Chuong 1: HAM NHIEU BIEN

1. Pao ham riéng

Cho ham sb u = f(z,y) x4c dinh trong l4n cin U cta diém Mo (z0, yo). Néu ham s6 mét bién z — g(z) = f(z,y0)
¢6 dao ham tai z, thi dao ham dé duoc goi 1a dao ham riéng theo bién x ctia ham hai bién f(z,y) tai diém

Y 71 A N y a 8 A
Mo (z0,y0) va ki hieu la f; (Mo) = f; (2o, yo) hodc 87£(M0) = é(%, yo)- Nhu vay
ﬂ(x )= lim flxo + Az, yo) — f(wo,v0)
or 05 Yo Aam Av
hoac
P . ) — o
a*f(ffov yo) = lim f(@,90) = f(xo yo).
z T—To T — 2o

Tuong tu, dao ham riéng theo bién y ctia ham hai bién f(z,y) tai diém Mo (zo, yo)

%(ZC ) — lim f(x()a Yo + Ay) B f(x07y0)
Gy 0, Yo Ay—0 Ay

Bing cach tuong tu trén ta ciing c6 cac dinh nghia dao ham riéng ctia ham c6 sb dbi s6 nhiéu hon hai.

Chu y 1.1. Tir dinh nghia trén ta thdy rdng dé tinh dao ham riéng theo mét bién ndo dé ta coi cdc bién khdc la
hdng s6 va tinh nhu dao ham mét bién théng thudng.

Vidu 1.1. (1) f(z,y) = 2z. Tac f(x,y) =2, f,(x,y) = 0vdimoi (z,y) € R%
) f(z,y) = arctan %, xdc dinh trén U = {(z,y) € R?%; 2 # 0}. Ta ¢6

1 yl 7% Y
/ _ J _ T _
1+ (= 1+ =
T x
1
1 y/ - z
f&l/(xay) = 2 <£IJ) = " 2 = 22 +y2
1+<y) y 1+(y>
T T

(3) flz,y) =¥’ Tinh fi(1,1), f/(1,1).
film,y) = 202%™V = f1(0,1) = 2¢, f)(x,y) = 20%ye” ¥ = f1(0,1) = 2e.

4 f(z,y,2) = 2> 4+2yzxdc dinh trén R3. Ta 6 f,(x,y, z) = 2z, f}(x,y) = 22, fL(x,y) = 2yvéimoi (x,y,z) € R

(5) Cho z = yf(x2 — y?), trong d6 f la ham khd vi mot bién. Chitng minh rdng véi moi x # 0 va y # 0 ta cd:
Los 1
z 0x y oy vy

z
—-

Thdt vdy, ddt u = x® — 92, ta cé

0z
O, = 2myp (),
0z
oy fu) +yf (w)uy = f(u) = 29" f' (u).
T d 10 10 1
2 2 , oy 2
~ar + o 2y f'(u) + ;f(u) —2yf'(u) = 2
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1

(6) Cho u = ————oe=. Tinh uj,, uj, u.. Ta viét lai u = (22 + y2 + 22) "1/ Tie d6
VI +y*+z
= —ala? 4y ),
u; _ _y(xQ +y2 _’_22)—3/27
ul, = —z2(2% + % + 22)73/2.

2. Vi phan toan phan
Pinh nghia 2.1. Cho ham sb z = f(z,y) xdc dinh trong ldn cdn U ctia diém (x¢, yo). Ham f(z,y) dudc goi la khd
vi tai (xo, yo) néu sb gia toan phdn ciia ham s6 tai (o, yo) c6 thé dugc biéu dién dudi dang:

Af(xo,y0) = A. Az + B.Ay + a. Az + 5.Ay (2.1)

trong dé A, B la cdc hdng sb (khéng phu thudc vao Az, Ay) va a — 0,8 — 0 khi Az — 0, Ay — 0. Biéu thitc
A.Az + B.Ay dugc goi la vi phdn toan phdn ctia ham sb tai (zo,yo) va duoc ki hiéu la df (xo, yo). Nhu vdy:

df (o, y0) = A. Az + B. Ay (2.2)
Ham sb u = f(x,y) dugc goi la khd vi trén U néu né khd vi tai moi diém ctia U.

Dinh ly 2.1. (diéu kién cin) Néu f(z,y) khd vi tai (zo,y0) thi ham sb ¢6 cdc dao ham riéng cdp 1 tai dé va
A = fi(z0,50), B = f} (w0, yo) trong biéu thifc (2.1) ciia Af(xo, o).

Cong thiic (2.2) trd thanh:
df (x0,y0) = fr(20,y0)Az + f, (0, y0) Ay (2.3)
Vi du sau chiing t6 chiéu nguoc lai ctia Dinh ly 2.1. khéng ding.

Vi du 2.1. Chiing minh rdang ham sb z = f(x,y) = ¥Ty c6 cdc dao ham riéng tai (0,0) nhung khéng khd vi tai
do.
Giai. Ta c6

f(Aan)_f(O70) : 0-0

' = I =1 =
0.00= T o A Y

Tuong ty f;(0,0) = 0. Gid sit ham s6 kha vi tai (0,0). Khi d6, theo Dinh 1y 2.1., s gia toan phan cta f tai (0, 0)
Af(0,0) = 0.Ax + 0.Ay + o(p), p=Ax?+ Ay?

13 VCB cép cao clia p. Mt khéc, tinh truc tiép ta cb

Af(0,0) = f(Az,Ay) — f(0,0) = /AzAy.

Do d6 ta suy ra: /AzAy = o(p). Xét ti s6
Af(0,0) VArAy

P VAZZ+ Ay?

Liy Az = Ay — 0 thitaco
Af(0,0)  Azd

= — 00,
p V2|Az|
tiic 1a A £(0,0) khéng phai 1a VCB cp cao hon p, ta gip mau thudn. Ching t& ham s6 khéng kha vi tai (0, 0).
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Dinh 1y 2.2. (diéu kién cin) Néu f(x,y) khd vi tai (o, yo) thi nd lién tuc tai dd.

Nhén xét 2.1. Piéu ngugc lai ciia Pinh ly 2.2. khdng chdc diing. Chdng han ham f(z,y) = /z2 + y2 lién tuc tai
moi diém ctia R? nhung f(x,0) = || khdng ¢ dao ham tai 0, titc la ham f(x,y) khéng c6 f.(0,0). Tuong tu,
f(x,y) khéng cd f,(0,0). Vdy f(x,y) khong khd vi tai diém (0,0).

T Binh ly 2.1. va Vi du 2.1. ta thiy ring su ton tai cdc dao ham riéng chi 1 diéu kién cin ctia ham kha vi
chtt khéng phai 14 diéu kién du, tinh chit nay khac hin ham mét bién sb.

