng phu thudc vao cich chon budc thsi gian va

budc khong gian (xem [2]).
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Hé phuong trinh (5.27) dugc viét lai dudi dang ma tran nhu sau

vl A cing la ma tran vudng cap n — 1 thu dugc tit A bing cach thay °
p bing —p: .

1+2u  —pu 0 0 0
‘ - 1+2p -p ... 0 0
‘2= 0 -;% 1+2u 0 0
0 0 0 e 142 —p
0 0 0 e =p 1424

Thuit toan clia sd d6 4n nhu sau.

—

def heat_problem_im(ga, al, be, ff, Dt, Dx, m, n):

UU = np.zeros ((m+1, n+1), dtype=float)
AA = np.zeros((n-1, n-1), dtype—float)
BB = np.zeros(n-1, dtype=float)

mu = ga + Dt / (Dxs++2) .

for i in range(0, n):
UU[0, i] = ff(i«Dx)
for j in range(n-1):
for i in range(n-1):
if i ==
AA[l, 1] + 2«
elif abs(i - j ==
AAll, j] = mu
AA[j, 1] = -mu
for j in range(l m+1):
UU[j. O] = al(j+Dt)
. Uudlj, n] = be(j+Dt)
BB[O] = UU[j-1, 1] + mu » UU[j, O]
for i in range(l, n-2):
- BB[i] = UU[j-1, i+1]
BB[n-2] = UU[j-1, n-1] + mu « UU[j, n]
XX = tri_diag(AA, BB)
for i in range(l, n):
wlj, 1] = XX[1-1]
return UU ’
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Vi du 5.12: Xét bai toan truyén nhiét trong vi du 5.11. Ciing
chon At = 0.02, Az = 0.25. Két qua tinh toan cho ta bang sau:

tj |0=0.00|zy =025 |29 =0.50|23=0.75| 14 = 1.00
0.00 | 0.0000 0.7071 1.0000 0.7071 0.0000
0.02 { 0.0000 0.5956 0.8430 0.5995 0.0200
0.04 | 0.0000 0.5021 0.7119 0.5123 0.0400
0.06 | 0.0000 0.4238 "0.6030 0.4417 0.0600
0.08 | 0.0000 0.3585 0.5128 0.3850 0.0800
0.10| 0.0000 0.3041 | 0.4383 0.3398 0.1000
0.12 | 0.0000 0.2590 0.3771 0.3042 0.1200
0.14| 0.0000 | 0.2218 0.3272 0.2767 0.1400
0.16 | 0.0000 0.1912 0.2868 0.2559 0.1600
0.18 | 0.0000 0.1662 0.2543 0.2407 0.1800
0.20 | 0.0000 0.1459 0.2285 0.2304 0.2000

5.3.2 PHUONG TRINH HYPERBOLIC
Ta xét phuong trinh séng ctia ham séng u(t, x)

Pu 0%
—_ = Y —
0% 0%z’

~ véi van téc séng c > 0 1a hang sé, thoa diéu kién bién

O<z<a, t=0, (5.28)

~u(t,0) = a(t), u(t,a)=p8(t), t=0 : (5.29)
va céc diéu kién ban dau

u(0,z) = f(x), %(O,m) =g(z), 0<z<a (5.30)

Tuong tu nhu phuong trinh truyén nhiét, ta cing xét lusi
O=ty<ti<ipg<... va 0=x0<a:1<~--<a:n-—-_a

vai
a
At=tjp1—tj, AT=Tpi1 — Ty, = p

Ta xap xi cac dao ham céap hai bing céng thitc sai phan hudng
tam:
0%u y ~ u(tja zm-&-l) — 2u(tj,37m) + u(tj’zm—l) ~ Yjm+1 — 2uj,m + Ujm-1
775 (i Tm) = Az? ~ Az?

0%z
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22u u(tjs1, Tm) — 2u(ts, Tm) + u(tj—1,Tm)
62t (t]a zm) = At?

Thay vao phuong trinh (5.28)

~ Yitlm = 2jim + Uj—1m
At?

Uj+1,m — 2uj,m + Uj—1m _ 02 Ujm+1 — 2Uj,m, + Ujm—1
At? Azx?

Cubi cung
Ujri,m = o2uj,m+»1 +2(1 — 0Hujm + 02U m—1 — Uj—1,m (5.31)
At '
wic=tsovaj=12...m=12..n-1
Az
Ppiéu kién bién cho ta
ujo = aj = at;), ujn=0=pE) 7=01L2... (5.32)

Trong cong thitc (5.31) ta thay d€ tinh gia tri ctia ham tai thoi diém
tj+1 ta phai biét gia tri cha ham tai cac thoi diém t; va tj_;. Do dé6 ta
can biét gia tri cia ham tai thoi diém ban diu to = 0 va t; = At dé
tinh toan cho cac thdi diém tiép theo. Tai to = 0 ta co

Ug,m = fm = f(xm) (5.33)
Con tai thdi diém t; = At ta c6 thé sit dung diéu kién ban dau thit hai
va cong thitc sai phan tién

_ ou u(At,mm) — ’U:(O,mm) . Uim — fm

~ At At
T day ta thu dudc uim = fm + gmAt. Tuy nhién xap xi nay c6 do
chinh xac khong cao. D& thu dudge xap xi c6 do chinh xac cao hon, ta
stt dung khai trién Taylor '

At,zm) — u(0,Tm 0 102 .
u(lhz )At u0om) 22(0,2m) + 5 53; (0:zm)AL + O(AE%)
6 ¢ %u
- ;t‘(o Tm) + = =32, (0, zm) At + O(AL?)
do ham u(t, z) thod phuong trinh séng (5.28). Vi vay
ou c? *u 2
um = u(At, Trm) ~ u(0,Tm) + = (0 Tm)AL + 5 8_2;(0’33"‘)At

= f(xm)+g(rm)At+ f’,(Lm)At2

c fm+1—2fm+fm 1
= At + — 2
fm + gmAt + 5 A2 AN
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Cudi cung ta dugc

1
Ulm = §a2fm+l + (1 - 02)fm + %szm—l + gmAt (5.34)

Bay gio ta viét dang ma tran ctia hé phuong trinh (5.31) véi céc
diéu kién bién (5.32) va cic diéu kién ban dau (5.33), (5.34).

0D = g —uU-10 4 O, j=1,2,3,...

vai
2(1— 02). a? 0 0 o’a;
o 201-0?) ... 0 0 .0
A= 0 0'2 e 0 0 B(J) _
0 o ... 2(1_—202) o? ] S
0 0 .. o 2(1-0%) o2B;

u® = £ u® = % Au® 4 gAt + %B(O)

| Thuat toan ctia phuong trinh séng nhu sau.