Dinh ly 2.3. (diéu kién dti) Néu ham sb = = f(x,y) xdc dinh trong ldn cdn ctia (z, yo) va ¢d cdc dao ham riéng
fo(@,y), fy(z,y) lién tuc tai (xo,yo) thi f(x,y) khd vi tai (o, yo)-

Xét trudng hop dic biét f(z,y) = 2. Khi d6 df (z,y) = dz = Axz. Tuong tu dy = Ay. VAy vi phan toan phan clia
ham s f(z,y) tai (zo,yo) cb thé viét dudi dang:

df(x()vy()) = fg/:(m07y0)dx + f;(x07y0)dy

Téng quat ta cb
df (z,y) = fo(x,y)dx + f,(z,y)dy.

Vi du 2.2. Tinh vi phdn ctua cdc ham:

(D f(z,y) = Va2 + 9>

@) fz,y,2) = e TV tai My(0,1,2).

Giai. (1) Ta tinh cic dao ham riéng

of T af y

or /$2+y2’@: [+ g2

T PR y
Do do df = axdx + aydy = \/de + \/mdy.
(2) Ta c6
ai _ z2+y2+z2 6f . n.
B 2xe = 8x(MO) =0;
Of _ o a?ty+s? of _ 9,5.
9y 2ye = o (My) = 2¢°;
Of _ o at4y?+s? of — 45
5 2ze = o (My) = 4e°.
Tu dé
? of of af s s
A (Mo) = 57 (Mo)de + 50 (Mo)dy + 5 (Mo)dz = 2%y + 4e°dz.

Ung ctia vi phén toan phan d€ tinh gan diing: Cho ham sb f(, y) kha vi tai (0, yo), tlic 13 ta ¢b A f(zq, yo) =
df (o, yo) + Az + SAy. Virang aAz + SAy = o(p) khi p = \/Az?2 + Ay? — 0. VAy v6i |Az|, |Ay| kha bé ta sé
nhéan dudc:

A f(zo,yo) = df (x0, y0)
& flzo + Az, yo + Ay) = f(x0,y0) + f1 (20, y0) Az + f, (20, y0) Ay. 2.4
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Cong thiic (2.4) thudng dugc st dung dé tinh gin ding gid tri cia ham sb trong 1an cin kha bé ctia (zo, yo)-
Tuong tu d6i v6i ham ba bién ta ciing ¢

f(wo + Az, yo + Ay, 20 + Az) & f(Mo) + fo.(Mo) Az + f(Mo) Ay + f(Mo) Az,
voi M() = ((,E(],y(),Z()) va |A(E| s |Ay| s |AZ| kha bé.
Vi du 2.3. Ung dung vi phdn toan phdn dé tinh gdn diing cdc dai lugng sau ddy:

(1) A= (1.04)>9.
(2) B = /(1.04)%99 + In(1.02).

Giai. (1) A = (1 +0.04)270-03_ Xét ham f(z,y) = z¥. Chon (z, yo) = (1,2) va Az = 0.04, Ay = 0.03. Khi do
A= f(zo+ Az, yo + Ay) = f(xo,y0) + fr(x0,y0) Az + f, (x0, yo) Ay.

Tiép theo ta tinh flxo,90) = 12 =1, % =ya¥ ! = %(mo,yo) =2va % =a2Ylny = g—‘;(xo,yo) =
1.In1 = 0. Viy

A1+ 2.(0.04) +0.(0.03) = 1.08.

(2) B = /(1 +0.04)27001 +-In(1 + 0.02). Xét ham f(x,y,z) = V¥ + In 2. Chon My = (w0, Yo, 20) = (1,2,1) va
Az = 0.04, Ay = —0.01, Ay = 0.02. Khi d6

B = f(xo + Az, yo + Ay) = f(Mo) + f1.(Mo) Az + f}(Mo) Ay + f1(Mo)Az.

Bay gi0 ta tinh gia tri ctia ham va gia tri cic dao ham riéng tai diém M. Ta c6 f(My) = V12 +Inl = 1va

of yzv~! of 2.1
= = — (M) = ——==1
oz 2vVxY +1nz 8:5( O) 2v/1+1In1 ’
af z¥Inx of

Jy 2v/xY +1Inz 8y( 0) ’

of 1 of 1

0z  2z2v/z¥+1Inz 0z (Mo) 2

T do suy ra
1
B~ 1+ 1.(0.04) +0.(~0.01) + 5.(0.02) = 1.05.

3. Pao ham riéng cia ham hgp

Gia stt z = f(x,y) va z,y lai 12 ham ctia s va t. Khi d6 d€ tinh dao ham riéng ctia ham hop z(s,t) =
f(a(s,t),y(s, 1)) ta cling ¢ Quy tdc Xich tuong tu nhu hAm mét bién nhu sau.

Pinh 1y 3.1. Cho z = f(z,y) véi x = x(s,t),y = y(s,t). Gid si:
(1) Cdc bién trung gian x(s,t), y(s,t) cé dao ham riéng cdp 1 tai (s, to),
(2) f(z,y) khd vi tai diém (x0,y0) = (z(s0,t0), y(s0, t0)).
Khi d6 ham hop z = z(s, t) cé dao ham riéng cdp 1 tai (so, to) va dugc tinh béi cong thitc:

0z 0z 0x 0z 0y
& = %g + 87;%’ (3.5)
0z 0z 0z  0z0y

ot oz ot oy ot
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Nhan xét 3.1. (1) Truong hop z = f(u(z,y)), ta cé
0z df(u) Ou 0z  df(u) Ou

Oz du 0z’ dy  du Oy’

2) TrlI(‘mg hdp z = f(l.a y)) T = x(t): Yy= y(t): ta cé
G _ofdr of dy

dt oz dt " 9y dt
(3) Truomg hop = = f(z,), =1, y = y(t) = = = f(z,y(x)), ta cd
dz df 9f dy

dz Oz ' Oy dz’
(4) Truong hop z = f(u(z,y),v(z,y), w(z,y)), ta co:
dz O0f0u Ofdv Jf ow

9r ouds  owdr  owdx’
dz Odfou Of0v Of ow

dy  oudy  ovdy  owdy

0: 0

, —. Ta co
ot’ 0s

Vidu 3.1. (1) Cho z = 23¢Y, trong dé x = st, y = s> — t>. Tinh

0z 82@ 82@

ot~ oz ot oy ot
= 3z%eV.s + aPe¥(—2t) = 6527t253t2(3 —2t%).
0z  0z0x  0z0y

9s 0z 0s  0yos

= 302Vt + 23e¥ 25 = e s2t3(3 + 25?).

(2) Cho z = ulnw, trong dé u = 3z — vy, v = x> + y>. Tinh %, %tai (z,y) # (0,0). Theo cbng thiic (3.5) ta cé
€T gy
0: _0z0u 00
dxr  Oudx Ovox’
u 5 oy 22(3x —y)
:3lnv+;.2x:3ln(;v +y )+W7
0: _0:0u 0200
oy Oudy Ovoy’
u 2y(3z —y)
= —Inu+ L2y =—In(z? +4?) + LY
HUJFU Yy n(z” +y°) + 21y

(3) Cho ham z = f(x,y) c6 cdc dao ham riéng va x = rcos @,y = rsin g, (r,p) la toa db cuc ctia diém (z,y). Khi
do z = f(rcosy,rsiny) va

0z Of of .

ar = %.cosgo—i- ay.smgp,
% = fﬁ.rsimpqL g.rcosga.
dp or oy

(4) Cho z = f(x,y) = 23 — xy, trong d6 x = 1 — t%, y = t*. Tinh %
Ta co
dz  Ozdx Oz dy
dt Oxdt Oy dt’
= (322 — y)(—2t) + (—x)4t>
= [3(1 — %)% — t1)(—2t) + (t* — 1)4t> = 2t(4t* — 3).
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, , . dz . .
(5) Cho z = arctan g, trong do y = +/1 — x. Tinh d—z véix #0vax < 1.
x T
Ta co

ds_0: 0z dy
der  Oxr Oy dx
1 —y 1

()T

+ | = 1+ (=
T T
T —2

22—z + 1)1 —x

(6) Cho z = sinx + f(siny — sinx), trong d6 f la ham khd vi mét bién. Chitng minh rdng

—1

2V/1— =z

1
T

0z 0z
— COSY + — COST = COS X COSY.
Jy

ox

bdt uw =siny —sinz, ta ¢ z = sinz + f(u). Ta co

d
& _ cosa+ —f(— cosx),

ox du

Vdy
0z z df df
—— COSY + — COST = COST COS Y — d—cosxcoser 2y, COSTCO8Y = COST COS Y.
U u

or oy
(7) Cho z = f(a2 + 42,2z + 3y), f la ham khd vi bdt ky. Tinh dz(1,1).

Datu =2 +y? v=2x+3ytacd z = f(u,v). Theo cong thitc dao ham ctia ham hgp
2= flaul + flol =2xf +2f),
2y = foty + fovy, = 2yfo + 3f..

Tai (z,y) = (1,1) ta ¢6 (u(1,1),v(1,1)) = (2,5), dovdy z,(1,1) = 2f,(2,5) + 2f,(2,5), 2,(1,1) = 2f,(2,5) +
3f!(2,5). Cudi ciing

dz(1,1) = 2,(1,1)dz + 2, (1, 1)dy = (2£,,(2,5) + 2£,(2,5))dz + (2£,,(2,5) + 3f,(2,5))dy.

?

4. Pao ham ctia ham s6 an

\ I\" N . I,\
4.1. Ham an mot bién

Cho phuong trinh
F(z,y) =0, (4.6)

trong dé F(z,y) 1a mét ham hai bién x4c dinh trén tdp mé D C R2. Néu tén tai mét ham sb y = y(x) xac dinh
trén tip con I C R sao cho (z,y(z)) € D va F(z,y(x)) = 0 v6i moi z € I thi ham sb y = y(z) goi 12 mot ham
dn xé4c dinh béi phuong trinh (4.6).

MOt bai todn dit ra 13, cho phuong trinh F(xz,y) = 0, v6i diéu kién ndo thi ton tai ham 4n. Dinh Iy sau day
giai quyét bai toan do.

Dinh ly 4.1. Xét phuong trinh F(x,y) = 0, trong d6 F(z,y) la ham hai bién xdc dinh trén hinh tron mé
UE(M()) C R2, tam My = (xo,yo), bdn kinh e. Gid sit
(1) F lién tuc trong U.(My) va F(zo,yo) =0,
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; , N F OF ., . OF
(2) ton tai cdc dao ham riéng (Z—, % lién tuc trong U.(My) va %—(xo, yo) # 0.
T oy Y

Khi dé ton tai § > 0 sao cho phuong trinh F(z,y) = 0 xdc dinh mét ham dn y = y(x) khd vi lién tuc trong khodng

(xg — 0,20 + 0) va ta co:
dy _ B

" 4.7)

Nhan xét 4.1. Céng thitc (4.7) c6 thé chitng minh don gidn nhu sau. Ldy dao ham hé thitc F(x,y(x)) = 0 ta c6

d
0= %F(x,y(:c)) =F,+F,y. (4.8)

Tit d6 suy ra (4.7). Ciing tir ddy ta thdy rang dé tinh dao ham ham dn, ta cd thé vin dung (4.8) thay cho (4.7),
tic la ci dao ham phuong trinh, coi y la ham cia z, tic do gidi ra dugc y' ().

Vi du 4.1. Cho phuong trinh F(z,y) = 0, trong dé F(x,y) = 2y — siny — 2z. Hdy tinh dao ham ctia ham dn
y = y(z) xdc dinh bdi phuong trinh nay tai xo = 0.

Khi o = 0, phuong trinh sé la 2y — siny = 0. Phuong trinh ciia dn y chi ¢é mdt nghiém duy nhdt yo = 0 vi véi
y # 0 tht [siny| <[y < 2[yl.

Tacé Fy =2—cosy > 1, dé thdy cdc diéu kién cta Pinh ly 4.1. dugc théa man, do dé phuong trinh dd cho xdc
dinh mét ham dn y = y(x) théa man y(0) = 0 va

F, 2

Y(@) = -5 =g
F,  2—cosy

vdi moi x & trong ldn cdn cua 0. Hon nita y'(0) = 2.

Vi du 4.2. Tinh dao ham y/(x) ciia ham dn y = y(z) xdc dinh béi phuong trinh
23 +y® = 3ay.
Gidi. Ta viét lai phuong trinh dudi dang 23 + y3 — 3zy = 0. Ddt
F(z,y) = 2% + 3> — 3ay.
Khi do

F, 3$2—3y_ 2% —y
F 3y? — 3x Y-z

y'(z) =

véiy? —x # 0.

Vi du 4.3. Tinh dao ham v/ (x),y" (x) ctia ham dn y = y(x) xdc dinh bdi phudng trinh

1
In ———= = arctan Y.
x

2o A . v 7. 1 o
Giai. Ta viet lai phuong trinh dudi dang 3 In(z? + y?) + arctan Y — 0. pdt
X

1
F(z,y) = 5 In(2® + ) + arctan Ly
X
Ta co:

v, AN
x2+y2 2 2 _-T2+y2’
1+<y)

F =

xT
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Y 1 1 T+y
F = — | = .
Yy $2+y2+ <y)2(m> x2+y2
1+{=
x
Khi do )
Y@= =t Lot
F r+y T4y
va

y'(x) = (?J - w)' (Y —D+y) - 1+y)y—2)

Tty (z +y)?
B (i+z—l>(x+y)— <1+Z+§>(y—x)
a (z +y)?
y—z—(@+ylle+y —[z+y+y—2(y—2)
B (z +y)
_ —2e(zty) -2y — =)
(x+y)?