.

def wave_problem(cc, al, be, ff, gg, Dt, Dx, m, n):
sil = cc « Dt / Dx; si2 = sil*+2
si3 = 2.0 + (1.0 - si2) 4
UU = np.zeros((m+ 1, n + 1), dtype=float)
for j in ramnge(l, m+1):
UU[j, O] = al(j+Dt)
UU[j, n] = be(j+Dt)
for i in range(l, n):
uu[o, i] = ff(i+Dx)
‘for i in range(l, n):
UU[1, i] = 0.5 « (si2 « UU[O, i-1] +
si3 « UU[O, i] + si2 =+ UU[O, i+1]) +
ge(1 » Dx) » Dt
for j in range(2, m+1):
for i in range(l, n):
UU[j, i] = si2 = UU[j-1, i-1] +
si3 * UU[j=1, i] + si2 « UU[j-1, i+1] -
uulj-2, il
return UU
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o

Vi du 5.13: Xét bai toan

2t 0%z

thoa cac diéu kién

0<z<l1l t=20

u(t,0) =0, u(t,1)=0, u(0,z) =x2(1—.i)2, %(O,x) =0

Ta c6 ¢ = 1. Chon At = 0.2, Az = 0.25. Khi d6 o = 0.8. Két qua
tinh toan. cho ta bang sau ’

t; |20=0.00|z =025|z2=0.50]z3= 0.75 | z4 = 1.00
0.00 0.0000 | 0.0352 0.0625 0.0352 0.0000
0.20 0.0000 0.0327 0.0450 0.0327 0.0000
0.40 0.0000 0.0172 0.0117 0.0172 0.0000
0.60 0.0000| —0.0128 | —0.0146 | —0.0128 0.0000
0.80 0.0000 | —0.0357 | —0.0386 | —0.0357 0.0000
1.00 0.0000 | —0.0376 | —0.0589 | —0.0376 0.0000
1.20 0.0000| —0.0291| -0.0520| -0.0291 0.0000
1.40 0.0000 | —0.0166 | —0.0157 | —0.0166 0.0000
1.60 0.0000 0.0071 0.0195 0.0071 0.0000
1.80 0.0000 0.0341 0.0388 0.0341 0.0000 | -
2.00 0.0000 0.0423 0.0522 0.0423 0.0000

5.3.3 PHUONG TRINH ELLIPTIC

Trong phan nay ta chi xét bai toan don gian nhét: phuong trinh Pois-
son trong hinh chi nhat

Py 0%u)
{ —Au = - (% + aTy) = f(z,y), (z,9)€N (5.35)
u(z,y) = 9(z,y), (z,y) € 00

voiQ={a<z<b c<y<d 1a hinh ch nhat va dQ 1a bién cua
Q. Chia doan [a,b] thanh m doan véi budc Az = l—’—:ﬁg va chia doan

d—c

[c,d] thanh n doén v6i budc Ay = — Khi d6 bén trong mién Q sé c6
(m—1)(n—1) diém nut (z;,y;) = (e +idz,b+jAy) v6ii=1,2,...,m, j =
1,2,...,n. Ngoai ra con c6 2m + 2n-diém nut trén bién (zo,y;) = (a,9;),
(Tmy¥3) = (0, 95). (i 40) = (wir€) VA (@i, yn) = (2, d).
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Tai cac diém nut bén trong mién, ta xap xi cac dao ham cip hai
bang cong thitc sai phan huéng tam

fﬂ_u(m, )~ u(zi-1,5) — 2u(s, y;) + w(Tiz, yj) & Yimlj = 2uij + Uit
g2g o Yi Ax? o Ax?
5_23(36. yi) ~ W@, yi-1) = 20(2i, 45) + (@i Yiv1)  Yigo1 = 2 + i
(72y ) Ay2 Ay2

Thay cac céng thic nay vao phuong trinh (5.35) ta duge

CWim1y T 2Uig Uil Wil — 2Uij + Ui Iy
~ — z,
Ax? Ay? J

(5.36)

Voii=1,2...,m—1j=12..n-1vafi; = f(ziy;). Néu ta dat
p= % thi hé phuong trinh (5.36) trd thanh
y .

201+ )i = (wicrj + win1g) — P2(Wijo1 + uijn) = Az?fi;  (5.37)

véii=1,2,...,m—1,j=1,2,...,n—1. Nguoi ta thuong chon Az va Ay
sao cho p gin bang 1, nghia 1a, Az ~ Ay. Ngoai ra, tir diéu kién bién
ta thu dugc

(5.38)

U0 = 0i,0), Uin = Gin, 1= 132a ceey M= 1
Uo,; = 90,5, Um,j = 9m,j, j=1’727"-,n_1

Hé¢ (5.37) vai diéu kién bién (5.38) 1a hé phuong trinh tuyén tinh
gom (m—1)(n—1) phuong trinh v6i (m—1)(n—1) &nw; j, i = 1,2,...,m—1,
j=1,2,...,n—1. Thong thuong ta sé sap xép cac phan tit u; ; cia véc-
to nghiém w theo tha tu tir trai sang phai va sau dé6 la tir duéi lén
trén. Cu thé

w = (wlv w2, . .. 7w(m.—-1)(n—1))T

(u1,17 U215 -+, Um~1,1,U1,2,U22, .-+, Um—12y- - - 1um—1,n—1)T

Ta xét vi du sau

Vi du 5.14: Xét bai toan tim u(z,y) thoa

{ —Au = n?ysin(rz), (z,y)e Q= {0<=z,y <1}
u(z,0) = u(0,y) = u(l,y) =0, u(z,1) = sin(rz)
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Chon luéi véi Az = Ay = 1. Khi d6 ta c6 m = n = 4 va trén lusi
¢6 9 diém nut bén trong mién, tuong ng véi cac gia tri cin tim
tao thanh véc-to

T
w = (wy,ws,ws,ws, ws, We, W7, Ws, Wy)

. T
= (ul,la U211, Uu3,1, uy,2, u2,2, us,2,Uu1,3, u2,3, u3,3)

Trong trudng hop nay p = 1 va hé phuong trinh (5.37) c6 dang

1
( 4upq —upa —u10 — U2 — U21 = 51,1

dugy — Uyl — U0 — U2 — U3L = 21
dugy —uz) —U30 — U2 — U4l = = f31
duy g —ugg — U1, — U13 — U22 = 1512
W dugo — U2 — U21 — U3 — U32 = = fa2 (5.39)
dugy —ugy — Uzl — U3 3 — Us2 = 1532
duy3 —up3 — U2 — Ul4 — U3 = &3
dugs —u13 — Uz — Uzg — U33 = 1523
| duzz —u23—Uus2 — U344 — Us3d = 133