_ —222 — 2y

(x+y)?

N s 1A
4.2. Ham an hai bién
Tuong tu ham &n mét bién, ta ciing c6 khai niém ham &n nhiéu bién s6 va dinh 1y vé su tn tai ham 4n nhu sau.

Pinh Iy 4.2. Xét phuong trinh F(z,y,z) = 0, trong d6 F(x,y,z) la ham ba bién xdc dinh trén hinh cdu mé
Ue(Mo) C Rg, tdm My = (l’o,yo, Zo), bdn kinh €. Gid sit

(1) F(z,y,z2) lién tuc trong U.(My) va F(My) = 0.

(2) ton tai cdc dao ham riéng F, F,, F lién tuc trong Uc.(Mo) va F,(zo, Yo, 20) # 0.

Khi d6 véi 8 > 0 bét ky dii nhd, ton tai a > 0 sao cho véi mdi (x,vy) thudc lan cdn U.(xo,y0), phuong trinh
F(z,y,2) = 0 c6 mét nghiém duy nhdt z € (2o — 8, z0 + ). Hon nita, ham hai bién z = z(z,y) ¢d cdc dao ham
riéng lién tuc trong U, (o, yo) va xdc dinh theo céng thitc:

0z  F, 0z F

= F - F (4.9)

Vidu 4.4. Tinh 2, 2!, trong d6 z = z(z,y) la ham dn xdc dinh bdi phuong trinh xyz = cos(z + y + 2).

x “yr
Giai: Ta viét lai phuong trinh duéi dang zyz — cos(x + y + z) = 0. Dat
F(z,y,z) = zyz — cos(x + y + z).

Taco Iy =yz +sin(r +y+2), F)=zz+sin(zr+y+2), F,=xzy+sin(z+y+2). Vay

dz  F,  yz+sin(zx+y+2)
dr  F!  zy+sin(z+y+z)
0z  Fy,  xz+sin(z+y+2)
dy  F ay+sin(@ty+e)

Vi du 4.5. Cho ham dn z = z(z, y) xdc dinh béi phuong trinh z—ye*/* = 0. Hdy tinh gdn diing gid tri z(0.02,0.99).
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Gidi. Ta c6
2(0.02,0.99) = 2(0 + 0.02,1 — 0.01) ~ 2(0,1) + 2,(0,1).(0.02) + 2,(0,1).(—0.01).
Cho z = 0,y = 1 vio phuong trinh ban diu, ta dugc z(0,1) = 1. Mit khéc, dit F(z,y, 2) = z — ye™/*, ta b

)

= —Yerls By =—etl?, Fl=14 el

Tai (z,y) = (0, 1), ta thu dugc

Dz _ FL0,1,1)

7z 0 F/(0,1,1) L
F'(0,1,1

%2 (o,1) = - oL

dy F(0,1,1)

Cudi cing ta c6
2(0.02,0.99) &~ 1+ 1.(0.02) + 1.(—0.01) = 1.01.

4.3. Hé ham an

Cho hé phuong trinh
F =
(nyV u? U) 07 (4‘10)
G(z,y,u,v) = 0.
Trong trudng hop dic biét ta ¢6 thé giai tit hé ra hai &n s6 u, v phu thudc vao hai bién con lai:
=0
wz,y) =0, 4.11)
v(z,y) = 0.

Hé ham 4n (4.11) dudc goi 1a hé cac ham 4n xac dinh tit hé cac phuong trinh ham (4.10).
Vi du 4.6. Cho u(x,y),v(x,y) la cdc ham dn xdc dinh béi hé phuong trinh:
{ ut+v==x
u—yv =0
Hdy tinh vi phdn toan phdn du, dv.

Giai. Dao ham tling phuong trinh ctia hé theo  ta c6

1 \ \ \ k) A /4
, v, = ——. Tuong tu, dao ham tung phuong trinh cua hé theo y ta cé

Giai hé ta dugc v/, =

{u;Jrv;O
/ A
uy, —v—yv, =0
vagiditau, = —— vl = —° (vdiy £ —1). Viy
Y v
du = ——dr+ ——d
1+y 1+y Y
va )
dv = ——dx — Y dy.

1+y 1+y
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Nhén xét 4.2. Ta c6 thé gidi bai nay bang cdch 14y vi phdn hé phuong trinh dd cho:

du + dv = dz,
du — ydv — vdy = 0.

.. d d dr — vd
Gidi ra dugc du = w, A —
14y 1+y

Vi du 4.7. Tinh cdc dgo ham riéng %, ? biét hé phuong trinh ham dn:
x’ Ox

wdur—uw+y2=0
uv +v? — 2y = 0.

Giai. Dao ham tling phuong trinh ctia hé theo  ta ¢6

/ !/ / / —
2uu, + zuy, +u — uyv — vyu = 0,
/ / / —
U,V + vyu + 2vv, —y = 0.

(2u + x — v)ul, —wl, = —u,
vul, + (u+ 20, = y.

Theo quy tic Cramer, ta dudc:

—u  —u

o - Yy u+2v B —(u+ 2v)u + uy

Y Rutzr-v  —u (u+2v)(2u+2—v) +uw
v U+ 2v

Tuong tu, ta tinh dudc v,
, zy + 2yu — yv + uv

Ve = (z+2u—v)(u+2v) +uv’

Vi du 4.8. Tinh dao ham y/(x), 2'(x) ctia cdc ham dn y = y(x), z = z(x) dugc xdc dinh béi hé phuong trinh sau:

r+y+z=0,
2+t +22=1.

Giai. Pao ham hai vé theo x ta ¢

1 +y/($) + Z’((}j) = 0, 1y/($) + Z/<.'1?) — _1,
=

2z + 2yy'(x) + 222 (z) = 0. gy () + 22/ (z) = —2.

Tir do, ta tinh
-1 1 1 1

Yy —r Zz —x

Viy
D, — D _
y/(x):7:x Z’ Z/(x):J:y X
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5. Pao ham riéng cap cao
Pao ham riéng cbp hai: Gia st z = f(z,y) xac dinh trong 14n can clia (zo,0) va ¢ cac dao ham riéng f/, fy
tai (2o, yo). Khi d6 ta c6 cac ham hai bién f/(z,y) va fo(z,y). Néu cdc ham nay c6 cac dao ham riéng tai diém

(20, y0) thi ching dudc goi la cdc dao ham riéng cdp hai ctia ham f (z,y) tai diém (x0,yo) va ky hiéu nhu sau:

2
O (w0, y0) = 2- (af) (20,%0) hay £/, (z0,30) = (£2), (0, 90),

0a? 9z \ Oz

gjj;( 0:Y0) = 6% (g;j) (z0,y0) hay f,(z0,%0) = (f,)y(20,%0),
aa;gy( 0:Y0) = 6%/ (gi) (0, y0) hay fy,(z0,90) = (f2)y (0, Y0),
8(?;28 (0, ¥0) % <g§> (0,90) hay fyo(zo,90) = (f,)z (%0, o).

0? 0?
oy O
0xdy dyox
ham nay khac nhau vé tht tu lay dao ham riéng theo tiing bién z, y va do d6 noéi chung ching khac nhau. Hoan
toan tuong tu ta c6 cac dao ham riéng cip 3, 4, ... Ching han

D _ o (1N 9 _ 0 (o
0xdy? Oy \Ozdy )’ 0220y Oy \0x2) "

goi 13 cac dao ham riéng hén hop clp hai clia ham f(z,y). Cac dao

Cac dao ham riéng cap

Bang cach tuong tu trén ta ciing ¢6 cac dinh nghia dao ham riéng cip cao hon hai ctia ham c6 s6 dbi sb

nhiéu hon hai. Vi du
u 0 9 0 9 dou

0x0ydx20z 0z Oz Oz Oy Oz’
Vi du 5.1. Tinh cdc dao ham riéng cdp hai ctia cdc ham

(1) z = e,
(2) z = arctan f‘

Giai. (1) Cac dao ham riéng cAp mét la:

0z 0z
2 ety 2 oY
5 = Ve a9y xe
Do dé cac dao ham riéng cép hai la:
a.rQ y ) ayQ )
va
0z 0 [0z —— 0%z 0 [0z T
=—|(—)=e xye —=—|=—]=e zye®y.
0xdy Oy \ Oz ve s Oydxr  Ox \ Oy 4
(2) Ta tinh cac dao ham riéng cép mot la:
2 = L (QC)/ 1 1y
y y?
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Do d6 cac dao ham riéng cap hai la:

" Y, Y ' 2xy
fo:(zz)z: ="
xT

//_(/)/_ Y /_ x2_y2
Foy = Fz)y = x2+y2 - (:172+y2)2’
Yy

S :(Z/)’ :< —Z ) _ $2_y2
yx y/x x2+y2 . (x2_|_y2)2

Chii y 5.1. Trong vi du trén ta thdy cdc dao ham hén hop bang nhau z;y = z'y/z Tuy nhién, trong truong hdp tong
qudt diéu dé cd thé khong diing.

Vi du 5.2. Cho ham sb

Chitng minh rang fay(0,0) # £,7.(0,0).

Giai. V6i (z,y) # (0,0) ta c6
y(z* — y* + 4a?y?)

fal:(x7y) = ($2+y2)2

Tai (z,y) = (0,0) ta cb

f/ (0 0) — lim f(A:E,O) — f(OvO)

Az—0 Az =0

vi viy

Ay—0 Ay  Ay—0 (Ay)®

£2,(0,0) =

Tuong tu véi (z,y) # (0,0) ta co

x(xt — y* — 42?y?)

f;(x,y) = (1’2 +y2)2

va f(0,0) = 0, do d6

f// (0 0) — lim fg,/(Ava) B f{/(0,0)

=1.
Az—0 Az

Nhu vay ;lac(ovo) =1#-1= a,c/y(()»O)

Pinh ly 5.1. (Schwarz) Néu f(x,y) ¢d cdc dao ham riéng hén hop f;/y va ;x trong lan cdn U.(My) ctia diém
Mo(z0,y0) va lién tuc tai My thi

" "

Joy(Mo) = f,.(Mp).
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6. Vi phén cap cao

Ta nhén thiy df (z,y) = f.(x, y)dx+ f, (x,y)dy ciing la mét ham s6 clia x va y nén c6 thé xét vi phan ctia né. Néu
df (x, ) kha vi thi vi phin cia n6 dudc goi 13 vi phan cip hai ctia ham s6, dudc ki hiéu 12 d2 f(z,y) = d(df (z,y))
va néi ring f(z,y) kha vi dén cép 2.

Téng quat vi phan cip n, néu co sé ki hiéu:

d"f(z,y) = d(d" ™" f(z,y)). (6.12)

Céng thitc vi phdn cdp 2 trudng hop x,y la bién dbc ldp. Ta c6

0 0 0 0
d2f(m7y) =d(df (z,y)) = p <8fd:v+6jytd )d +87y (afd +a—'§ y> dy

_ 0% ’f  Pf f
= 5-de +<aay+aa>dd +ﬁ

Gia st cac dao ham riéng hén hop lién tuc, do d6 chiing bang nhau theo Dinh 1y Schwarz. Khi dé:

*f *f 2f
922 d +238dxdy+82

& f(z,y) = (6.13)

Vi du 6.1. (1) Cho ham s f(z,y) = a¥. Tim d2f néu x va y la bién déc ldp.
(2) Tim d2u ctia ham v = f(z +y, zy) néu x va y la bién ddc ldp.

Giai. (1) Tit c6ng thiic (6.13) ta c6

& f >’f 2f
2
d2f = Sda? + 2 o d:cdy+82
Ta co ? =ya¥l, ? = 2¥Inz. Do do
x y
0? ., 0? 0? _
Oia:é:y(yfl)xy 2’ (‘TUJ;:xy(lnx)Q’ Oxafy = 1(1+ylnx).

Vay
d*f =y(y — Da?2da? + 22V "1 (1 4+ yInz)dzdy + ¥ (In z)2dy>.
(2) Ta viét ham dé cho duéi dang u = f(t,v), trong d6 t = = +y, v = xy. Gid st cac diéu kién lién tuc cin thiét
dugc théa man, ta c:

=it f 5= I+ L
O Fu+ o+ B+ Fon?
= fu 20y + 4 f-
= Tt afiu+ull oufl
= o+ @+ ) fly +wyfo, + f.
2
s = fit o+ L+

1" 1" 1" 2
= ftt + 2ftvx+ vl -
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A

vay
0%u 0%u 0%u
2 2
—_ 2 -
d*u = S—dz” + l_ydmdy—l— "
= (ftl; + 2ftl;y + y2f;/v)dx2 + Q[ft,,/5 +(x+y)fi + .Z‘yf;;} + frldzdy

+ (o + 2f0 + fna®)dy.

dy2

7. Cuc tri cia ham nhiéu bién

7.1. Cuc tri khong diéu kién
Cho ham f(z,y) xac dinh trong mién D c R2 va My = (z¢, yo) 1a diém trong cta D.

Pinh nghia 7.1. Piém M, goi la diém cuc dai dia phuong ctia ham f (cuc tiéu dia phuong) néu tén tai mot lan
cdn U (My) sao cho
(M) < f(Mo) (f(M) = f(Mo)) véimoi M € U(Mo) \ { Mo}
Néu ta c6 bdt ddng thitc thuc su
fM) < f(Mo) (f(M) > f(Mo)) voimoi M € Ue(Mo) \ {Mo}
thi M, goi la diém cuc dai dia phuong chdt (cuc tiéu dia phuong chdt) ciia ham f.
Cdc diém cuc dai va cdc diém cuc tiéu (b6 qua tir dia phurong cho gon) goi chung la cde diém cuc tri. Néu (xo, yo)

la diém cuc dai thi f(zo,yo) goi la gid tri cuc dai. Tuong tu dbi véi gid tri cuc tiéu.