Chu ¥ ring cac gia tri ctia ham tai bén géc ctia Q khong xuat
hién trong hé (5.39). Tit cac diéu kién bién ta thu duge

up1 =0, u10 =0, uz0 =0, uzgo =0, ug1 =0,
ug2 =0, u10 =0, ug2 =0, uo3 =0, ug3 =0
3n

e T A2 i T — ot _ /2
u1,4=51nz—32£, ugq =sing =1, u3,4—51n—4——32£

va do f(z,y) = n2ysin(rz) nén

1 1 ,j

m“°= sin o lw—z sin E
167 16 4 4 64 4
He (5.39) cung vdi cac diéu kién bién dugc viét lai dudi dang ma

tran Aw = B v6i

4 -1 0-1 0 0 0 0 O ( 01090
1 4 -1 0-1 0 0 0 0O 0.1542
0O -1 4 0 0-1 0 0 0 0.1090
1 0 0 4 -1 0-1 0 0 0.2181
A= o0 -1 o0 -1 4 -1 0 -1 o}, B=] 03084
0 0 -1 0 -1 4 0 0 -1 0.2181
0O 0 0 -1 0 0 4 -1 0 1.0342
O 0 0 0 -1 0 -1 4 -1 1.4626
\ O 0 0 0 0 -1 0 -1 4 \1.0342/
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Giai hé phuong trinh trén ta di dén két qua

u1 = 0.1831 u,1 = 0.3643 us,1 =:0.5409
u12 = 0.2589 w2 = 0.5152 wu32 = 0.7649
ur3 = 0.1831 wup3 = 0.3643 wug3 = 0.5409

BAI TAP

Céu 1. St dung 1an lugt cac cong thic Euler, Euler cai tién (RK2) va
Runge-Kutta cap bén (RK4) xap xi nghiém ctia cac bai toan Cauchy
sau va so sanh vdi nghiém chinh xac.

@ y'=%—1, 1<t<2,y1)=1, véih=01
a
Nghiém chinh xac: y = t(1 — Int)

®) y =2ty +2te’, 0<t <1, y(0) = 22 v6i h = 0.1
Nghiém chinh xac: y = (2 +t?) et

. t2
Nghiém chinh xéac: y = —

y' cost —ysint =2¢, 0<t<1, y(0)=0, v8i h=0.1
(©) :
cost

t3 + 293 » >
r= 2% 1<t<2,y(1)=2 vdih=01
Nghiém chinh xac: y = /13 + 72

Y = Woipe 1<t<2
Céu 2. Xét bai toan Cauchy t TS 7T ™ 6 nghiém
| y(1) =0

chinh xac z2(e” —e).

(@) Stt dung cong thitc Runge-Kutta cap bén véi A = 0.1 xap xi ham
y(t) trong [1,2] va so sanh véi nghiém chinh xac.

(b) Str dung két qua xap xi ctia cau (a) va cong thic noi suy Newton
tién bac ba dé x4p xi gia tri cia ham tai cac diém sau va so sanh
Vv6i gia tri chinh xac. _

(1) y(1.04) (i) y(1.32) (iii) y(1.66)
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(c) Cung st dung két qua xap xi cia cau (a) va cong thiac Simpson

mé rong dé xap xi tich phan I = Sy(t)dt va so sanh véi gia tri
chinh xac.

Ciu 3. Stt dung cac cong thitc Euler, Euler cai tién va Runge-Kutta
cap bén hay xap xi gia tri ciia ham tai ¢, =to+h véi h = 0.2 @i véi cac
hé phuong trinh sau:

ft)=z—2y+1 7/(t) = sin(z + y)
(@) {y'(t)=2z+y+t t>1 (b) {y’(t)=cos(x—y) t=>0
z(1) = 1.5, y(1) = 1.2 (0) = 0.25, y(0) = 0.35
o'(t) =zet+2y Tt =z +y>+t
(c){y’(t)=2w+ye" t=0 [d){y(t)=x2—y2—t t=>1
z(0) = 0.2, y(0) = 0.4 z(1) = 1.2, y(1) = 0.7

Z/(t)=z+y—cost 0<t<1
Céu 4. Cho hé: { ¥/(t) =—2z—y+sint+cost  c6 nghiém chinh xdc
z(0) =1, y(0) = -2
z(t) = (1 — t)cost — sint, y(t) = (t — 2)cost + tsint. Stt dung cong thic
Runge-Kutta cip bén xap xi nghiém ctia h¢ phuong trinh trong [0,1]
véi budc h = 0.1 va so sanh véi nghiém chinh xac.

Ciau 5. Dé6i véi cac bai toan sau, sit dung cong thic Euler cai tién,
tim nghiém gin dang ctia z(t) tai cac diém ¢, va t; véi bude h da cho.

2 —4z' +3z=Int, t>1 _ _ _
ta) { 2(1) = 024, 2(1) = 0.05 ° h=01,t1=11, =12
o =tz +27' +1,t>0 , _ B S
) { 2(0) = 0. /(1) = 1 L h=02,t =02, t; = 0.4.
- e vae s 3z'(t)z"(t) = 2z(t), 0<t<1 . " .
Céau 6. Xét bai toan { 2(0) = 7(0) = 1 c6 nghiém chinh
3
Xacz = <1 + §) . Stt dung cong thitc Runge-Kutta cap bon xap xi z(t)

trong [0, 1] véi budc h = 0.1 va so sanh véi nghiém chinh xac.
' "= _2 —2y+2t, te[0,1]

(0) 0, y(1) =e~1 =0.36787944
1—-cosl ”

Cau 7. Bai toan bién { y c6 nghiém

chinh xdc y = e~ (cost + nt) +t — 1. Sit dung hai phuong

phap sai phan hitu han va phu’dng phap bin dé xap xi nghiém ctaa
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bai todn véi budc h lan lugt 1a h = 0.25 va h = 0.1. So sanh véi gia tri
chinh xac.

Cau 8. St dung phuong phép sai phan hitu han, hay xip xi nghiém
clia cac bai toan bién sau véi budc h da cho:

(a) { Y =4y — 412, te [0,1]

y(0) =0, y(1) =1 h =0.25

Y +ty — 8y = 2int, te [1)2]
h=0.2
(b) { y(1)=0, y(2) =0 l
voGeey-1 el
() { y(2) =1, 3/(3)...¢-= 0 S
Yy +ty — 4ty =tet, te0,1] , _
(d) { y(0) = 0.2, y(1) = 0.8 h=01

Cau 9. Lap lai cac bai toan trong Cau 8 véi phuong phap bin.

Cau 10. Vi tri z clia mot vat thé roi tu do dugc cho bdi phuong trinh
vi phan
d’z ¢ dz
P T
- VOi ¢ = 12.5kg/s, m = T0kg va g = 9.81m/s?. St dung phuong phap ban
d€ tim vi tri va van téc ctia vat thé néu biét z(0) = 0m va z(12) = 500m.

Cau 11. Giai bai toan sau

2
%=g2—z, u(t,0) = u(t,1) =0, u(0,z)=f(r), 0<z<1

2|a:—%.|—§ OS:ES%
Vi f(z)=4{ 0 % <z <4 sttdung: (a) So dé hién, (b)So
b-sfe-3) d<os<t
d6 4n. Chon budc khong gian Az = 0.1 va Az = 0.05 va chon budc thdi
gian thich hgp.
Cau 12. (a) Hay thiét lap so dé hién déi véi bai toan truyén nhiét
sau
ou u

= = Tz + (@), u(t,0) =u(t,1) =0, u(0,z)=f(z), 0

N
8

A
—

v6i s(z) la ngudn nhiét.
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(b) Giai bai toan véi cac sb liéu sau

1 [ 2-3-} 0<e<d
T=73 s(z) = z(1-z)(10-22z), f(z)=1< O % <zT<§
3-3z-3 f<z<1

Chon budc khéng gian Az = 0.1 va Az = 0.05 va chon budc thoi
gian thich hop.
(c) Hay thiét lap so db 4n dbi v6i bai toan trén. So sanh cac két qua
tim dudc.
Cau 13. Cho bai toan

?u o%u
2t 64% +s(z), wu(t,0)=1u(t,3)=0

Hay giai bai toan véi cac diéu kién ban dau sau:

N

3
2

(a) u(O,z)={1_2|x_ll’ i:x I u(0,z) =0

0, (3,

1-2|z-1],
0,

NI

o o 5
®) u(0,2) =0 w(0:2) = { »
Cau 14. Giai bai toan Dirichlet

g 3
2z T 2y

=0, u(r,0)=sin’z, u(z,m)=u(0,y)=u(my)=0
voi Az =Ay=%valdz=Ay=3%.