Cha y 7.1. Tir dinh nghia trén ta suy ra rdng diém M, dugc goi la diém cuc tri néu trong lan cdn nao dé ciia nd,
sb gia Af = f(M) — f(M,) khéng déi ddu.
Quy tic tim cuc tri:

a) Tuong tu nhu Dinh ly Fermat d6i v6i ham mot bién s, ta c6 diéu kién cin cta cuc tri dudi day.

Pinh 1y 7.1. Néu f(z,y) ¢ cdc dao ham riéng tai diém trong (zo,yo) ctia D va néu (xo,yo) la diém cuc tri clia
ham f thi

b) Diém ma tai dé cac dao ham riéng bing khong goi 1a diém ditng ctia ham sb. Tt dinh 1y trén ta suy ra
rang néu diém trong My = (0, y0) € D 1a diém cuc tri clia f(z,y) thi M, 1a diém ding cta f(z,y). Diéu ngudc
lai chua chic diing. Ching han, xét ham f(z,y) = 22 — 32 x4c dinh trén R2. Ta ¢6

of

£—2$:07
of B

Nhu viy ham c6 diém ding (0,0) nhung diém nay khéng 13 diém cuc tri vi v6i 14n can U,(0,0) bét ky cta
(0,0), ta liy cac diém (z,0) € U.(0,0) thi f(z,0) = 22 > 0 = f(0,0), con véi cac diém (0,y) € U(0,0) thi

c) biéu kién du cta cuc tri
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Dinh ly 7.2. Gid sit ham sb z = f(x,y) ¢ diém ditng 1 (x¢, yo) va ham ndy c6 cdc dao ham riéng cdp hai lién tuc
trong ldn cdn V cta (zg,yo). Ta ddt:

= %(Iovyo), B = %(ﬂﬁo,yo)v C= gzng(l’oyyo) va A= B? - AC.
Khi do
(1) Néu A < 0va A > 0thi (zo,y0) la diém cuc tiéu cia f(z,y);
(2) Néu A < 0va A < 0 thi (w0, y0) la diém cuc dai cia f(z,y);
(2) Néu A > 0 thi (zo,yo) khong phdi la diém cuc tri ctia f(z,y);
(3) Néu A = 0 thi chua thé két ludn duoc gi vé su ton tai cuc tri cia ham f(z,y) tai diém (zo, yo)-

Vi du 7.1. Tim cuc tri ciia ham s6 f(z,y) = 23 + 43 + 3ay.

Giai. Tim diém ditng ctia ham f(z, y):

of o 2 _
0
—f=3y2+3x=0.
dy

Giai hé ta dudc hai diém ding M, (0,0) va My(—1, —1). Tinh cic dao ham riéng cAp hai

0*f 0 f 0*f
2J _ 6z, —3, 21 gy
0x? 0x0y Oy>

e Tai M;(0,0) ta co:

0*f
0xdy

A—ﬁ(OO)—o B= (0,0)=3, C (0,0) =0
_8.7,'2 9 ] - 9 ] 9 - Y

_9
= 3
Viy B2 — AC =9 > 0, do d6 diém M, khéng phai 1 diém cuc tri ctia ham sé di cho.
e Tai My(—1,—1) ta co:

o

"~ 022

0% f

A
0xdy

(~1,-1)= 6, B=

2
(-1,-1)=3, C= %(_1, “1) = —6.

Viy B2 — AC = 9-36 < 0va A = —6 < 0, do d6 diém M, 13 diém cuc dai clia ham s6 da cho va
fep = f(-1,-1) = =5.

Vi du 7.2. Khdo sdt cuc tri ctia ham sb: z = 2 + y*.

Giai. Tim diém diing ctia ham f(z,y):
2, =21 =0, z =0,
; &
z,/ =4y3 = 0. y=0.

Diém M, (0,0) 1a diém ditng. Tinh cac dao ham riéng cp 2:

1" 12

Zyw = 2, 2y =0, z;y:12y2:>A=2,B:0,C:0

va do d6 B2 — AC = 0. Trudng hop nay ta chua cé két luin gi ma phai xét thém nhu sau: f£(0,0) = 0 va
f(z,y) =224+ y* > 0= £(0,0), do dé My(0,0) 1a diém cuc tiéu ctia ham da cho.
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Vi du 7.3. Khdo sdt cuc tri ctia ham sb: z = z* + y* — 22 — 22y — y2.

Giai. Tim diém ding:
= 43 op 2y = B y3 -
Ry 553 € y=0, o 553 Yy, o € 2%
2, =4y’ — 2y — 22 = 0. 22° —x —y=0. z(z®—1)=0.

Ta dugc ba diém diing M; (0,0), My(—1,—1) va Ms(1,1). Tinh cac dao ham riéng cip 2:

1"

ty = 1202 =2, 2y, = -2, z,, =12y> —2.

o Tai My(—1,—1) ta co:

0% f 0% f 0% f
A= —=(-1,-1)=1 B = —-1,-1)=-2 = —=(—1,—-1) =10.
81‘2( 1) 0 5‘x8y( 1) » 8y2( 1) 0

VAy B2 — AC = 4—100 < 0va A = 10 > 0, do d6 difém M> 13 diém cuc tiéu cia ham sb di cho va
fer = f(-1,-1) = -2.
e Tai M3(1,1) ta co:

0% f 0% f 0*f
A=—(1,1)=10, B= 1,1)=-2, C=—5(1,1) = 10.
8:02( 1) ’ &Uay( 1) ’ 3y2( 1)
VAy B2 — AC = 4—100 < 0va A = 10 > 0, do d6 diém M; 13 diém cuc tiéu ctia ham sb di cho va
fCT:f(171):_2'
e Tai M;(0,0) ta co:
o’ f
0x0y

82f 82]0
A=5500=-2 B=75(00=-2 C=5500=-2

Viy B2 — AC = 4 — 4 = 0. Trudng hop nay chua c6 két luan ngay ma cin phai khao sat thém bang phuong
phap khac.

, . 1.
Ta cd f(0,0) =0.V6iz =y = — thi
n
11 2 1 fos
f(7)=2(2—2)<0V01n>1.
n’'n n? \n
1

< L 1.,
Mat khacvéiz = —,y = —— thi
n

3

Nhu véy trong l4n can bat ky ctia M (0,0), ham d&i diu, chitng t6 ham khéng dat cuc tri tai (0, 0).

7.2. Cuc tri c6 diéu kién

Cho ham hai bién z = f(x,y) xac dinh trén tip con D C R2 va A C D. Ta xét trudng hop A 1a mét dudng c6
phuong trinh ¢(z,y) = 0. Khi d6 cuc tri cia ham f(x,y) trén A con dudc goi 1a cuc tri clia ham f(x,y) véi rang

bude (diéu kién) o(z,y) =0.
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Pinh nghia 7.2. Ta néi ham f(z,y) véi diéu kién o(x,y) = 0 dat cuc dai tai diém Mo (zo,yo) néu ton tai mét ldn
cdn V ciia My sao cho

J(M) < f(Mo)
véi moi M € V, M # My va théa diéu kién rang budc (M) = 0.

Tuong tu ta cé khdi niém diém cuc tiéu ctia ham sé véi rang budc (x,y) = 0.

Tit diéu kién rang budc ¢(z, y) = 0 néu gidi dudc y = y(x) thi cuc tri c6 diéu kién ctia ham hai bién tré thanh
cuc tri ctia hAm mot bién théng thudng. Tuy nhién trong nhiéu trudng hop ta khéng rit ra dude y = y(x) tit
diéu kién rang budc ¢(z,y) = 0. Khi d6 ta ding phuong phdp nhdn tit Lagrange sau dy d€ tim cuc tri ¢ diéu
kién.
binh ly 7.3. Gid st f(x,vy), p(x,y) cé cdc dao ham riéng lién tuc trong mét ldn cdn V ctia (xq, yo) va cdc dao ham
riéng ctia o(x, y) tai (zo,yo) khdng dong thoi bang 0. Néu (zo,yo) la diém cuc tri ¢é diéu kién ctia f(x,y) vdi rang
bubc (x,y) = 0 thi ton tai sb thuc Ao théa mdan hé phuong trinh:

0 0
é(xo’y[)) + Ao%(xoayo) =0,
(7.14)

0 0
875(960’%) + AO%(Z07yO) =0.

Ham sb L(z,y,\) = f(x,y) + Ap(x,y) dude goi 1a ham Lagrange va A dudc goi 1a nhén tit Lagrange.
Diéu kién du:
Gia st f(z,y), o(x,y), Mo(zo,yo) théa man Dinh 1y 7.3. (di€ém My (zo,yo) dugde goi 1a diém ditng cha bai

toan cuc tri c6 diéu kién). Ta chuyén bai todn tim cuc tri ctia ham f(z,y) véi diéu kién ¢ (z,y) = 0 sang bai toan
cuc tri khéng diéu kién ctia ham Lagrange

L(z,y,\) = f(z,y) + Ap(2,y).
Pinh Iy 7.4. Gid thiét thém rang cdc ham f(x,vy), ¢(z,y) cé dao ham riéng dén cdp 2 lién tuc trong ldn cdn diém
My va X\ la gid tri tuong ung vai (o, yo). Xét vi phdn cép 2 ctia ham L(z,y, \) tai (zo,yo) Ung véi \o.

d*L(0, Y0, o) = Ly2 (0, Yo, Mo)da® + 2L5, (w0, Yo, Mo)dzdy + Lz (o, yo, Mo)dy?,
trong dé dz, dy théa man rang budc:

d@(fo, yO) = Lp/m(.’bo,yo)dl' + @;(xOvyO)dy = Oa
dz? + dy* # 0.

e Khi &y néu d2L(xo, yo, Ao) < 0 thi ham f(x,y) ¢d cuc dai cé diéu kién va néu d>L(xo, 10, Ao) > 0 thi ham
fla,y) ¢d cuc tiéu cé diéu kién.

o Néu d2L(z0, yo, \o) khdng xdc dinh ddu trong mién néi trén thi ham khéng dat cuc tri ¢6 diéu kién tai (o, yo).
Vi du 7.4. Tim cuc tri ciia ham sé f(z,y) = 2 + y vdi diéu kién 2% + 4> = 5.

Giai. T diéu kién 22+y2 = 5 ta suy ra ¢(z, y) = 22+y2—b5. LAp ham Lagrange L(z, y, \) = 2z+y+A(z2+y2—5).
Tim diém ditng

L (z,y) =2+2\x =0

Ly(z,y) =1+2\y =0

p(@y) =2 +y*=5=0
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y NPT , s L , s 1
Giai ra hai diém dung: M;(2,1) tng v6i A = —5va My(—2,—1) tng v6i A = 5

Tinh cac dao ham riéng cAp hai
Ly =2X, Ly, =0, L, =2\

Do d6 vi phan cp hai:
d’L(x,y) = 2\(dz? + dy?).

> 7 Iy 1 4
o Tai diém M;(2,1) tng voi A = —gtaco
2 1 2 2
d L(Ml,—§) = —(dz* +dy*) < 0.

Vay M, 1a diém cuc dai, fop = f(2,1) = 4.

e , s 1 .
e Tai diém Ms(—2,—1) Gng v8i A = 3 ta co
2 1 2 2
d L(Mg,i) =dx* +dy” > 0.
Vay M; 1a diém cuc tiéu, for = f(—2,—1) = —4.
Vi du 7.5. Tim cuc tri cia ham s6 f(z,y) = 22 + y2 vdi diéu kién 22 + y2 = 3z + 4y.

Giai. Tt diéu kién 22 + y2 = 3z + 4y ta suy ra o(z,y) = 22 + y? — 3z — 4y. Lap ham Lagrange L(z,y,\) =
2? +y? + Ma? + y? — 3z — 4y). Tim diém ding

Ll (z,y) =22+ A2z —-3)=0
Ly(z,y) =2y + A2y —4) =0
p(r,y) =2> +y* =3z —4y =0

Gidi ra hai diém dimg: M, (0,0) Gng v6i A = 0 va M(3,4) Gng v6i A = —2.

Tinh c4c dao ham riéng cAp hai
Ly =2+2)\ Ly, =0, L, =2+2)\.

Do d6 vi phan cép hai:

d’L(z,y) = (2 + 2\)(d2® + dy?).
o Tai diém M, (0,0) ting v6i A = 0 ta ¢6

d?L(M,0) = 2(dz* + dy?) > 0.
Vay M, la diém cuc tiéu, for = £(0,0) =0.
o Tai diém M, (3,4) ting v6i A = —2 ta cb

d?>L(M,, —2) = —2(dz* + dy?) < 0.