Céu 15. Giai bai toan

o*u o2
~(GEt5) o e 0) = u(e D) = u(0,y) = u(t,5) =0

Vol Az = Ay =0.25 va Az = Ay =0.1.




CHI DAN VA TRA LGOI

CHI DAN VA TRA LOI BAI TAP CHUONG 1
1 V = 41.60866333 (m3), Ay ~ 0.0962 (m3), dy ~ 0.24%

2 (a) Ar =0.018918
(b) Ar = 2.5305

(c) Ap ~ 0.00509

3 Ta co: . _
(a) [0,1] va [1,2] (e) z =0va[0.5;1]
®) [0,1] - M [-2,-1]va[3,4]
(© [0,1] va [1,2] @ [-1,0]
(d) [-3,-2], [-1,0] va [2,3] (h) [0.2,1]

4 (a) m=12, A=0.0152.
b) m =2, A = 0.0053.

(c) m =1 - 4cos(2) ~ 2.664587, A = 0.0036.

1 < o ax .
5 (@) z5 = %, Ay = é = 0.015625. Sai so theo cong thitc danh gia
sai s6 tong quat: m =7, A, = 0.0117.
0.8

(b) z5 = 04875, A, = o= = 0.0125. Sa sb theo cong thitc danh gia
sai sb téng quat: m = 216, A, = 0.0012.

6 (a) z = v3x2+5, q=0.1984251315, p ~ z4 = 3.430986278
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b) z = Y +1, q = 0.2099868417, p ~ = 1.324939363 %item = =
z2 — €T +2 )

3 »q = -:1;, p ~ x4 = 0.2572656364

7 (a) pe[26,2.8], ¢ =0.568958, n = 11, z1; = 2.69064136
(b) pe [0.8,1.0], g = 0.475945, n = 7, o7 = 0.90996735
(c) pe[0.4,0.6], ¢ = 0.875023, n = 67, ze7 = 0.44806306 .

(d) pe[0.6,0.8], g = 0.130347, n = 2, x2 = 0.70479592

8 (a) zo =2, m = 0.68876626, p = 1.82938372 + 0.68 x 10~°
(b) zo = 1.3, m = 0.15852901, p = 1.39774848 + 0.64 x 10~°

(c) Trong [2,3]: zo = 2, m = 3.27332655, p = 2.37068706 + 0.38 x 10~6
Trong [3.5,4]: zo = 4, m = 10.69000787, p = 3.72211282 + 0.77 x 10~7

(d) Trong [1,2]): zo = 1, m = 0.5, p = 1.41239117 + 0.1 x 10~!2
Trong {3,4]: zo = 3, m = 1.66666667, p = 3.05710355 + 0.1 x 10712

(e) Trong [0.5,1]: zo = 1, m = 1.35127873, p = 0.91000757 + 0.75 x 10~°
Trong [3,5]: zo = 5, m = 2.08553692, p = 3.73307903 + 0.48 x 1078

(f) Trong [0,1): o = 0, m = 0.90818175, p = 0.58853274 + 0.11 x 10~°
Trong [3,4]): zo = 3, m = 0.63532798, p = 3.09636396 + 0.29 x 10~7
Trong [6,7]: zo = 6, m = 0.75481414, p = 6.28504900 + 0.36 x 10~5

9 (a) n=6, p=1.82938347 +5.24 x 1075
(b) n =8, p=1.39774851 £ 2.05 x 107°

(c) Trong [2,3]: n =5, p = 2.37068691 + 1.28 x 1073
Trong [3,4]: n =7, p = 3.72211277 £ 1.76 x 10~°

(d) Trong [1,2]: n =7, p = 1.41239118 + 1.30 x 10~°
Trong [e,4]: n = 7, p = 3.05710355 + 4.27 x 1077

(e) Trong [0,1]: n = 6, p = 0.91000757 + 2.62 x 1076
Trong [3,5]: n = 10, p = 3.73307903 + 5.20 x 10~¢
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() Trong [0,1]: n = 6, p = 0.58853274 + 5.62 x 10~°
Trong [3,4]: n = 5, p = 3.09636393 + 4.28 x 10~7
Trong [6,7]: n = 5, p = 6.28504927 + 0.95 x 10~7

10 (a) Tg = O.Q, Iy = 0.5, Iy = 1.0=> Tg = 1.15417.
g = —3.0, 1 = —2.5, x5 = —2.0 = g = —0.577086 + 1.9997715
79 = 3.0, x1 = 3.5, z2 = 4.0 = z39 = —0.577086 — 1.999771j

(b) zo = 1.0, 1 = 1.5, 3 = 2.0 = x5 = 1.625932.
2o = —3.0, 1 = —2.5, T2 = —2.0 = z5 = —2.331366.
2o = —1.0, 21 = —0.5, &3 = 0.0 = o3 = —0.147283 + 1.249461;.
2o = 3.0, 71 = 3.5, 73 = 4.0 = 215 = —0.147283 — 1.249461;.

11 Tacé: f(h) =L [r2 arccos — ; h_ (r —h)vV2rh — h2]—V v6i0 < h < 2r.
Stt dung phuong phap day cung, ta dudgc nghiém gan ding sau 7 lan
lap: h ~ 0.74001522 véi sai s6 1.03 x 1078,

12 m = 75.20954 + 0.88 x 10~*(kg)

13 Thay céc gia tri da biét vao phuong trinh, ta dugc.

160000 _
160000 — 2680t

< f(t) = 1000 + 22001n(1 — 0.01675¢) + 9.8¢ = 0

1000 = 22001n 9.8t

Béng vai phép toan don gian, ta c¢6 khodng cach ly nghiém [25,27].