Vay M, 1a diém cuc dai, fop = f(3,4) = 25.

2
T L
8

+

2
Vi du 7.6. Tim cuc tri cua ham s6 f(z,y) = xy vdi diéu kién % =
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22 z?

2 2
Giai. Tir diéu kién g + % =1tasuyra p(z,y) = g + % — 1. Lap ham Lagrange

2 2
L(:r,y,)\)zx2+y2+)\<$;+yz—1>.

Tim diém ditng

A
Ly(@,y) =y+ 5 =0
Ly(z,y)=a+Xy=0
22 2
<P(T/7Z/):§+?*1:
Giai hé ta dudc 4 diém ding:
° ]\4'1(27 1), M2(72, 71) lll’l'lg VvOi A = -2,
o M3(2,—1), My(—2,1) ting v6i A = 2.
Tinh cac dao ham riéng cip hai
" )\ " "
Lzz = Z, Lzy == ]., Lyz = )\

Do d6 vi phan cép hai:

A
d?L(z,y) = deQ + 2dxdy + \dy®.

o Tai M;(2,1), Ma(—2,—1) Gtng v6i A = —2, ta ¢

1
d*L(M; 9;—2) = —idazQ + 2dxdy — 2dy>.

, d L oes aR < ,
Mit khac dp(z,y) = 0 < % + ydy = 0, do dé6 tai diém M, hodc M; ta cé: dx = —2dy. Vay

1
d*L(M, 9;-2) = —ide + 2dxdy — 2dy* = —8dy* < 0.

Chii y rang khong thé x4y ra trudng hop dy = 0, vi néu dy = 0 thi do = —2dy = 0, diéu nay vé ly. Vi thé
M;(2,1) va My(—2, —1) 12 hai diém cuc dai, fep = f(My) = f(My) = 2.

o Tai M3(2,—1), My(—2,1) tng v6i A = 2, ta c6

1
d?L(Ms4;2) = 5d:c2 + 2dxdy + 2dy>.

Tuong tu trén ta ¢ dp(Ms 4) = 0 <> dz = 2dy. Vay

1
d*L(Ms3 4;2) = idﬁ + 2dxdy + 2dy* = 8dy* > 0.

Vi thé M;(2, —1) va My(—2,1) 14 hai diém cuc tiéu, for = f(Ms) = f(My) = —2.

7.3. Gia tri 16n nhat va nho nhat ctia ham hai bién lién tuc trén mién déng va bi chan

Bai toan. Tim gid tri [6n nhdt va gid tri nhé nhdt ciia ham lién tuc z = f(x,y) trong mién déng va bi chdn D.

Theo dinh 1y Weierstrass, gia tri 16n nhit hoic nhé nhét ctia ham f(z, y) sé dat dugc tai mot diém Mo (zo, yo)
ctia D. Néu M, 1 diém trong ctia D thi M, 1a diém cuc tri, tiic 1a M, 1a diém ding ctia ham f(z,y) (d€ don
gian ta chi xét ham kha vi). Tuy nhién ham f(z,) c6 thé dat cac gia tri 16n nhat va nhé nhét trén bién cta D.
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Vi vdy dé tim gid tri 16n nhdt va gid tri nhé nhdt ciia ham lién tuc z = f(x,y) trong mién déng va bi chdn D ta
thuc hién theo cdc buéc sau:
e Bu6e 1: Tim diém diing bén trong mién D, titc 1a nhitng diém théa mén:

8f7
ar =
of
a—yfo.

Gia st giai ra diém ditng M (x1,71), néu M, € D thi ta tinh f(M;).
e Buée 2: Tim diém diing trén bién ctia D bang phuong phap nhan tit Lagrange, sau d6 tinh gié tri ctia ham tai
cac diém tim dugc.
e Bude 3: So sanh tht ca cac gi tri tim dudc & trén va rit ra két ludn.

Vi du 7.7. Tim gid tri [6n nhdt va gid tri nhé nhdt ciia ham sb

2= flz,y) =2’y(2 —z —y)

trén mién déng gidi han béi cdc dudng x =0, y =0, z + y = 6.

Giai.

Hinh 1.1

e Truée hét ta tim diém diing bén trong mién D:

of _ _

. =zy(4—3x —2y) =0,
of 5

9y *(2—x—2y)=0

N 2 A N , R N A A A a2 A 1 R
Vi ta chi can tim cac diém dung bén trong mién D nén = > 0, y > 0. Giai hé ta dugc z =1, y = 3 biém
1
=
e Béy gid ta di tim c4c diém ding trén bién. Bién ctia D gdém 3 doan OA, OB, AB.

M, € D, do dé ta tinh f(M;)

-Trén OAva OB: z = 0.
-TrénAB:y=6—a:,O§xg6,théy:6—xvéohémdéchotadu<)c
g(x) = f(z,6 —x) = —42%(6 — ), 0 <z <6.
Tinh ¢/(z) = 122(x —4) = 0 <= = = 0 V = = 4. Nhu vy ta thu dugc 3 diém nghi ngd c6 cuc tri trén doan
bién AB: Mg(o, 0), M3(4, 2), M4(6,0) Ta til’lh f(Mg) = 0, f(Mg) = —128, f(M4) =0.

7 <17 A £y \ \ 1 \ .z . 2 A \
e Gia tri 16n nhat cua ham la f(M;) = L vasia tri nho nhat la f(M3) = —128.
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Vi du 7.8. Tim gid tri [6n nhdt va gid tri nhé nhdt ctia ham sb
z= f(z,y) =y

. 22 g2
trén mién déng D = {8 + 1 < 1}.

Giai.  Truéc hét ta tim diém diing bén trong mién D:

of

%_y:07
of

Piém ding M, (0,0) € D, f(M;) = 0.

2 2
e Bay gid ta di tim cac diém ding trén bién. Bién ctia D 1a dudng elip % + % = 1, vi vy ta dung phuong

phéap nhan tit Lagrange dé tim nghi ngo dat cuc tri trén bién. Tuong tu Vi du 7.6., ta 1ap ham Lagrange

2 2
L(Jc,y,/\):x2—|—y2—|—/\(xg+y2—l>.

Tim diém ditng

AT
L’(aj,y)zy—i—Z:O
Ly(z,y) =z + My =

.T/'2 y2
<P($7y)_§+?—1:

Giai hé ta dudc 4 diém ding:
[ ] ]\41(27 1), ]\42(—27 —1) lll'ng Vél A= —2, f(Ml) = f(Mg) = 2.

° M3(2, 71), M4(72, ].) I'Ing VOl \ = 2, f(Mg) = f(M4) = —2.

e Gia tri 16n nhét ctia ham 1 f(M;) = f(M,) = 2 va gia tri nhé nhat 14 f(Ms) = f(M,) = —2.