Hon ntra
36.85

1-0.01675¢
Sl dung thuat toan Newton vdi g = 25 va sai s6 nhé hon 1076 ta thu
dudc: t3 = 25.94239298 (s) 1a thoi diém dé cho v = 1000 m/s.

f'(t) =98~ <0, Vzel[25,27]

14 Tit cong thite (1.20) ta thu dudc phuong trinh bac ba d6i véi v:
p(t)v® — [bp(t) + RT(t)]v* + av —ab =10

~ Ta c6 thé sit dung thuat toan Muler cho da thitc bac ba. Chudng trinh
~ Python nhu sau
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import math
import numpy as np
import numan as na

R = 0.082054
a = 1.360
b = 0.03183

def ap_suat(t):
y = math.exp(-t / 1440.0)
return y

def nhiet_do(t):
y = 400.0 + 225 * math.cos(math.pi * t / 720.0)
return y

N = 61
nu = np.zeros (N)
for i in range(N):
def f(t): :
y = ap_suat(i) * t =+ 3 - (ap_suat(i) = b +
R + nhiet_do(i)) * t *»*» 2 +a * t —a = b
return y
mu[i] = na.muller_eps(f, 50.0, 51.0, 52.0, 10#*=*(-

print (nu)
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Két qua cho trong bang sau:

[tphat) »() [tphat) () [t(pbat) v(t) |t(phut) v(t)

0 51.2891| 16  51.8166| 32  52.2577| 48  52.6100
1 51.3245| 17  51.8467| 33  52.2823 | 49  52.6290 |
9  51.3597| 18  51.8765| 34  52.3066| 50  52.6477
3 51.3044| 19  51.9059| 35  52.3305| 51  52.6660
4 51.4280 | 20  51.9351| 36  52.3542| 52  52.6840
5 51.4630| 21  51.9638| 37  52.3774|- 53  52.7016
6 51.4969 | 22  51.9922| 38  52.4003| 54  52.7189
7 51.5303 | 23  52.0203| 39 524229 | 55  52.7358
8 51.5635 | 24  52.0481| 40  52.4451| 56  52.7523
9 51.5063 | 25  52.0755| 41 524669 | 57  52.7685
10  51.6288| “26  52.1025| 42  52.4884| 58  52.7843
11 51.6609| 27  52.1293| 43  52.5096| 59  52.7998
12 51.6927| 28  521556| 44  52.5304| 60  52.8149
13 51.7242| 29  52.1817| 45  52.5508

14  51.7553| 30  52.2073| 46  52.5709

15  51.7861| 31  52.2327| 47  52.5906

15 Khi u = 4 ta c6 phuong trinh:

4=10e"%% cos2t « f(t) = e "% cos2t —0.4=0

Db thi cia f(t) trong [0, 3] nhu hinh vé. St dung phuong phap Newton

Ya

\ y=f(t)

\2/7

véi to = 0 va sai s6 < 107%, ta c6 két qua: khi u = 4 thi t = 0.513652.

CHI DAN VA TRA LOI BAI TAP CHUONG 2

1 (a) z; = —0.833333, =, = 1.083333, z3 = 0.416667.

(b) z; = 2.763557, z3 = —-0.587134, x3 = —1.142683.
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() 1 = 0.807692, T3 = 0.0, z3 = —0.461538, z4 = 0.884615.

2 T cac diéu kién ta thu dugc hé phuong trinh: a +b=c+d, b= 1,
2c+d=1vaa+b=4.Nghitmcllahéla:a=3,b=1,c=-3vad=".

3 Ta sit dung cong thitc Doolittle. Sinh vién tu lam cho truong hdp
cong thuc Crout.

1 0 0
@L=|1 1 0|, U=
| 3 -1 1

[ 1 0 0 4 3 27
b) L=| 05 1 0|, U=|0 15 0
1 0

0.25 2.1667 0 1.5 |
(1 0 00 1 1 1 1 7
1100 0 -2 0 -2
@L=17010YU=|0 0o —2 -2
1111 0 0 0 4
1 0 0 0
@ L=| 0333 1 0 0
0.6667 —0.1429 1 0
| 0.6667 0.2857 0.0588 1
3 2 1 0
yo| 0 2333 06667 4

0 0 2.4286 1.5714
0 0 0 1.7647

4 (a) A1=2>0,A2=2m——1>0'=>m>0.5,A3=3m—6>0=m>2.
Két hgp cac diéu kién: m > 2.

M) Ay =3>0,82=15-m?>0= /15 <m < V15, A3 = 97 +
m—8m? > 0 = —3.241 < m < 3.741. Két hop cac diéu kién:
—3.241 < m < 3.741.

() A1 =3>0,82=2>0,A3=-6m?+24m —13>0=>0.646 <m <
3.354.

d A1=2>0,8,=6-3m>0=>m<2, A3=2m2>—2Tm+46>0=
m < 2 hodac m > 11.5. Két hgp cac diéu kién: m < 2.
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|

2 0 0
b) A; =4, Ay =7, A3=12,C=| —-1.5 1.3229 0
0 —1.5119 1.3093

-0
N OO

: 1
5 [a)A1=1,A2='1,A3=4,C’=[2
1

(C) A1=2, A2=3, A3=4, A4=5,

-

1.4142 0 0 0

oo | —07071 12247 0 0

0  —08165 11547 0

| 0 0  —08660 1.1180

(d) Ap =3, Ay =8, Ag =21, Ay =124,
17321 0 0 0
o | 11547 16330 0 0
0.5774 1.4289 16202 0

| 05774 0.8165 —0.3086 2.4300

6 (a) ki(A) = 13.3333, kp(A) = 10.1111
(b) ki(A) = 16.5789, keo(A) = 17.0526
(©) k1(A) = 127.5, k(A) = 153

(d) ki(A) = 28375, kuo(A) = 28375

7TacédetA=a—-6#0=a+#6 Khidé A™! 16[ c;_i].
Nhu vay: [Al, = 3 + |o| va |47}, = I;—I ax(ja| + 2,4) =
Pyl la| < 2
|Z|j62|’ lof > 2
. r %{_tﬂ, la| < 2
Cudi cung ke (4) = ‘L (3+Ilzl£~(lgll+2), la] = 2, (a # 6)

8 (a) X‘5)=[g:2§;§ , Ay = 0.0316
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0.6271
(b) X6 = [ 10234 ] Ay = 0.0206
[ 0.328190 ]|
(© X®) =] 0982229 |, Ay = 0.001889
0.580619 |
[ 0.244075 ]|
(d X® =] 0.554723 |, Ay = 0.000115
| 0.467747 |
[ 1.304877 |
1.042144
(e) X©® = 0564413 |* Ax@ = 0.011200
| 1.198341 |
0.68804
9 (a) X® = [ 0.?1 45973 ] Ay ) = 0.001142
0.620108
b) XB®) = [ 1017694 ] Ay sy = 0.000448
[ 0.327155 |
(© X® =] 0.981468 |, Ay = 0.000214
| 0.580250 |
[ 0.244008
(d) X® = | 0.554682 |, Ay = 4.65 x 1077
| 0.467700 |
[ 1.306706 ]
- | 1.041876
(e) X4 = 0.561080 |" A x s = 0.000491
| 1.200142 |
" 2.80312387 [ 2.803125 ]
0.88124758 0.881250
—0.33124974 —0.331250
—0.05312285 —0.053125
0.35000040 | 0.350000
10 X = 0.34999884 |' % = |  0.350000
0.22812453 0.228125
0.23125038 0.231250
0.31875023 0.318750
| 0.27187496 | L 0.271875
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11 Goi 7,9, z lan lugt 1a s6 lugng xe loai 1,2, 3 dudc san xuit méi ngay.
Ta c6 hé phuong trinh: ‘

1500z + 1700y + 1900z = 106000
25z + 33y + 42z = 2170
100z + 120y + 160z = 8200
- Gidi ra ta duge z = 10, y = 20, z = 30.
12 Gia sir
3 e 2 1
~JUL NIy oVi=25V
123 112
2l g
134 - 152
145 ' i65
_> 4—_
L NIy o Vs =200V
4 5 6
Ta thu duge hé phuong trinh
[ 1 =10 0 1 0 07T 421 [ 0 ]
0 -1 1 1 0 00 93 0
0 -01 0 -1 11 i34 0
0 01 0 0 -1 0 i35 | = 0
0 05 -7 0 150 i52 0
0 30 0 7 10 00 145 0
[ =20 0 0 0 10 0 5 ][ 465 | 175 |

Giadirata dII(}C 112 = —5.4257, i3 = —1.2008, i34 = —0.3113, i35 = —0.8895,
isg = 4.2249, i45 = —0.3113, ig5 = 4.8475.

CHi DAN VA TRA LOI BAI TAP CHUONG 3

1 (a) La(z)=14- %Zz + %xz |

M) L2(z) = 1+ 0.6733z + 0.5333z>
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_g_ L, T2, L
() L3(z) =3 e~ g% +§a:

1 . ’
(d) L3(z) =—18.6+ -%m —20z2% + %65-1‘3

z| 02 05 07 1.0
y | 0.9801 0.8776 0.7648 0.5403 °

2 (a) Bang so:
f(z*) = 0.8139

L3(z*) = 0.8138,

| 1.2 1.4 1.6 1.8
y | 0.2807 0.2430 0.2018 0.1610 °
f(z*) = 0.2226

(b) Bang sbé: L3(z*) = 0.2226,

7 8 9 10

X 2 2 T * _
(c) Bang s0: = 150795 2.1972 2.3026 23979 La(a®) = 2.2246.
f(z*) = 2.2246
3 f(xO) = 6, f(zl) = 4) f[an -Tl] = -1
2|3
4 (@ 3|1 76 =NV (z) =3 -2z - 2) + 5 (@~ 2)(= - 3).
3/2
5|4
0.3 |1.25
1.1000
() 05147 0.5333 =
| 1.3667
0.8 | 1.88

= N (z) = 1.25 + 1.1(z — 0.3) + 0.5333(z — 0.3)(z — 0.5).

0|3
-1
1|2 1/6
© -1/2 1/3 =
3|1 9/6
4
45

= Nél)(m) =3—-z +%z(w -1)+ %m(z -1)(z - 3).
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1.2 2.2
45
1413.1 —-2.5
&) 3.5 25/6 =
1.6 | 3.8 0
3.5
1.814.5

= N{V(z) = 2.5 + 4.5(z — 1.2) — 2.5(z — 1.2)(z — 1.4) +
+ 2—;(2 - 1.2)(z — 1.4)(z — 1.6).

5 (a) Vi 0.43 € [0.25,0.5], nén néu chon cac diém nut zo = 0.25, z; =
0.5, ta dudc Ni{z) = 0.5791 + 4.2784z va f(0.43) ~ 2.4188. Doi véi da
thic bac hai, ta cé6 hai cach chon:

- 29 =0, 1 = 0.25, zo = 0.5. Khi d6 Ny(z) = 1 + 1.7530z + 3.3672z2
va £(0.43) ~ 2.3764.

- 1o = 0.25, z; = 0.5, z2 = 0.75. Khi d6 Ny(x) = 1.2729 + 0.1156z +
5.5504x2 va f(0.43) ~ 2.3489.

Néu diung ca bén diém nut, thi N3(z) = 1 + 2.1169z + 1.1840z% +
2.9109z3 va £(0.43) ~ 2.3606.

(b) Vi 0.18 € [0.1,0.2], nén néu chon cac diém nut zp = 0.1, z; = 0.2,
ta dude Ny(z) = —0.0192 — 2.708z va f(0.18) ~ —0.5066. Néu chon
ba diém nut zo = 0.1, z; = 0.2, z2 = 0.3. Khi d6 Ny(z) = —0.0016 —
2.972z + 0.88z2 va f(0.18) ~ —0.5080. Néu dung ca bén diém nut,
thi N3(z) = 0.0014 — 3.027z + 1.1822 — 0.523 va f(0.18) ~ —0.5081.

6 (a) Hy(x)=2+(z—1)—(z—-1)*(z—2)
(b) Hi(x) = 1.3863 + 1.6931(z — 2) + 0.2164(z — 2)2 — 0.0273(z — 2)%(z — 3)
(©) Hs(z) = 1+22%—42?(z—1)+1.52782%(z —1)2 - 0.5185z%(z — 1)2(z — 3)

(d) Hs(x) = z + 1.16162% + 0.30282%(z — 0.5) — 0.1024z%(z — 0.5)% —
0.0768z%(z — 0.5)%(z — 1)

1- 22

7 Ta c6 f(x)=;-2i— @D

7 vafle)=

. Gia tri chinh xac tai z = 1.05
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1a £(1.05) = 0.4994054697 ~ 0.4994. Ta.c6 bang so:

z |10 11 1.2
v 105 04997  0.4918
v/ 10.0 —0.0430 —0.0739

(a) Néu dung hai diém nut dau tién, ta duge Hs3(1.05) = 0.4993875 ~
0.4994

(b) Néu ding ca ba diém nut, ta duge Hs(1.05) = 0.499384140625 ~

0.4994
2—§z+i13, ' 0<z<2
8 (a) S(z)= : 1
1——(:1:—-2)+ (.1:—2)2 2(ac—z)3 2<r<3
8 s _
24+ —(z-1)- (:1:—1) : 1<r<2
‘ 15
) S(z) = 2—‘—(33—2)——(.% 2)% + = (a:—2)3 2<zr<3
11 17 . 3
-3+ —=(z-3P%— (- <z <
1+15(:c 3)-!j‘5(a: 3) 15(3: 33, 3<z<H4
. 1
9a=2b=1c=3d=—;
2
2 4 2 4
1 = - = - = - = e -
Obo 3ad0 3)b1 3ad1 3
17, 1
1+—2Z(:c—2) %—(z——2)3, ' 2<z<3
11 (a) S(z) = 1
4+§(:1:—3)—'8(:c—3)2+3(a:‘—3)3, 3<r<4
1+a)—-2-§:c2+163 0<zs<l
3 3
b) S(z) = —1+:1)’(:1:—1)+—(a: )2 -5@-1)% 1<z<2

2+§(z—2)—-§-(z—2)2+—?’é(:c—z)?’, 2<z<3
12 o =15,b=17,¢=7,d =10,

18 by = 22 go =2

7- .
b = - = 1.
3 35 1A 3)d'1
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14 A=-0.2214, B =,0.1246 C = 0.9811

15 A =2.0050, B = 0.4867

16 V6i h = 0.2 ta c6 bang sé:

z|0 0.2 04 0.6 0.8 1.0
y|1 1.2214 14918 1.8221 2.2255 2.7183

Khi d6 f(z) = —0.2562 + 5.3909z — 2.58822 ~ eZ.
Tuong tir cho trudng hgp h = 0.1.

2|0 01 02 03 04 05 - 06
y|1 11052 1.2214 1.3500 1.4918 1.6487 1.8221

| 07 08 - 09 1.0
y | 2.0138 2.2255 24596 2.7183

Khi d6 f(z) = —0.1875 + 5.3996z — 2.764z2 ~ €Z.

CHI DAN VA TRA LOI BAI TAP CHUONG 4
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h=0.1

h = 0.05

h =0.01

h = 0.005

h = 0.001

(@) | f'(1.2)

3.964713

4.227127

4.312622

4.315306

4.316164

f"(1.2)

—25.73669

—25.88950

—25.93781

—25.93932

—25.93980

(b)

()

(d)

Gid tri chinh xdc f/(1.2) = 4.316200 va f”(1.2) = —25.93982

h=0.1

h =0.05

h =.0.01

h = 0.005

h = 0.001

'(0.5)

0.708128

0.718166

0.721374

0.721475

0.721507

0.222112

0.226517

0.226657

£7(0.5) | 0.208379 0.226699

Gia tri chinh xéc f/(0.5) = 0.721508 va f”(0.5) = 0.226701

h=01 | h=0.05|h=0.01]h=0.005]%=0.001

f'(1) | 3.743304 | 3.737646 | 3.735834 | 3.735778 3.735760

f"(1) | 5.270354 | 5.265773 | 5.264302 | 5.264256 5.264242

Gid tri chinh xac f'(1) = 3.735750 va f”(1) = 5.264241

h=0.1 h=0.06 | h=0.01 [ A=0.005] k= 0.001

f'(3) | 0.407806 | 0.407507 | 0.407411 | 0.407408 0.407407

f"(3) | —0.210213 | —0.209961 | —0.209880 | —0.209877 —0.209877

Gid tri chinh xéc f(3) = 0.407407 va f"(3) = —0.209877
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2 f'(1.3) ~ N{V(1.3) ~ 4.7458

3
(a) I~ 0.372508 () I ~0.637197
‘(b) I ~ 42.61379 (d) I ~ 0.384965
4
(@) I ~0.373553 (c) I =~ 0.636295
(b) I =~ 43.63994 : (d) I =~ 0.384180
5

(@) I~ 0.746670

(b) I =~ 0.746824

6

! Moh2
(@) Mz = maxeeps |f"(@)] = 1. (b - 0) =5
n =92 = I ~ 0.38628944

<1075 = n > 91.287. Chon

(b) Ms = maxge[i g |f(4)(z)| =6, (b 5 = n > 7.598. Chon

n =8 = I ~ (0.38629204

180

Chu  riing gia tri chinh xdc [ = 2In2 — 1 = 0.38629436

7 Cong thitc hinh thang: I; = 2.1380, I; = 7.3307. Cong thitc Simpson:
I; = 21293, I, = 7.2251.

8 "
(@) I ~0.3738977 (c) I =~ 0.6362926

(b) I ~ 43.570191 (d) I~ 0.3841561

9 (@ e =e[1+(z—1)+%(z—1)2+%(m—1)3+%(z—1)4]+R4(z) _

2
) P,
Py(z) + Ra(z). Taco _Pul@) 45 — 1093809724 Con tich phan

1 V/(z—-1)?
f e? -—P4 .7;)

. (______. dr ~ 0.04067867 theo cong thiic Simpson véi sai sb
x —
nho hon 1075, Do @6 I ~ 10.97877591.
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3 1
(b) sinz = = — % + Ry{z) = Py4(z) + Ra(z). Ta cb Jo Pj/(;) dz =;_i
2 o3 _
Cén tich phan J' %P—“@ dz ~ 0.00148901 theo cong thirc
1 T

Simpson véi sai s6 nhé hon 1076. Do d6 I ~ 0.62053663.

©  dx 1 dz © dx
= — = = L1+I,. I; 1a tich pha 3
© 1 fo 1+ 23 ,[)1+z3+Jl 1+28 1+72. 71 fa Heh phan xac

dinh théng thuong; con véi I, ta thuc hién phép déi bién z = %
1 1
ta thu duge I, = f 2y o [ (Lt a)de

1 1+2% o 1+23
coéng thitc Simpson véi sai s6 nhé hon 107% ta thu duge I ~

. . 2
1.20919964. Biét gia tri chinh xaccua I = 3—% = 1.20919958.

. Xap xi theo

dx _ljl dz
/14224210 5 Jo V1+ 2+ 22

coéng thic Simpson véi sai s6 nhdé hon 1075 ta thu duge I ~
0.15353030. Biét gia tri chinh xic ctia I = %m (1+%) =
0.15353035.

- Q0
(d) Tuong tu, J = J XAap xi theo
1

10 (a) h =1s: s(10) ~ 352.7733, h = 0.5s : 5(10) ~ 353.2542

(b) h = 1s: s(10) ~ 353.4188, h = 0.5s : s(10) ~ 353.4145
11 Cong thitc hinh thang: m ~ 431567.5g = 431.5675kg.

12 (a) Cong thic Simpson: M ~ 335.96253

(b) Cong thirc Gauss bac 5: M ~ 335.96235
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1

CHI DAN VA TRA LOI BAI TAP CHUONG 5

(a) Ta cé:

123

yr(Euler)

yk(RK?2)

ye(RK4)

y(te)

1.0
1.1
1.2
1.3
14
1.5
1.6
1.7
1.8
1.9
2.0

1.00000000
1.00000000
0.99090909
0.97348485
0.94836830
0.91610889
0.87718282
0.83200674
0.78094832
0.72433433
0.66245719

1.00000000
0.99545455
0.98178375
0.95975290
0.93000862
0.89310448
0.84951978
0.79967358
0.74393543
0.68263360
0.61606168

1.00000000
0.99515907
0.98121462
0.95892712
0.92893968
0.89180328
0.84799526
0.79793315
0.74198528
0.68047900

0.61370711.

1.00000000
0.99515880

-0.98121413

0.95892646
0.92893887
0.89180234
0.84799419
0.79793197
0.74198400
0.68047762
0.61370564

(b) Ta c6:

tk

Yr(Euler)

yr(RK2)

ye(RK4)

y(te)

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

2.00000000
2.00000000
2.06020100
2.18424147

2.38094642 |

2.66530300
3.06023585
3.59946368
4.33191286
5.32845586
6.69220135

2.00000000
2.03010050
2.12313629
2.28673129
2.53468232
2.88877820
3.38178166
4.06212211
5.00119874
6.30475931
8.13075149

2.00000000

2.03020081..

2.12325388
2.28682400
2.53478294
2.88905604
3.38265499
4.06446211
5.00669797
6.31659622
8.15479098

2.00000000
2.03020084
2.12325398
2.28682425
2.53478348
2.88905719
3.38265742
4.06446739
5.00670952
6.31662144
8.15484549
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2

(c) Ta co:

(d) Ta co:

123

yr(Euler)

ye(RK2)

ye(RK4)

y(tx)

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.00000000
0.00000000
0.02010042
0.06132143
0.12602342
0.21820796
0.34407810
0.51301315
0.73926795
1.04503770
1.46629963

0.00000000
0.01005021
0.04086423
0.09436384
0.17403828
0.28544762
0.43711259
0.64207607
0.92072781
1.30619619
1.85544433

0.00000000
0.01005021
0.04081358
0.09420770
0.17371282
0.28487369
0.43618657
0.64065570
0.91860867
1.30307005
1.85081978

0.00000000
0.01005021
0.04081355
0.09420764
0.17371271
0.28487348
0.43618619
0.64065504
0.91860749

1.30306791 -

1.85081572

122

yr(Euler)

ye(RK2)

Qk(RK 4)

y(tx)

1.0
1.1
1.2
1.3
14
1.5
1.6
1.7
1.8
1.9
2.0

2.00000000
2.14166667
2.28025812
2.41617064
2.54972645
2.68119157
2.81078855
2.93870570
3.06510393
3.19012194
3.31388024

2.00000000
2.14012906
2.27730238
2.41189944
2.54422900
2.67454620
2.80306459
2.92996502
3.05540207
3.17950908
3.30240194

2.00000000
2.14004780
2.27715259
2.41169077
2.54396897
2.67424078
2.80271862
2.92958246
3.05498622
3.17906273
3.30192747

2.00000000
2.14004775
2.27715249
2.41169065
2.54396883
2.67424062
2.80271845
2.92958227
3.05498602
3.17906252
3.30192725

(a) Ta co:

Yk

y(tx)

1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0

0.00000000
0.34591029
0.86662169
1.60718135
2.62031131
3.96760190
5.72087932
7.96377179
10.79350178
14.32293573
18.68292657

0.00000000
0.34591988
0.86664254
1.60721508

2.62035955 |

3.96766629
5.72096153
7.96387348
10.79362466
14.3230815<
18.68309708
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(b) St dung bang

(c)

dugc:

z]

1.0

1.1

- 1.2

1.3

179

ta thu

y|0.000000 0.345910 0.866621 1.607181

(i) y(1.04) ~ 0.12027100. Gia tri chinh xac: y(1.04) = 0.11998750. Sai
s6: A = 0.00028350. '

(i) y(1.32) ~ 1.78652215. Gia tri chinh xac: y(1.32)

Sai s6: A = 0.00031900.

(iif) y(1.66) ~ 7.00251482. Gia tri chinh xac: y(1.04)

Sai sb: A = 0.00045527.

1.78620315.

7.00205956.

I ~ 5.71717197. Ta c6: F(t) = {y(t)dt = (t> — 2t + 2) €’ —§t3. Gia tri
chinh xac I = F(2) — F(1) = 5.71717277. Sai s6: A = 0.00000080.

_ Euler | RK2 RK4
(a) | z(1.2) |{ 1.520000 | 1.314000 | 1.283553
y(1.2) | 2.240000 | 2.368000 | 2.345040
Euler RK2 RK4
(b) | z(1.2) | 0.362928 | 0.385533 | 0.387710
y(1.2) | 0.549001 | 0.547774 | 0.548164
Euler RK2 RK4
(c) | =z(1.2) | 0.400000 | 0.444749 | 0.455955
y(1.2) | 0.560000 | 0.605849 | 0.616663
Euler RK2 RK4
(d) | z(1.2) | 1.786000 | 1.979590 | 2.033934
y(1.2) | 0.690000 | 0.846370 | 0.869250
4 Ta c6 bang két qua sau: ‘
ty Tk z(tx) Yk y(tk)
0.0| 1.000000  1.000000 | —2.000000 -—2.000000
0.1{ 0.795671  0.795670 | —1.880525 —1.880525
0.2| 0.585384  0.585384 | —1.724386 —1.724386
0.3| 0.373216 0.373215 | —1.535417 —1.535416
04| 0.163219 0.163218 | —1.317931 —1.317930
0.5 | —0.040633 —0.040634 | —1.076662 —1.076661
0.6 | —0.234507 —0.234508 | —0.816686 —0.816684
0.7 | —0.414763 —0.414765 | —0.543345 —0.543342
0.8 | —0.578013 —0.578015 | —0.262166 —0.262163
0.9 | -0.721164 —0.721166 | 0.021220 0.021223
1.0 | —0.841469 —0.841471| 0.301165 €.301169
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5 (a) z(t1) ~ 0.254400, x(t2) ~ 0.267634.

() z(t1) ~ 0.260000, z(t2) ~ 0.694800.

6 Ta c6 bang két qua sau:

123

Tk

z(tk)

[0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8

109

1.0

1.00000000
1.10337038
1.21362964
1.33100002
1.45570372
1.58796298
1.72800001
1.87603704
2.03229630
2.19699999
2.37037035

1.00000000
1.10337037
1.21362963
1.33100000
1.45570370
1.58796296
1.72800000
1.87603704
2.03229630
2.19700000
2.37037037

7 Voi h = 0.25 ta c6 két qua:

zr | vk (pp sphh) [y (pp ban)

0.00
0.25
0.50
0.75
1.00

0.0

0.11214568
0.19321852
0.27254037

0.36787944

0.0

0.10988642
0.19117392
0.27154537
0.36787944

y(-’”k)l

0.0

0.10985044
0.19113800
0.27152566
0.36787944

Véi h = 0.1 ta c6 két qua:

Tk

yx (pp sphh)

v (pp ban)

y(rk)

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

0.0
0.04987398
0.09159134

0.12769480 -

0.16036681
0.19145543
0.22250147

0.25476638 .

0.28926011
0.32676843
0.36787944

0.0

0.04966658
0.09127108
0.12733170
0.16001048
0.19113874
0.22224392
0.25457697
0.28913989
0.32671266
0.36787944

0.0

0.04966615
0.09127040
0.12733091
0.16000968
0.19113800
0.22224329
0.25457649
0.28913957
0.32671251
0.36787944
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3 Ta co:

& ] 025 050 075

@ — 701952 04235 0.6952

ik 1.2 1.4 16 1.8

®) Uk | —0.0300 —0.0490 —0.0536 —0.0392

4] 21 22 23 24 25 26 27 28 29

(©) = 0751 0.553 0.397 0.277 0.185 0.116 0.066 0.032 0.011

d tr | 0.1 0.2 0.3 0.4 05 06 0.7 0.8 0.9
vk | 0.243 0.286 0.331 0.378 0.428 0.482 0.543 0.614 0.698

9
@ te| 0.25 0.50 0.75

uk | 01970892 0.42594958 (0.69710663

t 1.2 1.4 1.6 1.8
b)

Uk | —0.03024059 —0.04952096 —0.05414518 —0.03967223

© | 2.1 2.2 2.3 24 2.5 2.6 2.7 2.8 2.9
vk | 0.7510 0.5528 0.3969 0.2761 0.1840 0.1153 0.0657 0.0315 0.0102

@ te| 0.1 02 03 - 04 05 06 07 08 09
vk | 0.2427 0.2859 03304 0.3770 0.4267 04812 0.5426 0.6135 0.6977
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